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PREFACE. 


T HIS book may be regarded as a third edition of a “ Treatise on the 
Mathematical Theory of the Motion of Fluids/' which was published in 
1879 The second edition, largely remodelled and extended, appeared under 
the present title m 1895 In this issue no further change has been made m 
the general plan and arrangement, but the work has been carefully revised, 
occasional passages have been rewritten, and many interpolations and addi- 
tions have been made, amounting m all to about one-fifth of the whole. 
The numbering of the sections has consequently been somewhat disturbed. 
The more important extensions will be found m the latter half of the book, 
which deals mainly with physical applications. 

One or two points from the preface of 1895 may be repeated. 

I have peisisted m the use of the reversed sign of the velocity-potential, 
writing = — dcj>/dx, &c , m place of u = dcf>/dx, &c The physical interpretation 
of the function is theieby greatly improved, and the far-reaching analogy with 
the magnetic potential is at the same time made more complete. It should 
be remembered that the prevalent usage had a purely analytical origin, m 
connection with the notion of f perfect differentials ’ From a physical point of 
view it is so much more natuial to regaid the state of motion of a dynamical 
system, m any given configuration, as specified by the impulses which would 
start it, rather than by those which would stop it, that the change here advo- 
cated would seem to require no further justification. It is, moreover, not 
wholly an innovation, for it may claim authority m the writings of Cauchy. 
If he, instead of Poisson, had happened to write a text-book of Mechanics, the 
convention would, I think, have been different 

Pams have been taken to give full and accurate references m the foot- 
notes, but it will he understood that the original methods have not always 
been followed m the text. 

In the preceding edition I endeavoured, m the spirit of Poirisot’s warning, 
“ Gordons nous de croire qu’une science sort faite quand on l’a reduite k des 
formules analytiques,” to render the analytical results as intelligible as 
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possible, by numerical calculations, and by the insertion of a number of 
diagrams of stream-lines and other curves, drawn to scale This process of 
illustiation has been continued For facilities in reproducing some of the new 
diagrams I am indebted to the Councils of the London Mathematical Society 
and the Manchester Literary and Philosophical Society, m whose publications 
they first appealed. 

I have had recourse to Professor A E. H. Love’s kind advice on vanous 
points, and have to thank him for several valuable suggestions. 

I he officers and staff of the University Press have placed me under great 
obligation by the constant consideration shewn m matters connected °with 
the printing 



help m revision I had gratefully to record on the former occasions I feel 
that this edition is the poorer for want of the vigilant censorship which has 
so often been exercised for the benefit of his friends, but which is unfortu- 
nately no longer within his power 


HORACE LAMB 


Janua 1906 
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HYDRODYNAMIC S. 

CHAPTER I. 

THE EQUATIONS OF MOTION. 


1. The following investigations proceed on the assumption that the 
matter with which we deal may be treated as practically continuous and 
homogeneous in structure , i.e we assume that the properties of the smallest 
portions into which we can conceive it to be divided are the same as those of 
the substance m bulk. 

Ihe fundamental property of a fluid is that it cannot be m equilibrium m 
a state of stress such that the mutual action between two adjacent parts is 
oblique to the common surface. This property is the basis of Hydrostatics, 
and is verified by the complete agreement of the deductions of that science 
with experiment Yery slight observation is enough, however, to convince 
us that oblique stresses may exist in fluids m motion. Let us suppose for 
instance that a vessel in the form of a circular cylinder, containing water 
(or other liquid), is made to rotate about its axis, which is vertical. If the 
motion of the vessel be uuiform, the fluid is soon found to be rotating with 
the vessel as one solid body If the vessel be now brought to rost, the 
motion of the fluid continues for some tune, hut gradually subsides, and at 
length ceases altogether , and it is found that during this process the portions 
of fluid which are further from the axis lag behind those which are nearer, 
and have their motion more rapidly checked These phenomena point to the 
existence of mutual actions between contiguous elements which are partly 
tangential to the common surface Tor if the mutual action were everywhere 
wholly normal, it is obvious that the moment of momontum, about the axis 
of the vessel, of any portion of fluid bounded by a surface of revolution about 
this axis, would he constant We infci, moreover, that these tangential 
stresses are not called into play so long as the fluid moves as a solid body, 
hut only whilst a change of shape of some portion of the mass is going on, 
and that their tendency is to oppose this change of shape 
1 . 


1 
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The Equations of Motion [chap. 

2 It is usual, however, m the first instance to neglect the tangentia 
stresses altogether Their effect is m many practical cases small, and mde 
pendently of this, it is convenient to divide the not inconsiderable difficulty 
of our subject by investigating first the effects of purely normal stress Th< 
further consideration of the laws of tangential stress is accordingly deferre( 
till Chapter xi 

If the stress exerted across any small plane area situate at a point P o 
the fluid be wholly normal, its intensity (per 
unit area) is the same for all aspects of the 
plane The following proof of this theorem 
is given here for purposes of reference 
Through P draw thiee straight lines PA, 

PB , PC mutually at right angles, and let 
a plane whose direction-cosines relatively to 
these lines are l, m, n, passing infinitely 
close to P, meet them m A, B, C Let p, 

Pi> q> 2 , Ps denote the intensities of the 
stresses* across the faces ABC, PBC, PCA , PAB, respectively, of the 
tetrahedron PABC If A be the area of the first-mentioned face, the areas 
of the others aie, in ordei, IA, mA, nA Hence if we form the equation oi 
motion of the tetrahedron parallel to PA we have p x l A = pi , A, where we 
have omitted the teims which express the rate of change of momentum, and 
the component of the extraneous forces, because they are ultimately propor- 
tional to the mass of the tetrahedron, and therefore of the third order of 
small linear quantities, whilst the terms retained are of the second We 
have then, ultimately, p=p u and similarly p^p 2 = p & , which proves the 
theorem 

3 The equations of motion of a fluid have been obtained m two diffeient 
forms, corresponding to the two ways m which the problem of determining 
the motion of a fluid mass, acted on by given forces and subject to given 
conditions, may be viewed We may either regard as the object of our 
investigations a knowledge of the velocity, the pressure, and the density, 
at all points of space occupied by the fluid, for all instants , or we may seek 
to determine the history of every particle The equations obtained on these 
two plans are conveniently designated, as by German mathematicians, the 
‘Eulenan’ and the'Lagrangian’ forms of the hydrokmetic equations, although 
both foims are m reality due to Eulerf 

* Beckoned positive when pressures, negative when tensions Most fluids are, howevei, 
incapable undei ordinary conditions of supporting more than an exceedingly slight degree of 
tension, so that p is nearly always positive 

t “ Pnncipes gbnbraux du mouvement des fluides ” Hist cle VAcad de Beilin, 1755 
“ De prmcipus motus fluidorum ” Novi Comm Acad Petiop t xiv p 1 (1759) 

Lagrange gave thiee investigations of the equations of motion, first, incidentally, m 
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Eulerian Equations 
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The Eulenan Equations 

4 Let u, v, w be the components, parallel to the co-ordinate axes, of the 
velocity at the point (as, y, z) at the time t These quantities are then 
functions of the independent variables x, y, z, t For any particular value of 
t they express the motion at that instant at all points of space occupied by 
the fluid , whilst for particular values of x, y, z they give the history of what 
goes on at a particular place. 

We shall suppose, for the most part, not only that u, v, w are finite and 
continuous functions of x, y, z, but that their space-derivatives of the first 
order (du/dx, dvjdx, dw/dx, &c) are everywhere finite*, we shall understand 
by the term ‘continuous motion/ a motion subject to these restrictions 
Cases of exception, if they present themselves, will require separate examina- 
tion In continuous motion, as thus defined, the relative velocity of any two 
neighbouring particles P, P' will always be infinitely small, so that the line 
TP' will always remain of the same order of magnitude It follows that if 
we imagine a small closed surface to be drawn, surrounding P, and suppose 
it to move with the fluid, it will always enclose the same matter And any 
surface whatever, which moves with the fluid, completely and permanently 
separates the matter on the two sides of it. 

5. The values of u, v, w for successive values of t give as it were a series 
of pictures of consecutive stages of the motion, in which however there is no 
immediate means of tracing the identity of any one paiticle. 

To calculate the late at which any function F(x, y, z, t) vanes for a 
moving particle, we remark that at the time t + St the particle which was 
originally m the position (x, y, z) is m the position (x-\-uSt, y + vSt, z + wSt), 
so that the corresponding value of F is 

F (x + uSt, y + vSt, z + wSt, t + 8t) = F+ uSt + vSt d -~ + wSt d J + St dF 

ox> a y dz dt ' 

If, after Stokes, we introduce the symbol E/Et to denote a differentiation 
following the motion of the fluid, the new value of F is also expressed by 
F + DF/Et St, whence J 

EF 3 F SF <)F dF 

Et-di + U dx +V dy + W dz 0) 

connection with the principle of Least Action, m the MibcelUvnm Taunneima , t, n (X7f>0) 
Oeuvres, Pans, 1867-912, t i., secondly m his “Mdmoirc sur la Th6one du Mouvement des 
Eluides, Nouv mem tie Vxicad de Bnhn, 1781, Oeuvtes, t. iv , and thndly in the Mdcamque 
Anahftique In this last exposition lie starts with the second form o± the equations (Ait. 18, 
below), but translates them at once into the ‘ Eulenan 5 notation 

It is important to boar in mmd, with a view to some latei developments under the head 
of Vortex Motion, that these derivatives need not be assumed to be continuous. 


1—2 
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The Equations of Motion [ohap. i 

6 To form tie dynamical equations, let p be the pressure, p the density, 
X, F, Z the components of the extraneous forces per unit mass, at the point 
(®, y, z) at the tune t Let us take an element having its centre at (x, y, z), 
and its edges Sx, By, Bz parallel to the rectangular co-ordinate axes The rate 
at which the a?-component of the momentum of this element is increasing is 
pBxByBzDujDt ; and this must be equal to the a-component of the forces 
acting on the element Of these the extraneous forces give pBxByBzX. The 
pleasure on the yz- face which is nearest the origin will be ultimately 

(p — ^dp/dx Bee ) ByBz*, 

that on the opposite face 

(p + ^dp/dx . ox) By Bz 

The difference of these gives a resultant -3 p/dse BxByBz m the direction of 
^-positive The pressures on the remaining faces are perpendicular to x. 
We have then 

pBxByBz'— — pBxByBzX Sx By Bz. 


Substituting the value of Du/Dt from (1), and writing down the 
symmetrical equations, we have 


ldp 

pty’ 
1 Bp 


du du du du „ 1 dp 

dv dv dv , dv Tr 

dt + u Tx + v dy + w Tz =7 - 
dw 3 w dw dw r , 

— ± n + v 4- %o — = Z - . , 

ot ax dy dz p dz I 




( 2 ) 


7. To these dynamical equations we must join, in the first place, a 
certain kinematical relation between u, v, w, p, obtained <xs follows. 

If v be the volume of a moving element, we have, on account of the 
constancy of mass, 


D pr 

Df 


= 0, 


1 Dp I Dv __ 
Dt v Dt ~ 


To calcalate the value of 1/v Dv/Dt , let the element m question be that 
which at time t fills the rectangular space hoodijdz having one corner P at 
(x,y, z\ and the edges PD, PM, P2T ( say) parallel to the coordinate axes. 
At time t q- 8t the same element will foi m an oblique parallelepiped, and since 


* It is easily seen, by Taylor’s theorem, that the mean pressure over any face of the element 
5% dy Bz may be taken to be equal to the pressure at the centre of that face. 
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Equation of Continuity 


the velocities of the particle L relative to the particle P are 3 ujdx Sat, 
dv/doo. Sx, dwfdoc.Sx, the projections of the edge PL become, after the time St, 




Sw, 



8x, 


respectively To the first order in St, the length of this edge is now 


and similarly for the remaining edges. Since the angles of the parallelepiped 
differ infinitely little from right angles, the volume is still given, to the first 
order m St, by the product of the three edges, i.e. we have 


or 


t+ -* s, -{ i+ (S + | + s) s 4 &s,& - 

1 Dv __ du dv 3 w 
v Dt dec dy dz 


Hence (1) becomes 



fdu + dv + dw\ 
[dec 3 y 3 z ) 


= 0 


.(3) 


This is called the ‘ equation of continuity/ 

rn , . du dv dw 

1 he expression dec^ dy^ dJ y 

which, as we have seen, measures the rate of increase of volume of the fluid 
at the point (x, y, z), is conveniently called the ‘expansion 5 at that point. 


8. Another, and now more usual, method of obtaining the above equation 
is, instead of following the motion of a fluid element, to fix the attention, on 
an element SxSySz of space, and to calculate the change produced in the 
included mass by the flux across the boundary If the centre of the element 
be at {pc, y, z), the amount of matter which per unit time enters it across the 
y^-face nearest the origin is 

(pv, - i - ppp hx) SySz, 

and the amount which leaves it by the opposite face is 

{pu+i-'pp sP) fojhz 
The two faces together give a gain 

— ^ ^ SxSy Sz, 

per unit time. Calculating m the same way the effect of the flux across the 
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remaining faces, we have for the total gain of mass, per unit time, m the 
space Sx8 ydz, the formula 


’0 pW 0 pV 
doc dy 



Since the quantity of matter m auy region can vary only in consequence 
of the flux across the boundary, this must he equal to 


^(pSxSy 8z), 


whence we get the equation of continuity m the form 


dp 9 pu d p'v 9 . pw _ « 
dt **" doc dy dz 


• ■ • ( 4 ) 


9 It remains to put m evidence the physical properties of the fluid, so 
far as these affect the quantities which occur m our equations 

In an ‘incompressible’ fluid, or liquid, we have JDp/Dt = 0, m which case 
the equation of continuity takes the simple form 


du dv 8 w 
dx ^ dy + dz 


( 1 ) 


It is not assumed here that the fluid is of uniform density, though this is 
of course hy far the most important case. 

If we wished to take account of the slight compressibility of actual liquids, 
we should have a relation of the form 


p = ic(p-p ll )lp l> , (2) 

or plp 0 =l -bp/zc, (B) 

where ic denotes what is called the e elasticity of volume.’ 

In the case of a gas whose temperature is uniform and constant we have 
the ‘isothermal’ i elation 

PlPo = plpo, (4) 


where p 0j p 0 are any pair of corresponding values for the temperature in 
question 

In most cases of motion of gases, however, the temperature is not constant, 
but rises and falls, foi each element, as the gas is compressed or rarefied 
When the changes are so rapid that we can ignore the gain or loss of heat 
by an element due to conduction and radiation, we have the ‘ adiabatic ’ 
relation 

p/p°=(pip»y> (5> 

where jp 0 and p 0 are any pair of corresponding values for the element con- 
sidered The constant y is the ratio of the two specific heats of the gas, 
for atmospheric air, and some other gases, its value is 1*408 



8_io] Boundary Condition V 

10 At the boundaries (if any) of the fluid, the equation of continuity 
is replaced by a special surface-condition Thus at a fixed boundary , the 
velocity of the fluid perpendicular to the surface must be zero, i e it l, m,n 
be the direction-cosines of the normal, 

lu + mv + nw — 0 (1) 


Again at a surface of discontinuity, le. a surface at which the values of 
u, v, w change abruptly as we pass from one side to the other, we must have 

l (Ml - U a ) + TO ( 1>1 - Vt) + n (Wi - w a ) = 0, (2) 

where the suffixes are used to distinguish the values on the two sides. 
The same relation must hold at the common surface of a fluid and a moving 
solid 

The general surface-condition, of which these are particular cases, is that 
if' F(x, y, z,t)~ 0 be the equation of a bounding surface, we must have at 

every point of it 

DFjDt = 0 (3) 

For the velocity relative to the surface of a particle lying in it must be 
wholly tangential (or zero), otherwise we should have a finite flow of fluid 
across it It follows that the instantaneous rate of variation of F for a 
surface-particle must be zero 

A fuller proof, given by Lord Kelvin*, is as follows To find the late 
of motion ( v ) of the surface F (x, y, z, t ) = 0, noimal to itself, we wnte 

F(co + Ivht, y + mvSt, z 4- nvht, t + St) — 0, 
where l, m, n are the direction-cosmos of the normal at (», y, z), whence 

ax ay 

ft )F 9 F dF" 
dy' dz . 

fdF\- (dFy 
\dy) + 


Since 


where 


(l, to, n) = 


9 F A 


■H, 


B 


■d Fy 


dx) + {d~y)^\dz) 


we have 


1 9 F 
’ R 9 1 


(4) 


At every point of the surface we must have 

v = lu + mv + nw, 

which leads, on substitution of the above values of l, m, n, to the equation (3). 

The partial differential equation (3) is also satisfied by any surface 
moving with the fluid This follows at once from the meaning of the operator 

* (yr Thomson) “Notes on Hydio dynamics,” (Jamb and Dub. Math Journ . Feb 1848 
Mathematical and Physical JPapeis, Cambridge, 1882 ,t l p 88 
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D/D& A question arises as to whether the converse necessarily holds, le 
whether a moving surface whose equation F = 0 satisfies (3) will always 
consist of the same particles Considering any such surface, let us fix our 
attention on a particle P situate on it at time t The equation (3) expresses 
that the rate at which P is separating from the surface is at this instant 
zero , and it is easily seen that if the motion be continuous (according to the 
definition of Art 4), the normal velocity, relative to the moving surface F, 
of a particle at an infinitesimal distance f from it is of the order viz it is 
equal to £rf where 0 is finite Hence the equation of motion of the particle 
P relative to the surface may he written 

D$IDt=G£ 

This shews that log £ increases at a finite rate, and since it is negative infinite 
to begin with (when % = 0), it remains so throughout, le £ remains zero for 
the particle P 


The same result follows from the nature of the solution of 



0P , dF dF 
te +v ty +w lk 


-o, 


(5) 


considered as a partial differential equation m F* The subsidiary system of ordinary 
differential equations is 


dt- 


dx _dy _ dz 
~ U V ~ w 5 


( 6 ) 


m which x, y, z are regarded as functions of the independent variable t These are 
evidently the equations to find the paths of the particles, and their integrals may be 
supposed put m the forms 

;»=/i(a, 6, c, <), y =/ 2 (a, b, c, t), z=f 3 (a, b, c, t), .. (7) 

where the arbitrary constants a, b , c are any three quantities serving to identify a particle , 
for instance they may be the initial co-ordinates The general solution of (5) is then found 
by elimination of a, 6, c between (7) and 

F— (a, by c), ... (8) 

where is an arbitrary function This shews that a particle once m the surface F—0 
remains m it throughout the motion 


Equation of Energy 

11 In most cases which we shall have occasion to consider the extraneous 
forces have a potential, viz we have 


A, 



3 fit 3fl 

~dy ’ dz 


a) 


The physical meaning of fit is that it denotes the potential energy, per unit 
mass, at the point (oc, y , z), m respect of forces acting at a distance It will 


Lagrange, Oeuvres , t iv. p 706 
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Energy 


be sufficient for the present to consider the case where the field of extraneous 
force is constant with respect to the time, %.e dfl/dt = 0 If we now multiply 
the equations (2) of Art. 6 by u, v, w, m order, and add, we obtain a result 
which may be written 


D , Dfl ( 

ip pi O 2 + *' + w ) + P -J) t = ~ l 


dp , dp dp 
dx dy dz 


If we multiply this by SxSySz, and integrate over any region, we find 

^(T+V)— ///(“! + '! + »!)"!'* « 


where T = bfjfp ( u * + v* + w 2 ) dxdydz, V ^fjftipdxdydz, (S) 

%e T and V denote the kinetic energy, and the potential energy in relation 
to the field of extraneous force, of the fluid which at the moment occupies 
the region m question The triple integral on the right-hand side of (2) 
may be transformed by a process which will often recur in our subject Thus, 
by a partial integration, 

Jfi^dx dxd y dz = [j d y dz ~~jjfe&x dxdydz, 

where [pu] is used to indicate that the values of pu at the points where the 
boundary of the region is met by a line parallel to x are to be taken, with 
proper signs If l , m, n be the direction-cosines of the mwmdly directed 
normal to any element S S of this boundary, wc have BySz = + IBS, the signs 
alternating at the successive intersections referred to We thus find that 

IflH dydz — — [JpuldS, 

where the integration extends over the whole bounding surface. Trans- 
forming the remaining terms m a similar manner, we obtain 

j^(!F+ V) = JJp (lu + mv + nw) dS + Jffp (|! + ty + \z) ^ydz ...(4) 
In the case of an incompressible fluid this reduces to the form 


D 

Dt 


m I* 

(T+ V)= (lu + mv + nw) p dS. 


( 5 ) 


Since lu 4- mv + nw denotes the velocity of a fluid particle in the direction of 
the normal, the latter integral expresses the rate at which the pressures pBS 
exerted from without on the various elements BS of the boundary are doing 
work Hence the total increase of energy, kinetic and potential, of any 
portion of the liquid, is equal to the work done by the pressures on its 
surface. 
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In particular, if the fluid be bounded on all sides by fixed walls, we have 

lu + mv + nw = 0 
over the boundary, and therefore 

T 4- V = const ... (6) 

A similar interpretation can be given to the more general equation (4), 
provided p be a function of p only If we write 

< 7 > 

then E measures the work done by unit mass of the fluid against external 
pressure, as it passes, under the supposed relation between p and />, from its 
actual volume to some standard volume For example, if the unit mass 
were enclosed m a cylinder with a sliding piston of area A, then when the 
piston is pushed outwards through a space Sx, the work done is pA Sx, of 
which the factor AS# denotes the increment of volume, i e. of p~~ l In the 
case of the adiabatic relation we find 


i=JL(pj o\ 

7-1 Vp pj 


• (8) 


We may call E the intrinsic energy of the fluid, per unit mass. Now, 
recalling the interpretation of the expression 


3 m dv dw 
dx dy S z 

given m Art. 7 , we see that the volume-integral m (4) measures the rate at 
which the various elements of the fluid aie losing intrinsic energy by 
expansion* , it is therefore equal to -LW/JDt, 

where W = JfJEpdccdydz .. . . (9) 

Hence ° t (T+V+ W)=JJ p (lu + mv+nw)dS. . ..(10) 


The total energy, which is now partly kinetic, partly potential in i elation to 
a constant field of force, and partly intrinsic, is therefore increasing at a rate 
equal to that at which work is being done on the boundary by pressure from 
without 


/du dv 02c>\ 

) V 9 *z dy dz ) 


dx dy 5z 


= - p \m SxS y 5z=p Wt{-p) 


* Otherwise, 


pdx dy dz = - p 6x By dz. 
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Impulsive Motion 


11 


Impulsive Generation oj Motion 

12 If at any instant impulsive forces act bodily on the fluid, or if the 
boundary conditions suddenly change, a sudden alteration m the motion may 
take place. The latter case may arise, for instance, when a solid immersed 
in the fluid is suddenly set m motion 

Let p be the density, u, v, w the component velocities immediately before, 
v', w those immediately after the impulse, X', T, Z the components, of 
the extraneous impulsive forces per unit mass, «• the impulsive pressure, at 
the point (a>, y, z) The change of momentum parallel to x of the element 
defined m Art. 6 is then pBxByBz («'- u), the ^-component of the extraneous 
impulsive forces is pBxByBzX' , and the resultant impulsive pressure in the 
same direction is - dv/dx BxBijBz Since an impulse is to be regarded as an 
infinitely groat force acting foi an infinitely short time (t, say), the effects of 
all finite forces during this interval are neglected 

cJ'CT 

Hence, p BxByBz (u - u) = pBxByBzX’ - ~ BxByBz, 


or 

Similarly, 


u — u 


= X'~ 


1 'd'ur \ 

p dx 

, 1 l 


1 0137 

, 1 9-sr 

W —W = Z TT" . I 

p dz ; 


. .( 1 ) 


These equations might also have been deduced from (2) of Art 6, by 
multiplying the latter by Bt, integrating between the limits 0 and r, putting 


X'=( T Xdt, Y' = [ T Ydt, Z-Tzdt, ™ 
Jo Jo 10 



and then making r vanish 

In a liquid an instantaneous change of motion can be pioducodby the 
action of impulsive pressures only, even when no impulsive forces act bodily 
on the mass In this case we have X\ Y\ Z' = 0, so that 


a — u • 


1 / — v = — - 


w —iu = — 


1 0-ccr \ 
p dx } 

1 Sot 

p h ’ 

1 0'ST 

P dz‘ ) 




... ( 2 ) 


If we differentiate these equations with respect to x, y, z, respectively, and 
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add, and if we further suppose the density to be uniform, we find by Art. 9 (1) 
that 

3 2 ot 3 3 -bt _ 
dx 2 dy 1 dz 1 

The problem then, m any given case, is to determine a value of w satisfying 
this equation and the proper boundary conditions* ; the instantaneous change 
of motion is then given by (2) 


The Lagrangian Equations 

13. Let a, b, o be the initial co-ordinates of any particle of fluid, oo, y, z 
its co-ordinates at time t We here consider x, y, z as functions of the 
independent variables a, b,c,t, their values in terms of these quantities give 
the whole history of every particle of the fluid The velocities parallel to 
the axes of co-ordinates of the particle ( a , b, c ) at time t are dxjdt, dyjdt, dzfdt, 
and the component accelerations in the same directions are 3fy/3f 2 , 

d^dt Let p be the pressure and p the density in the neighbourhood of 
this particle at time t , X, Y, Z the components of the extraneous forces per 
unit mass acting there Considering the motion of the mass of fluid which 
at time t occupies the differential element of volume SxSySz, we find by the 
same reasoning as in Art 6, 

3j» _ -y- 1 dp 

dti~ ~p fa’ 

3t 2 pay' 


df __ „ 1 dp 

at 2 ~ P dz ' 


These equations contain differential coefficients with respect to oo, y, z, 
whereas our independent variables are a, b, c, t To eliminate these dif- 
ferential coefficients, we multiply the above equations by dx/d a,, dy/da,, dz/dct, 
respectively, and add; a second time by dacjdb, dyjdb, dzjdb, and add, and again 
a third time by dxjdc, dy/dc, dz/dc, and add We thus get the three equations 


fd 2 x 

{dt 2 x 


A3* /3fy_ /; 

73 a U 2 Jda + 


'd 2 0) 

di 2 


-X 


I^X_ y 

vat 2 x 


da 

dx 

db 

dx 

do 


\d 2 z 


+• 


\d? 

\df 


da 

dy 

db 

ffy , 
dc V a t‘ 


-z) 


^ + o 

J da pda, 9 




’o*z 


-Z 


d A + \ d JP- o 
ac + P 3c ~ u - 


These are the ‘ Lagrangian’ forms of the dynamical equations 


* It will appear in Chapter in. that the value of tv is thus determinate, save as to an 
additive constant 
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Lagrangian Equations 


14 To find the form which the equation of continuity assumes m terms 
of our present variables, we consider the element of fluid which originally 
occupied a rectangular parallelepiped having its centre at the point (a, b, c), 
and its edges 8a, 8b, Sc parallel to the axes. At the time t the same element 
forms an oblique parallelepiped The centre now has for its co-ordinates 
x, y, z; and the projections of the edges on the co-oidmate axes are 
respectively 


dx . 
zr~ oa, 
da 

r>- 

dz s 

35*“- 

dx ps 7 

56 

>■ 


dx ^ 

Tc Sc ’ 


dz . 

o- 0 C. 

dc 


The volume of the parallelepiped is therefore 


dx 

dy 

dz 

da’ 

da’ 

da 

dx 

dy 

dz 

db’ 

db’ 

96 

dx 

dy 

dz 

dc’ 

dc’ 

dc 


or, as it is often written, ^ SaSbSc 

d (a, b, c) 

Hence, since the mass of the element is unchanged, we have 

d (x, y, z) _ 

p d (a,b,c)~ p 

wheie p 0 is the initial density at (a, b , c) 

In the case of an incompressible fluid p = p ( >, so that (1) becomes 

3 ('«, y,j) _ i 
3 (a, b, c) 


. .( 2 ) 


Weber's Transformation 

15 If as m Art 11 the forces X , Y, Z have a potential f2, the dynamical 
equations of Ait 13 may be written 

d-x dx d 2 y d y d*z dz __ 3fl 13 p . 

dt 2 da dt 2 da dt 2 da da p da' C ’ ° 

Let us integrate these equations with respect to t between the limits 0 and t. 
We remaik that 


, &c , &c 


dx dx] t f 6 dx d 2 x 


I o dt 2 da \Jdi 3ceJ 0 j o dt dadt 

dxdx , 3 f 15 /dx\ 2 7 , 
~dtfa Uo ~^daJo \dt) dt ’ 


0 
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14 

where u 0 is the initial value of the ^-component of velocity of the particle 
(a, b, c) Hence if we write 

/0£\ 

Ua 


we find* 




dt, 


a) 


dt da + dt da + dt da 0 

dx dx dy dy 0£ dz 
0 tdb + dt db + dt db 


■v* = - 


& 

'da’ 

h 

'db’ 


dxdx dy_dy_ ,dzbz _ __^X 

dtdc dt dc + dt dc 0 dc 


( 2 ) 


3«\ 2 

dt) + 


dy\ 2 


+ 


(3) 


These three equations, together with 

and the equation of continuity, are the partial differential equations to be 
satisfied by the five unknown quantities x, y, z, p, %, f> being supposed 
already eliminated by means of one of the relations of Art. 9 
The initial conditions to be satisfied aie 

y=b, z—c, % = 0 


x = a, 


16 It is to be remarked that the quantities a, b, c need not be restricted 
to mean the initial co-ordinates of a particle, they may be any three quanti- 
ties which serve to identify a particle, and' which vary continuously from one 
particle to another If we thus generalise the meanings of a, b, c, the form 
of the dynamical equations of Art 13 is not altered , to find the form which 
the equation of continuity assumes, let x 0 , y„ z 0 now denote the initial 
co-ordinates of the particle to which a, b, c refer The initial volume of the 
parallelepiped, whose centre is at (x 0 , and whose edges correspond to 

variations 8a, 8b, 8c of the parameters, a, b, c, is 

d(x 0 , y 0 , z 0 ) 
d (a, b, c) 


■ 8a 8b 8c, 


so that we have 


3 (x, y, z) _ 3 (x„, ?/o, Zp) 

P 3(a, 6, c) _Po 


3 (a, b, c ) 

or, for an mcompiessible fluid, 

3 (%, y, z) _ 3 Qo, y 0 , z 6 ) 

3 (a, b, c) d (a, b, c) 


( 1 ) 


( 2 ) 


* H Weber, “TJeber erne Transformation der hydrodynamischen Grleicbungen, Crelle, 
t lxviu (1868) 
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INTEGRATION OP THE EQUATIONS IN SPECIAL OASES 


17 . In a large and important class of cases the component velocities 
u, v, w can be expiessed in terms of a single function 0, as follows 


u, v, w = — 


3c j> 
dx ’ 


30 

dy 3 


30 
3 z ’ 


a)* 


Such a function is called a 4 velocity-potential,’ from its analogy with the 
potential function which occurs in the theories of Attractions, Electro- 
statics, &c The general theory of the velocity-potential is reserved for the 
next chapter, but we give at once a proof of the following important 
theorem - 


If a velocity-potential exist, at any one instant, for any finite portion of 
a perfect fluid m motion undci the action of forces which have a potential, 
then, provided the density of the fluid be either constant or a function of the 
pressure only, a velocity-potential exists for the same portion of the fluid at 
all instants before or after f. 

In the equations of Art. 15, let the instant at which the velocity- 
potential 0 O exists be taken as the origin of time, we have then 

u Q da + v 0 db + w 0 dc = — d<fi 0 , 

throughout the portion of the mass m question Multiplying the equations 
(2) of Art 15 m oidei by da , db, dc , and adding wo get 

^ dx + ~ dy + ™ dz - (u 0 da + v () db +■ w 0 dc) = - d% f 


* The reasons for the introduction of the minus sign are stated in the Preface 
| Lagiange, “Mdmoire sur la Thdoric du Mouvement des Pluides,” Nouv m£m de VAcad de 
Beilin, 1781, Oeuvre*, t iv p 714 The argument is reproduced in the M ticaniqae Anah/Uque 
Lagrange’s statement and proof were alike lmpcifcct , the first ngorous demonstration is due 
to Cauchy, “M6moire sui la Tbione des Chides,” Mem de VAcad ray des Sciences , t i (1827), 
Oeuvres Completes, Pans, 1882 , l 10 S6ric, t i p 88, the date of the memoir is 3815 Another 
proof is given by Stokes, Camb Trans t vin (1845) (see also Math and J?hys Papers , Cam- 
bridge, 1880 , t. l, pp 100, 158, and t u. p 80), together with an excellent historical and 
critical account of the whole mattei 
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or, in the ‘ Eulerian ’ notation, 

udx + vdy 4- wdz = - d (<£ 0 4- %) = - sa 7 
Since the upper limit of t m Art 15 (1) may be positive or negative, this 
proves the theorem 

It is to be particularly noticed that this continued existence of a velocity- 
potential is predicated, not of regions of space, but of portions of matter 
A portion of matter for which a velocity-potential exists moves about and 
carries this property with it, but the part of space which it originally occupied 
may, m the course of time, come to be occupied by matter which did not 
originally possess the pioperty, and which therefore cannot have acquired it 
The class of cases m which a velocity-potential exists includes all those 
where the motion has originated from rest under the action of forces of the 
kind here supposed, for then we have, initially, 

u^da + v Q db + w Q dc = 0, 
or (f> o = const. 

The restrictions under which the above theorem has been proved must 
be carefully remembered It is assumed not only that the extraneous forces 
A, T, 2j, estimated at per unit mass, have a potential, but that the density p 
is either uniform or a function of p only The latter condition is violated 
foi example, m the case of the convection currents generated by the unequal 
application of heat to a fluid , and again, in the wave-motion of a hetero- 
geneous but incompressible fluid arranged originally m horizontal layers 
of equal density. Another case of exception is that of 'electro-magnetic 
rotations 9 , see Art 29. 

18 A comparison of the formulae (1) with the equations (2) of Art 12 
leads to a simple physical interpretation of </> 

Any actual state of motion of a liquid, for which a (single-valued) 
velocity-potential exists, could be produced instantaneously from rest by the 
application of a propeily chosen system of impulsive pressures This is 
evident from the equations cited, which shew, moreover, that <£ = «■//) -1- const , 
so that vr = p4> J rC gives the requisite system. In the same way tsr = - p<j> + 0 
gives the system of impulsive pressures which would completely stop the 
motion The occunence of an arbitrary constant m these expressions shews, 
what is otherwise evident, that a pressure uniform throughout a liquid mass 
produces no effect on this motion^ 

In the case of a gas, </> may be interpreted as the potential of the extraneous 
impulsive forces by which the actual motion at any instant could be produced 
instantaneously from rest 

* This interpretation was given by Cauchy, loc cit , and by Poisson, M€m de l 'Acad. roy. 
des Sciences, t i (1816) 
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A state of motion for which a velocity-potential does not exist cannot be 
generated or destroyed by the action of impulsive piessmes, or of extraneous 
impulsive forces having a potential. 

19 The existence of a velocity-potential indicates, besides, certain 
kinematical properties of the motion, 

A ‘line of motion 3 or ‘stream-line 3 * is defined to be a line drawn fiom 
point to point, so that its direction is everywhere that of the motion of the 
fluid The differential equations of the system of such lines are 

U V W ^ ' 


The relations (1) shew that when a velocity-potential exists the lines of 
motion are everywhere perpendicular to a system of surfaces, viz the 
‘ equipotential 3 surfaces <£ = const 

Again, if from the point (x, y, z) we draw a linear element Bs m the 
direction ( l , on, n), the velocity resolved m this direction is ho + mo, ox 

__ d(f> dx dcfrdy dcf) dz . . , __ d<f> 

dx ds 3 y ds dz ds 3 W 10 d$ 

The velocity m any direction is therefore equal to the rato of decrease of 
(f) m that direction 

Taking Bs m the direction of the normal to the surface </> = const , we see 
that if a senes of such surfaces be drawn corresponding to equidistant values 
of <f>, the common difference being infinitely small, the velocity at any point 
will be inversely proportional to the distance between two consecutive surfaces 
m the neighbourhood of the point. 

Hence, if any equipotential surface intersect itself, the velocity is zero 
at the intersection The intersection of two distinct equipotontial surfaces 
would imply an infinite velocity 


20. Under the circumstances stated in Art. 17, the equations of motion 
aic at once mtegiable throughout that portion of the fluid mass fox which 
a velocity-potential exists For in virtue of the relations 


dv 

dz 


3 w 
"dy’ 


dw 

dx 


du 
' dz 3 


3 to 

zy 


dv 

: dz’ 


which aic implied m (1), the equations of Art 6 may be written 


. ?J> + u d ± + v d JL + w = _ 39 _ 1 

dxdt dx dx dx dx p dx 3 


&c, &c. 


* Some writers prefer to xestiict the use of the teim 4 stream-lme * to the case of steady 
motion, as defined m Art. 21. 


L. 


2 
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These have the integral 

ff=f t -n-bq* + m, ( 3 ) 

where q denotes the resultant velocity ( u 2 + v 2 -f ufif, and F ( t ) is an arbitrary 
function of t. It is often convenient to suppose this arbitrary function to be 
incorporated m the value of dfi/dt , this is permissible since, by (1), the 
values of u, v, w are not thereby affected 

Our equations take a specially simple form m the case of an incompressible 
fluid , viz we then have 

(4) 

p Ot 


with the equation of continuity 


&& , ?!£ , ^ = o 

dx 2 3 y 2 d z 1 


( 5 ) 


which is the equivalent of Art 9 (1) When, as in many cases which we 
shall have to consider, the boundary conditions are purely kmematical, the 
process of solution consists m finding a function which shall satisfy (5) and 
the prescribed surface-conditions The pressure p is then given by (4), and 
is thus far indeterminate to the extent of an additive function of t It 
becomes determinate when the value of p at some point of the fluid is given 
for all values of t 


Suppose, for example, that we have a solid or solids moving through a liquid com- 
pletely enclosed by fixed boundaries, and that it is possible (e g. by means of a piston) to 
apply an arbitrary pressure at some point of the boundary Whatever variations are made 
m the magnitude of the force applied to the piston, the motion of the fluid and of the 
solids will be absolutely unaffected, the pressure at all points instantaneously rising or 
falling by equal amounts Physically, the origin of the paradox (such as it is) is that the 
fluid is treated as absolutely incompressible In actual liquids changes of pressure are 
propagated with very great, but not infinite, velocity. 


Steady Motion 


21 When at every point the velocity is constant in magnitude and 
direction, i e. when 





.( 1 ) 


everywhere, the motion is said to be ‘ steady ’ 

In steady motion the lines of motion coincide with the paths of the 
particles. For if P, Q be two consecutive points on a line of motion, 
a particle which is at any instant at P is moving m the direction of the 
tangent at P, and will, therefore, after an infinitely short time arrive at Q 
The motion being steady, the lines of motion remain the same Hence the 
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direction of motion at Q is along the tangent to the same line of motion, 
i e the particle continues to describe the line. 

In steady motion the equation (3) of the last Art becomes 

j — £1 — ijj q 2 + constant (2) 

The law of variation of pressure along a stToam-lme can however m this case 
be found without assuming the existence of a velocity-potential. For if 8$ 
denote an element of a stream-line, the acceleiation in the direction of 
motion is qdqjds, and we have 

3 q _ d£l 1 dp 
ds ds p ds 3 

whence, integrating along the stream-lme, 

j d f = -n-w+c. (3) 

This is similar in form to (2), but is more general m that it does not assume 
the existence of a velocity-potential It must however he carefully noticed 
that the constant ol equation (2) and the ‘ G of equation (3) have different 
meanings, the former being an absolute constant, while the latter is constant 
along any particular stream-lme, but may vary as we pass from one stream- 
line to another. 

22 The theorem (3) stands in close relation to the principle of energy. 
If this be assumed independently, the formula may be deduced as follows*. 
Taking first the particular case of a liquid, let us consider the portion of an 
infinitely narrow tube, whose boundaiy follows the sti cam-lines, included 
between two cross sections A and B, the direction of motion being from A 
to B Let p be the pressuie, q the velocity, fl the potential of the extraneous 
forces, a the area of the cross section, at A, and let the values of the same 
quantities at B be distinguished by accents. In each unit of time a 
pqa at A enters the portion of the tube considered, whilst an equal mass 
pq'cr' leaves it at B Hence qa — q'er'. Again, the work done on the 
mass entering at A is pqa- per unit time, whilst the loss of work at B is 
p'q'a' The former mass brings with it the energy pqa (\q- + Gl), whilst the 
latter cames off energy to the amount pqa' (^-q'- + O') The motion bemo- 
steady, the portion of the tube considered neither gains nor loses energy on 
the whole, so that 

pqa + pqa ( | q 2 + II ) = p'q'a' + p q'a' (§ q'* + IT) 

Dividing by pq<r(=pq'a), we have 

* This is really a reversion to the methods of Daniel Bernoulli, Hyilrodynamica Argentorati 

irraQ } ° ’ 


2—2 
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or, using 0 in the same sense as before, 

£=-n-^ + c, (4) 

p 

which is what the equation (3) becomes when p is constant 

To prove the corresponding formula for compiessible fluids, we remaik 
that the fluid entering at A now brings with it, m addition to its energies 
of motion and position, the intrinsic energy 



per unit mass The addition of these terms to (4) gives the equation (3) 
The motion of a gas is as a rale subject to the adiabatic law 


Pljpo = (plpd y > ( 3 ) 

and the equation (3) then takes the form 

_2_£ — ft_*g»+.G (6) 

7 ™ 1 P 


23 The preceding equations shew that, in steady motion, and for points 
along any one stream-line*, the pressure is, ccetens paribus, greatest where 
the velocity is least, and vice versd This statement, though opposed to 
popular notions, becomes evident when we reflect that a particle passing 
from a place of higher to one of lower pressure must have its motion 
acceleiated, and vice versd f 

It follows that m any case to which the equations of the last Art apply 
there is a limit which the velocity cannot exceed]: ¥or instance, let us 
suppose that we have a liquid flowing from a leservoir where the velocity 
may he neglected, and the pressure is p 0 , and that we may neglect extraneous 
forces We have then, in (4), 0=pjp, and therefore 

P=Z>° ~\P?' 0) 

Now although it is found that a liquid from which ail traces of air or other 
dissolved gas have been eliminated can sustain a negative pressure, or tension, 
of considerable magnitude^, this is not the case with fluids such as we find 
them under ordinary conditions Practically, then, the equation (7) shews 
that q cannot exceed (2p 0 /p)* This limiting velocity is of course that with 
which the fluid would escape from the reseivoir into a vacuum In the case 
of water at atmospheric pressure it is the velocity ‘due to’ the height of the 
water-barometer, or about 45 feet per second. 

* This restriction is unnecessary when a velocity-potential exists 

f Some interesting practical illustrations of this principle are given by Froude, Natme, 
t xin , 1875 

£ Cf. Helmholtz, “Ueber discontmuirliche Flussigkeitsbewegungen, ,s Berl. Monatsbcr , April, 
1868, Phil Mag, Nov 1868, Gesammelte A blmndlungen, Leipzig, 1882-3, t i p 146 

§ 0 Reynolds, Manch Mem , t vi. (1877); Scientific Papers, Cambridge, 1900 , t l. p 281 
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If in any case of fluid motion of which we have succeeded in obtaining 
the analytical expression, we suppose the motion to he gradually accelerated 
until the velocity at some point reaches the limit here indicated, a cavity will 
be formed there, and the conditions of the problem are more or less changed. 

It will be shewn, in the next chapter (Art 44), that in irrotational motion 
of a liquid, whether ‘steady ’ or not, the place of least pressure is always at 
some point of the boundary, provided the extraneous forces have a potential ll 
satisfying the equation ^ ^ ^ 

dec 1 + 3 y 1 + dz- 

This includes, of course, the case of gravity. 

In the general case of a fluid in which pi is a given function of p we have, 
putting fl = 0 m (3), 

( 8 ) 

1 Jp P 


For a gas subject 


to the adiabatic law, this gives 


2y_ 

7 - 1 Po 




( 9 ) 


4 


- < 10 > 

7-1 

if c , = (yp/pf, = (dpldp)h denote the velocity of sound in the gas when at 
pressure p and density p, and c 0 the corresponding velocity for gas under the 
conditions which obtain m the reservoir (See Chap. X.) Hcneo the limiting 
velocity is 


or, 2 214 c 0 , if 7 = 1 408. 

24 We conclude this chapter with a few simple applications of the 
equations. 


Efflux of Liquids. 

Let us take in. the first instance the problem of the efflux of a liquid from 
a small orifice m the walls of a vessel which is kept filled up to a constant 
level, so that the motion may be regarded as steady. 

The oiigm being taken in the upper surface, let the axis of z be vertical, 
and its positive direction downwards, so that f 2 = — cjz. If we suppose tho 
area ot the upper surface large compared with that of the orifice, the velocity 
at the former may be neglected. Hence, determining the value of G m 
Ait. 22 (4) so that p =JP (the atmospheric pressure), wh cn0= 0, we have* 

( 1 ) 

* This result is due to D Bernoulli, l c. ante, p 19. 
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At the surface of the issuing jet we have p = P, and therefore 

( 2 ) 

i.e. the velocity is that due to the depth helow the upper surface. This is 
known as Torricelli’s Theorem * 

We cannot however at once apply this result to calculate the rate of efflux 
of the fluid, for two reasons In the first place, the issuing fluid must be 
regarded as made up of a great number of elementary streams converging 
from all sides towards the orifice. Its motion is not, therefore, throughout 
the area of the orifice, everywhere perpendicular to this area, but becomes 
more and more oblique as we pass from the centre to the sides Again, the 
converging motion of the elementary streams must make the pressure at the 
orifice somewhat greater in the interior of the jet than at the surface, where 
it is equal to the atmospheric pressure The velocity, therefore, in the interior 
of the jet will be somewhat less than that given by (2) 

Experiment shews however that the converging motion above spoken of 
ceases at a short distance beyond the orifice, and that (m the case of a circular 
orifice) the j et then becomes approximately cylindrical The ratio of the area 
of the section S' of the jet at this point (called the 1 vena contracta ’) to the 
aiea S of the orifice is called the ‘ coefficient of contraction 5 If the orifice be 

abo^t^ - 62^ 0 ^ e 111 a tlUn Wal1 ’ tlllS coefficieilt is found experimentally to be 

The paths of the particles at the vena contracta being nearly straight, 
there is little or no variation of pressure as we pass from the axis to the outer 
surface of the jet. We may therefore assume the velocity there to be uniform 
roughout the section, and to have the value given by (2), where 0 now 
denotes the depth of the vena contracta below the surface of the liquid in the 
vessel. The rate of efflux is therefore 


Vg^.pS' ( 3 ) 

The calculation of the form of the issuing jet presents difficulties which 

.0 8 . eeQ over ° onie ia a few ideal cases of motion in two dimensions 

(See Chapter rv.) It may however be shewn that the coefficient of con- 
traction must, in general, lie between J and 1. To put the argument m its 
napes _ orn hfet us first take the case of liquid issuing from a vessel the 
pressure in which, at a distance from the orifice, exceeds that of the external 
space by the amount P, gravity being neglected. When the orifice is closed 
by a plate, the resultant pressure of the fluid on the containing vessel is of 
course ml If when the plate is removed, we assume (for the moment) that 
the pressure on the walls remains sensibly equal to P, there will be an un- 
balanced pressure PS acting on the vessel in the direction opposite to that of 


* “ De motu gravlum naturaliter accelerato Firenze 1643 
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the jet, and. tending to make it recoil The equal and contrary reaction on 
the fluid pioduces m unit time the velocity q m the mass pqS' flowing through 
the * vena contracta,’ whence 

PS = P q*S' (4) 

The principle of energy gives, as in Art 22, 

P=\pq\ (0 

so that, comparing, we have S' — ^S. The formula (1) shews that the 
pressure on the walls, especially in the neighbourhood of the orifice, will m 
reality fall somewhat below the static pressure P, so that the left-hand side 
of (4) is an under-estimate. The ratio S'/S will therefore in general be > |. 

In one particular case, viz where a short cylindrical tube, projecting 
inwards, is attached to the orifice, the assumption above made is sufficiently 
exact, and the consequent value £ for the coefficient then agrees with 
experiment. 

The reasoning is easily modified so as to take account of gravity (or other 
conservative forces) We have only to substitute for P the excess of the static 
pressure at the level of the orifice over the pressure outside. The difference 
of level between the orifice and the ‘ vena contracta 1 is here neglected*. 


Efflux of Gases. 

25 We consider next the efflux of a gas, supposed to flow through a 
small orifice from a vessel in which the pressuie is p 0 and density p (l into a 
space where the pressure is p. We assume that the motion has become 
steady, and that the expansion takes place according to the adiabatic law, 


If the ratio pjp t of the pressures inside and outside the vessel do not exccod a certain 
limit, to be indicated presently, the flow will talco pilace in much the same manner as m 
the case of a liquid, and the rate of discharge may be found by putting p=p x in Art 23 (9), 
and multiplying tho resulting value of q by tho area S' of the vena contracta. This gives 
foi the rate of discharge of mass + 



It is plain, however, that there must be a limit to the applicability of tins result; for 
otherwise wo should be led to the paradoxical conclusion that when p l = 0, t e the discharge 
is into a vacuum, the flux of matter is nil The elucidation of this point is due to 


* The above theory is due to Torda (AT4m cle VAcail dcs Sciences, 17C(>), who also made 
experiments with tho special form, of mouth-piece leferred to, and found ,S/S'=T942 It was 
re-discovered by Hanlon, Proc. Lond Math So c , t. m. p 4 (1869); the question is further 
elucidated m a note appended to this paper by Maxwell Sec also Troude and J Thomson, 
Proc. Glasgow Phil Soc., t x (1876). 

+ A. result equivalent to this was given by Saint Venant and Wantzel, Jour it. de V Poole 
Polyt , t. xvi p 92 (1839) 
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Prof. Osborne Reynolds* It is easily found by means of Art 23 (8), that qp is a maximum, 
i e. the section of an elementary stream is a minimum, when q 2 =dp/dp, that is, the velocity 
of the stream is equal to the velocity of sound m gas of the pressure and density ■which 
prevail there On the adiabatic hypothesis this gives, by Art 23 (10), 



and therefore, since c 2 a p v_1 , 


l 


(jjp 

P_ 

( 2 Y 

Vr+V ’ 

Po 

\y+V 


or, if y=l *408, p = 634p 0 , p « 527p 0 


( 2 ) 

.(3) 

•(4) 


If be less than this value, the stream after passing the point in question widens out 
again, until it is lost at a distance in the eddies due to viscosity The minimum sections 
of the elementary streams will be situate m the neighbourhood of the orifice, and their sum 
tS may be called the virtual area of the latter. The velocity of efflux, as found from (2), is 


q— 911c 0 

The rate of discharge is then —qpS, where q and p have the values just found, and is there- 
fore approximately independent of the external pressuie p 1 so long as this falls below 
o2/jpo The physical reason of this is (as pointed out hy Reynolds) that, so long as the 
velocity at any point exceeds the velocity of sound under the conditions which obtain 
there, no change of pressure can be propagated backwards beyond this point so as to affect 
the motion higher up the stream 

These conclusions appear to be m good agreement with experimental results 

Under similar circumstances as to pressure, the velocities of efflux of different gases are 
(so far as y can be assumed to have the same value for each) proportional to the corre- 
sponding velocities of sound. Hence (as we shall seem Chap, x ) the velocity of efflux will 
vary inversely , and the rate of discharge of mass will vary directly, as the sq uare root of 
the density t 


Rotating Liquid . 

26 Let us next take the case of a mass of liquid rotating, under the 
action of gravity only, with constant and uniform angular velocity » about 
the axis of a, supposed drawn vertically upwards. 

By hypothesis, u,v,w = - mj, <ox, 0, 

X, Y, Z= 0, 0, — g. 

The equation of continuity is satisfied identically, and the dynamical equations 
obviously are 


a 1 

- 

p dx 


, 1 dp 

■ tfy = - - f- 

pdy 


1 dp 
p dz 


■g ....( 1 ) 


M 1 . f Gas68 ’ Proc MancL Llt and Soc., Nov. 17, 1885, Phil Mag. 

Maich, 1886 A similar explanation was given by Hugomot, Comptes liendus, June 28, July 26 

“ V*® 6 „ ’ , 1886 - 1 have attempted, above, to condense the reasoning of these writers 
t Of G-raham, Phil Trans., 1846. 
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These have the common integral 


- = Jjgt ( a f +■ y s ) - gz + const (2) 

P 

Thefiee surface, jp — const., is theiefore a paraboloid of revolution about the 
axis of z 3 having its concavity upwards, and its latus rectum = 2 gfco\ 


Since 


dv du _ 
dx dy 


a velocity-potential does not exist A motion of this kind could not therefore 
be generated m a 'perfect' fluid, ie. m one unable to sustain tangential 
stress 


27 . Instead of supposing the angular velocity a> to be uniform, let us 
suppose it to be a function of the distance r from the axis, and let us inquire 
what form must he assigned to this function m order that a velocity-potential 
may exist for the motion, We find 

dv dw ~ dco 

dx dy dr 

and m order that this may vanish we must have car 2 = ya, a constant. The 
velocity at any point is then =/^/r, so that the equation (2) of Art 21 
becomes 

£= const (1) 

if no extraneous forces act To find the value of <f> we have, using polar 
co-ordinates, 

^ n H 

dr ’ vd9 r ’ 

whence <j> = — fi6 + const = — \l tan"" 1 1 4- const (2) 

We have here an instance of a 'cyclic' function. A function is said to be 
4 single-valued ’ throughout any region of space when wo can assign to every 
point of that region a definite value of the function in such a way that these 
values shall form a continuous system This is not possible with the function 
(2) ; for the value of </>, if it vary continuously, changes by — 2tt/i as the point 
to which it refers describes a complete circuit round the origin. The general 
theory of cyclic velocity-potentials will be given m the next chapter. 

If gravity act, and if the axis of z be drawn vertically upwards, we must 
add to (1) the term — gz The form of the free surface is therefore that 
generated by the revolution of the hypeibolic curve oc l z— const, about the 
axis of z 

By properly fitting together the two preceding solutions we obtain the 
case c/ Rankine’s ‘combined vortex.’ Thus the motion being everywhere m 
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coaxial circles, let us suppose the velocity to be equal to a>r from r = 0 to 
r = a, and to coa 2 /r for r>a. The corresponding forms of the free surface are 
then given by 

and * = ^( a2 ~$) + C ’ 

these being continuous when r~cc. The depth of the central depression 
below the general level of the surface is therefore co^a^/g. 



28. To illustrate, by way of contrast, the case of extraneous forces not 
having a potential, let us suppose that a mass of liquid filling a right circular 
cylinder moves from rest under the action of the forces 

X=Ax + By, T = B'x 4- Gy, Z=0, 
the axis of z being that of the cylinder 


If we assume ^ - coy, v—ax, w=0, where o> is a function of t only, these values satisfy 

the equation of continuity and the boundary conditions The dynamical equations are 
evidently 

dco 0 , . ^ _ 1 3 ^ \ 

p 3 x 5 




x d i t -<Jy=B'x+Cy-± | 


• 0) 


Differentiating the first of these with 
subtracting, we eliminate p, and find 


respect to y, and the second with respect to % and 




•( 2 ) 


The fluid therefore lotates as a whole about the axis of z with constantly accelerated 
angular velocity, except m the particular case when B — B' To find p, we substitute the 
value of dco/dt m (1) and integrate ; we thus get 

~ = i (a® + f 2 ) + J ( A x 2 4- 2 $xy + Oy 2 ) 4- const. , 

* where 2/3 { 
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29 As a final example, we will take one suggested by the theory of 
‘ electro-magnetic rotations ’ 

If an electric current be made to pass radially from an ami wire, through a conduct- 
ing liquid, to the walls of a metallic containing cylinder, m a uniform magnetic field, the 
extraneous forces will be of the type * 




Y, 


p-y 

Z "~ >2 > r 2 5 


o 


Assuming u— — coy, v-ax, 'w — 


Eliminating jo, we obtain 


0, where <o is a function of r and t only, we have 


06) 

0 


1 

dp 

l 

|<S 

1 

-6rA’ = 


P 

dx* 

06) 

0 , 

flX 

1 

dp 

*W 

-6) 2 2/ = 


P 

fy/ ' 


06) 

0 2 6) _ 

=0. 


2 

dt+ r 

drdt 



( 1 ) 


The solution of this is &) — F (i t)j i 2 +/ (r), 

where F and / denote arbitrary functions. Since o = 0 when tf=0, we have 

i T (0)/r 2 +/(r)=0, 


and therefore 


^>2 ) 


( 2 ) 


where \ is a function of t which vanishes for t = 0 Substituting in (1), and integrating, we 
find 

5 “('‘“ 2?) tan ' 1 

Since p is essentially a single -valued function, we must have d\\dt~ p, or \=fi£. Hence 
the fluid rotates with an angular velocity which vanes inversely as the square of the 
distance from the axis, and mci eases constantly with the time 


* If C denote the total flux of electricity outwards, pei unit length of the axis, and 7 the 
component of the magnetic force parallel to the axis, we have fi—’yCfirp Tor the history of 
such experiments see "Winkelmann, Handbuch d Physik, t. lii (2), p. 315 The above case is 
specially simple, m that the forces X, Y, A, have a potential (fl= tan - " 1 ?/ /a), though a 
‘cyclic’ one As a rule, m electro-magnetic rotations, the mechanical forces X, Y,Z have not 
a potential at all 
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IRROTATIONAL MOTION 

30. The present chapter is devoted mainly to an exposition of some 
general theorems relating to the kinds of motion already considered in Arts. 
17 — 20 , viz. those in which udx +- vdy 4- wdz is an exact differential through- 
out a finite mass of fluid It is convenient to begin with the following 
analysis, due to Stokes*, of the motion of a fluid element in the most general 
case. 

The component velocities at the point (so, y, z) being u, v, w, the relative 
velocities at an infinitely near point (oc + 8x, y + 8y, z 4 Sz) are 


( 1 ) 



equations (1) may be written 


8u = a8x + K8y + g8z + y8z — £8y, ^ 

8v = hhx + b8y + fhz + £& - tj8z, l (2) 

Svj = gosc -f- fSy + c8z + — r)S%. J 

Hence the motion of a small element having the point (x, y, z) for its 
centre may he conceived as made up of three parts 

* 4116 Theories of the Internal Faction of Fluids m Motion, &o ” Camb. Phil Xtam 

t Yiii (1845), Math, and Phys. Pa/peis, t 1 p. 80, 
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The first part, whose components are v, v, w, is a motion of translation 
of the element as a whole. 

The second part, expressed by the first three berms on the right-hand 
sides of the equations (2), is a motion such that, if Bsc, By, Sz bo regarded as 
current co-ordinates, every point is moving in the direction of the normal bo 
that quadric of the system 

a (S®y + b(By) 2 A- c (Bzf 4- 2 \fSy Sc 4- 2g Sz Sm + 2 h See By = const , . (3) 

on which it lies If we refer these quadrics to their principal axes, the 
corresponding parts of the velocities parallel to these axes will be 

Su' = a'Sx'y Sv' = b'hy f , 8w' = c’Sz, (4) 

if a' (Sx'Y + V ($/)* -4- c r (S#y = const 

is what (3) becomes by the transformation The formulae (4) express that 
the length of every line in the element parallel to a' is being elongated at 
the (positive or negative) rate a\ whilst lines parallel to y* and z ! are being 
elongated m like manner at the rates V and 0 ' respectively Such a motion is 
called one of pure strain and the principal axes of the quadrics (3) are called 
the axes of the strain 

The last two terms on the right-hand sides of the equations (2) expiess a 
rotation of the element as a whole about an instantaneous axis; the com- 
ponent angular velocities of the rotation being £, tj, £* 

This analysis may be illustrated by the so-called ‘ laminar’ motion of a liquid in 
which 

it = 2/zy, v— 0, w — 0, 

so that a, h, <?,/, < 7 , & 17 = 0, h =/x, f = - p 

If A represent a rectangular fluid demon t bounded by planes parallel to the co-ordinate 
planes, then B represents the change produced 111 this in a short time by tho stiain, and 0 
that due to the strain plus the rotation. 



It is easily seen that the above resolution of the motion is unique If 
we assume that the motion relative to the point (x, y , z) can be made up of a 
strain and a rotation in which the axes and coefficients of the strain and the 


* The quantities corresponding to £, rj, f in the theory of the infinitely small displacements 
of a continuous medium had been interpreted by Cauchy as expressing the ‘mean rotations’’ 
ot an element, Exercices (T Analyse et dc Physique, t 11 . (Paris, 1841), p 302 
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[chap. Ill 

axis and angular velocity of the rotation are arbitral y, then calculating the 
relative velocities &u, 8v, S w x we get expressions similar to those on the right- 
hand sides of ( 2 ), but with arbitrary values of a, b, c, f 9 g, h y f , v), f Equating 
coefficients of 8%, Sy, 8z, however, we find that a, b , c , &c. must have respec- 
tively the same values as before. Hence the directions of the axes of the 
stiam, the rates of extension or contraction along them, and the axis and the 
angular velocity of rotation, at any point of the fluid, depend only on the 
state of relative motion at that point, and not on the position of the axes of 
reference. 

When throughout a finite portion of a fluid mass we have ? 7 , f all zero, 
the relative motion of any element of that portion consists of a pure strain 
only, and is called c irrotational/ 


31 The value of the integral 

f (udx +■ vdy -f wdz), 

ff dx dy dz\ 7 
\[u j-+v ~ + w- r )d 
J\ ds ds as/ 


taken along any line AJBGD, is called* the ‘flow’ of the fluid from A to D 
along that lme. We shall denote it for shortness by I ( ABCL ) 

If A and D coincide, so that the line forms a closed curve, or circuit, the 
value of the integral is called the 'circulation 5 in that circuit We denote 
it by I (ABC A) If in either case the integration be taken in the opposite 
direction, the signs of dx/ds, dy/ds, dzjds will be reversed, so that we have 

I(AD) = -I(DA\ and I(ABCA) = - 1 (ACBA) 

It is also plain that 

I (ABGD) = T(AB) A I (BC) A I (CD) 

Again, any surface may be divided, by a double series of lines crossing 
it, into infinitely small elements The snm of the circulations round 
the boundaries of these elements, taken all in the 
same sense, is equal to the circulation round the 
original boundary of the surface (supposed foi the 
moment to consist of a single closed curve) For, 
m the sum m question, the flow along each side 
common to two elements comes in twice, once for 
each element, but with opposite signs, and there- 
fore disappears from the result There remain then 
only the flows along those sides which are parts of 
the original boundary; whence the truth of the 
above statement 



From this it follows, by considerations of continuity, that the circulation 


* Sir W Thomson, “ On Vortex Motion ” Edin Tims , t xxv (1869) 
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round the boundary of any surface-element §5, haying a given position and, 
aspect, is ultimately proportional to the area of the element 

If the element he a rectangle SySz having its centre at the point (oo, y, z), 
then calculating the circulation round it m the direction shewn by the arrows 
in the annexed figure, we have 


V 



z 


0 


I (AB) — {v — ^ (dv/dz) &«} By, J ( BC ) = [to + 1 (3 wjdy) By] Bz, 

I (CD) = — [v + 1 (dv/dz) By, I (DA) = — {w — £ (dw/d y) 8y} Be, 

and therefore I (A BCD A) = (?~ - ByBz 

In this way we infer that the circulations round the boundaries of any 
infinitely small areas SS l9 8S 2} 8S s , having their planes parallel to the 
co-ordinate planes, are 

W, 2 V S& 2) 2 $«&, (1) 

respectively. 

Again, referring to the figure and the notations of Art. 2, we have 

I(ABCA) = I (PJBGJP) + 1 (JPCAP) +I(PABP) 

= 2| . IA +■ 2tj . m/\ -f- 2f . nA, 

whence we infer that the circulation round the boundary of any infinitely 
small area 88 is 

2 (If; 7)i7) -Mif) 8S (2) 

We have here an independent proof that the quantities £ y, g may be regarded 
as the components of a vectoi. 

It will be observed that some convention is implied as to the relation 
between the sense in which the circulation round the boundary of 8S is 
estimated, and the sense of the normal (l, m, n). In order to have a clear 
understanding on this point, we shall suppose m this book that the axes of 
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(4) 


v‘ — l 2 u -f- m 2 v 4 n 2 iv, 
w —lzU,-\-mp+njw^ 
in all cases On the other hand we find 

£'=±(^4^4^) \ 

V = ±(^4^274« 2 f) >1 

r = ± 4 m Z 7) 4 n 3 (), J 

2S2 - no?/ 1 7^Zf " ?“ tW ° SySte “ S ° f ar ° 

of the type (3) is called ‘polar’ , whilst one which ^ike V” ’ a . transformed V formulae 
distinguished as ‘axial’ §. ’ J (£> 7» 0, is transformed by (4) is 

. J1 is^Uo the7J h :f ,t Cir ° U , Ia “ M r ° n ” d ‘ he «te» of aa, fimte 

infinitely small elements into wh^tS Tf ^ *5° b ° Undanes of 
by (2), hlCh the 8urface be divided, we have, 

!(^+vdy+ w d s )=2 m+mv _ hn0d8i ' " 

oi, substituting the values of £ Vl { f rom Art. 30, ‘ " 


f(udcc + vdy+ wdz) = M ( du M 

JJl [dy dzr m \Tz-te) 


+ B (!*-?«' 
\das dy. 


w* ccej \$ x dyj\ d8> ’ ( 6 ) 

JXrtrSir ^ “ d *• *«*- 

* Maxwell, JVoc iond Math. Soc , t. m. pp. 279 o S0 Th . 
of xis supposed drawn towards the reader. ’ “ ' Thlls ln the fi S- of p 31 the axis 

t See Maxwell, Electricity and Magnetism Oxford 187 * A * oo 
t Two right-handed systems, or two left 1 m ‘ 23 

and a left-handed system are not systems are ‘congruent, ’ whilst a right-handed 

§ For references see M un , . , 

ir^ruckaZ'lT * WmfiC d Me ^mk deformirW 

[l This theorem is due to c r, ^ ei P zl S, 1901) 

published proof appears to have been gwen by for 1854 The first 

MmngUiten, Gottingen 1861 r> qs rE ^7 Hankel, Zur alt gem. Theorie a** x? rSt 

•r - »r- - — sr. fz,” s 

Mngnetism., Art 24 P 2/1 Art 190 0). and Maxwell, Electricity and 
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which we may term the positive side ; the direction of integration m the 
first member is then that m which a man walking on the surface, on the 
positive side of it, and close to the edge, must proceed so as to have the 
surface always on his left hand. 

The theorem (5) or (6) may evidently be extended to a surface whose 
boundary consists of two or more closed curves, provided the integration m 
the first member be taken round each of these m the 
proper direction, according to the rule just given. 

Thus, if the surface integral in (6) extend over the 
shaded portion of the annexed figure, the directions 
in which the circulations in the several parts of the 
boundary aie to be taken are shewn by the arrows, 
the positive side of the surface being that which 
faces the reader. 

The value of the surface-integral taken over a 
closed surface is zero 

It should be noticed that (6) is a theorem of pure mathematics, and is 
true whatever functions u, v, w may be of a, y, z, provided only they be 
continuous and differentiable at all points of the surface*. 



33 The rest of this chapter is devoted to a study of the knetnatical 
properties of irrotational motion in general, as defined by the equations 

V, %— 0, (i) 

i e. the circulation m every infinitely small circuit is assumed to lie zero. 
The existence and properties of the velocity-potential in the various cases 
that may arise will appear as consequences of this definition. 

The physical importance of the subject rests on the fact that if the 
motion of any portion of a fluid mass ho irrotational at any one instant it 
will under certain very general conditions continue to bo irrotational. 
Practically, as will be seen, this has already been established by Lagrange’s 
theorem, proved in Art 17, but the importance of the matter warrants a 
repetition of the investigation, in the Eulerian notation, in the form given bv 
Lord Kelvin f 

Consider first any terminated line AS drawn m the fluid, and suppose 
every point of this line to move always with the velocity of the fluid at that 
point. Let us calculate the rate at which the flow along this lino, from A to 
B, is increasing. If 8®, Sy, §z he the projections on the co-ordinate axes of 
an element of the line, we have 


D 


/ <\ v Du ^ D§*% 

(uZx)= m Zx ¥u - w 


* It is not necessary that their differential eoellicients should be continuous, 
t l c ante, p 30 


L 
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Now BhxjBt, the rate at which 8# is increasing m consequence of the motion 
of the fluid, is equal to the difference of the velocities parallel to as at its 
two ends, %e. to and the value of DwJDt is given m Art. 6 Hence, and 
by similar considerations, we find, if p be a function of p only, and if the 
extraneous forces X, T, Z have a potential Q, 

{uhx 4 vSy 4 wSz) — — — — SSI 4 uSu 4 vSv 4 - wSw 

Jut p 

Integrating along the line, from A to B, we get 

™ (itdx + vdy-\-wdz)= — H 4 I5 2 ^ (2) 

or, the rate at which the flow from A to B is increasing is equal to tho excess 
of the value which — jdp/p - II 4 £g a has at B over that which it has at A * 
This theorem comprehends the whole of the dynamics of a peifect fluid. For 
instance, equations (2) of Art 15 may be derived from it by taking as tho 
line AB the infinitely short line whose projections were originally 8a, S b, Sc, 
and equating separately to zero the coefficients of these infinitesimals 

If SI be single-valued, the expression withm brackets on the right-hand 
side of (2) is a single-valued function of x, y, z Hence if the integration on 
the left-hand he taken round a closed curve, so that B coincides with A, 
we have 

~ J ( udco 4 vdy 4 wdz ) =0, . (8) 

or, the circulation in any circuit moving with the fluid does not alter with 
the time 

It follows that if the motion of any portion of a fluid mass be initially 
irrotational it will always retain this property, for otherwise the circulation 
in every infinitely small circuit would not continue to be zero, as it is initially 
by virtue of Art. 32 (5) 


34. Considering now any region occupied by irrotationally-movmg fluid, 
we see from Art. 32 (5) that the circulation is zero in every circuit which, 
can he filled up by a continuous surface lying wholly m the region, or which 
mother words is capable of being contracted to a point without passing out 
of the region Such a circuit is said to be ‘ reducible ’ 


Again, let us consider two paths ACB , ABB, connecting two points A, B 
of the region, and such that either may by continuous variation be made to 
coincide with the other, without ever passing out of the region. Such paths 
are called mutua ly reconcileable ’ Since the circuit AGBDA is reducible, 
we have I ( ACBDA)= 0, or since I (BBA)= — J (ADB) 


I{AGB) = I{ABB), 

t.e. the flow is the same along any two reconcileable paths 



38-36] Velocity-Potential 36 

A region such that all paths joining any two points of it are mutually 
reconcileable is said to be 'simply-connected * Such a region is that enclosed 
within a sphere, or that included between two concentric spheres In what 
follows, as far as Art 46, we contemplate only simply-connected regions. 


35 The irrotational motion of a fluid within a simply-connected region 
is characterized by the existence of a single-valued velocity-potential Let 
us denote by — <£ the flow to a variable point P from some fixed point A , viz 

<£ = — f (udx + vdy + wdz) (1) 


The value of </> has been shewn to be independent of the path along which 
the integration is effected, provided it lie wholly within the region. Hence 
<£ is a single- valued function of the position of P, let us suppose it expressed 
m terms of the co-ordinates (#, y, z) of that point By displacing P through 
an infinitely short space parallel to each of the axes of co-ordinates m 
succession, we find 


u — — 


d<f) 

dx’ 




( 2 ) 


% e $ is a velocity-potential, according to the definition of Art 17. 

The substitution of any other point B for A, as the lower limit of the 
integral m (1), simply adds an arbitrary constant to the value of $, viz the 
flow from A to B The original definition of cj> m Art 17, and the physical 
interpretation m Art 18, alike leave the function indeterminate to the extent 
of an additive constant 


As we follow the couise of any line of motion the value of </> continually 
decreases, hence m a simply-connected region the lines of motion cannot 
form closed curves 


36. The function <fi with which we have here to do is, together with its 
first differential coefficients, by the nature of the case, finite, continuous, and 
single-valued at all points of the region considered. In the case of incom- 
pressible fluids, which we now proceed to consider more particularly, </> must 
also satisfy the equation of continuity, (5) of Art 20, or as wc shall in future 
write it, for shortness, 

V a </> = 0, (1) 

at every point of the region. Hence is now subject to mathematical 
conditions identical with those satisfied by the potential of masses attracting 
or repelling according to the law of the inverse square of the distance, at all 
points external to such masses , so that many of the results proved in the 
theories of Attractions, Electrostatics, Magnetism, and the Steady Flow of 
Heat, have also a hydrodynamical application We proceed to develope those 
which are most important from this point of view. 


3 — 2 
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In any case of motion of an incompressible fluid the surface-integral of 
the normal velocity taken over any surface, open ol closed, is conveniently 
called the ‘ flux' across that surface. It is of course equal to the volume o 
fluid crossing the surface per unit time. 

When the motion is irrotational, the flux is given by 

-//£* 

where SS is an element of the surface, and 8n an element of the normal to it, 
drawn m the proper direction. In any region occupied wholly by liquid, the 
total flux across the boundary is zero, i.e. 

;"" (2> 

the element Sn of the normal being drawn always on one side (say inwards), 
and the integration extending over the whole boundary This may be 
regarded as a generalized form of the equation of continuity (1). 

The lines of motion drawn through the various points of an infinitesimal 
circuit define a tube, which may be called a tube of flow. The product of 
the velocity (q) into the cross-section (a, say) is the same at all points of such 
a tube. 

We may, if we choose, regard the whole space occupied by the fluid as 
made up of tubes of flow, and suppose the size of the tubes so adjusted that 
the product q<r is the same for each The flux across any surface is then 
proportional to the number of tubes which cross it. If the surface be closed, 
the equation (2) expresses the fact that as many tubes cross the surface 
inwards as outwards Hence a line of motion cannot begin or end at a point 
of the fluid. 

37. The function <j> cannot be a maximum or minimum at a point m the 
interior of the fluid , for, if it were, we should have 3</>/9n everywhere positive, 
or everywhere negative, over a small closed surface surrounding the point in 
question Either of these suppositions is inconsistent with (2). 

Further, the square of the velocity cannot be a maximum at a point 
in the interior of the fluid. For let the axis of cc be taken parallel to the 
direction of the velocity at any point P, The equation (1), and therefore 
also the equation (2), is satisfied if we write d$]dx for <j> The above 
argument then shews that d<f>[doc cannot be a maximum or a minimum at P. 
Hence there must be points in the immediate neighbourhood of P at which 
{d<pjdxf and therefore a fortiori 



is greater than the square of the velocity at P*. 

* This theorem was enunciated, m another connection, by Lord Kelvin, Phil Mag , Oct. 
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On the other hand, the square of the velocity may be a minimum at 
some point of the fluid The simplest case is that of a zero velocity , see, 
for example, the figure of Art 69, below 

38. Let us apply (2) to the boundary of a finite spherical portion of the 
liquid. If r denote the distance of any point from the centre of the sphere, 
Sw the elementary solid angle subtended at the centre by an element SS of 
the surface, we have 

dcf. >/3n = — 3<j b/3r, 

and SS = r 2 W. Omitting the factor r 2 , (2) becomes 

//!*-«. 

or (j>dvr = 0 ( 3 ) 

Since 1/4 tt. jfydvr or 1/4 j 7 tt 2 JftfdS measures the mean value of <f> over 
the surface of the sphere, (3) shews that this mean value is independent of 
the radius. It is therefore the same for any sphere, concentric with the 
former one, which can be made to coincide with it by gradual variation of the 
radius, without ever passing out of the region occupied by the irrotationally 
moving liquid. We may therefore suppose the sphere contracted to a point, 
and so obtain a simple proof of the theorem, first given by Gauss m his 
memoir* on the theory of Attractions, that the mean value of <j> over any 
spherical surface throughout the interior of which (I) is satisfied, is equal to 
its value at the centre 

The theorem, proved in Art 37, that </> cannot he a maximum or a 
minimum at a point in the interior of the fluid, is an obvious consequence of 
the above 

The above proof appears to be due, in principle, to Frost "f Another 
demonstration, somewhat different in form, has been given by Lord Rayleigh 
The equation (1), being linear, will be satisfied by the arithmetic mean of any 
number of separate solutions <£ 1? <jfr 2 , cf ) u . ... Let us suppose an infinite number 
of systems of rectangular axes to be arranged uniformly about any point P as 
origin, and let <f> efiz, <j>$, .be the velocity-potentials of motions which are 
the same with respect to these systems as the original motion </> is with 

1850 [Reprint of Papeis on Meet) ostatxcs, dc , London, 1872, Art 6G5] The above demon 
stratum is due to Kirchhoff, Vorlesungen uber inathenuitische Physih, Mechamh, Leipzig, 1876, 
p. 186 Lor another proof see Art 44 below 

* “ Allgememe Lehrsatze, u s w,” Resultate aus den Beobachtungen des magiietischen 
Verems , 1889 [ Werke , Gottingen, 1870—80, t. v p 199] 

f Quaiterly Journal of Mathematics , t. xu (1873) 

t Messenger of Mathematics , t. vn p 69 (1878) ; Sc, Papers, t. i. p. 347. 
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respect to the system x> y 9 z In this ease the arithmetic mean (fa say) of the 
functions fa, fa, fa . will be a function of r, the distance from P, only 
Expressing that m the motion (if any) represented by fa the flux across any 
spherical surface which can he contracted to a point, without passing out of 
the region occupied by the fluid, would be zero, we have 

4 tit 2 = 0, 

dr 

ot <j) = const 

39 Again, let us suppose that the region occupied by the lrrotationally 
moving fluid is c periphractic/ * i e that it is limited internally by one or more 
closed surfaces, and let us apply (2) to the space included between one (or 
more) of these internal boundaries, and a spherical surface completely 
enclosing it (or them) and lying wholly in the fluid If M denote the total 
flux into this region, across the internal boundary, we find, with the same 
notation as before, 

[}%**—*■ 

the surface-integral extending over the sphere only This may be written 

,,he,10e (i) 

That is, the mean value of <f> over any spherical surface drawn under the 
above-mentioned conditions is equal to Jf/47ir -f (7, where r is the radius, M 
an absolute constant, and G f a quantity which is independent of the radius 
but may vary with the position of the centre^ 

If however the original region throughout which the irrotational motion 
holds be unlimited externally, and if the first derivative (and therefore all the 
higher derivatives) of <f> vanish at infinity, then G is the same foi all spherical 
surfaces enclosing the whole of the internal boundaries Tor if such a sphere 
he displaced parallel to x\, without alteration of size, the rate at which G 
varies in consequence of this displacement is, by (4), equal to the mean value 
of d<j>jdx over the surface Since defr/dx vanishes at infinity, we can by taking 
the sphere large enough make the latter mean value as small as we please. 

See Maxwell, Electricity and Magnetism, Arts. 18, 22 A region is said to be 1 aperiphractic ’ 
when every closed surface drawn m it can be contracted to a point without passing out of the 
region 

+ It is understood, of course, that the spherical surfaces to which this statement applies are 
reconcileahle with one another, in a sense analogous to that of Art 84. 

$ Kirchhoff, Mechamk , p 191 
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Hence G is not altered by a displacement of the centre of the sphere parallel 
to as In the same way we see that G is not altered by a displacement parallel 
to y or z , % e. it is absolutely constant. 

If the internal boundaries of the region considered be such that the total 
flux across them is zero, e.g if they be the surfaces of solids, or of portions of 
incompressible fluid whose motion is rotational, we have M = 0 , so that the 
mean value of p over any spherical surface enclosing them all is the same. 

40 (a) If p> be constant over the boundary of any simply-connected 

region occupied by liquid moving irrotationally, it has the same constant 
value throughout the interior of that region. For if not constant it 
would necessarily have a maximum or a minimum value at some point 
of the region 

Otherwise we have seen m Arts. 35, 36 that the lines of motion cannot 
begin or end at any point of the region, and that they cannot form closed 
curves lying wholly within it They must therefore traverse the region, 
beginning and ending on its boundary. In our case however this is impossible, 
for such a line always proceeds from places where p is greater to places where 
it is less Hence there can he no motion, % e 

dcp dp ckp _ o 

to’ d y’ 7 

and therefore <p is constant and equal to its value at the boundary. 

(/?) Again, if dp/dn be zero at every point of the boundary of such a 
region as is above described, <p will be constant throughout the interior. For 
the condition dp/dn- 0 expresses that no lines of motion enter or leave the 
region, but that they are all contained within it. This is however, as we 
have seen, inconsistent with the other conditions which the lines must 
conform to Hence, as before, theie can be no motion, and p is constant. 

This theoiem may be otherwise stated as follows no continuous lrrota- 
tional motion of a liquid can take place in a simply-connected region bounded 
entirely by fixed rigid walls. 

( 7 ) Again, let the boundaiy of the region considered consist partly of 
suifaces S over which <p has a given constant value, and partly of other 
surfaces 2 over which dp[d?i = 0. By the previous argument, no lines of 
motion can pass from one point to another of S, and none can cross 2. Hence 
no such lines exist , <f> is therefore constant as before, and equal to its value 
at 8. 

It follows from these theorems that the irrotalional motion of a liquid in 
a simply-connected region is determinate when either the value of p> , or the 
value of the inward normal velocity — d<p/dn, is prescribed at all points of the 
boundary, 01 (again) when the value of p is given over part of the boundary, 



40 


Irrotational Motion 


[chap, hi 

and the value of — dcfrfdn ovei the remainder. For if <p 1: <jf > 2 be the velocity- 
potentials of two motions each, of which satisfies the prescribed boundary- 
conditions, in any one of these cases, the function <£ x — </> 2 satisfies the condition 
{a) or (/3) or ( 7 ) of the present Article, and must therefore be constant 
throughout the region 


41 A class of cases of great importance, but not strictly included m the 
scope of the foregoing theorems, occurs when the region occupied by the 
Irrotationally moving liquid extends to infinity, but is bounded internally by 
one or more closed surfaces. We assume, for the present, that this region is 
simply-connected, and that <f> is therefore single- valued 

If (j> be constant over the internal boundary of the region, and tend every- 
where to the same constant value at an infinite distance from the internal 
boundary, it is constant throughout the region For otherwise <£> would be a 
maximum or a minimum at some point. 

We infer, exactly as in Art. 40, that if <£ he given arbitrarily over the 
internal boundary, and have a given constant value at infinity, its value is 
everywhere determinate 


Of more importance m our present subject is the theorem that, if the 
normal velocity be zero at every point of the internal boundary, and if the 
fluid be at rest at infinity, then </> is everywhere constant We cannot how- 
ever infer this at once from the proof of the corresponding theorem in Art 40. 
It is true that we may suppose the region limited externally by an infinitely 
arge^suiface at every point of which 3 <j>/dn is infinitely small, but it is 
conceivable that the integral fjdfldn .dS, taken over a portion of this surface, 
mig t still be finite, in which case the investigation referred to would fail. 
W e proceed therefore as follows. 


- * Sia ^ e tlie veloc % tends to the limit zero at an infinite distance from the 
internal boundary (S, say), it must be possible to draw a closed surface 2, 
completely enclosing S, beyond which the velocity is everywhere less than a 
certain value e, which value may, by making 2 large enough, be made as 
smalt as we please. Now in any direction from S let us take a point P at 

8 an ^ e e J on ^ ^ ^at the solid angle which 2 subtends at it is 
m m ey sma , and with P as centre let us describe two spheres, one just 
excluding, the other just including 8. We shall prove that the mean value 

imeTo^ Wlthm an Bmall amount, the 

if 0 O' fall ^ s ° f these Spheres 0n a common ^dins PQQ' } then 

lo«f. 1 . 6 of 4. may differ by a frnrte 

values ° f ‘ he ' ,iok no i« tie feau 

alues can arise from this cause. On the other hand, when Q, Q fall without 

2, the corresponding values of <j> cannot differ by so much as e QQ', for « is 
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by definition a superior limit to the rate of variation of $ Hence, the mean 
values of over the two spherical surfaces must differ by less than e.QQ. 
Since QQ' is finite, whilst e may by taking 2 large enough be made as small 
as we please, the difference of the mean values may, by taking T sufficiently 
distant, be made infinitely small. 

Now we have seen m Arts 38, 39 that the mean value of over the 
inner sphere is equal to its value at P, and that the mean value over the 
outer sphere is (since M = 0) equal to a constant quantity C Hence, 
ultimately, the value of <£> at infinity tends everywhere to the constant 
value 0. 

The same result holds even if the normal velocity be not zero over the 
internal boundary , for in the theorem of Art 39 M is divided by r, which is 
m our case infinite. 

It follows that if dfyjdn =0 at all points of the internal boundary, and if 
the fluid be at rest at infinity, it must be everywhere at rest Tor no lines 
of motion can begin or end on the internal boundary. Hence such lines, If 
they existed, must come from an infinite distance, traverse the region occupied 
by the fluid, and pass off again to infinity ; ie they must form infinitely long 
courses between places where </> has, within an infinitely small amount, the 
.same value G, which is impossible. 

The theore m that, if the fluid be at rest at infinity, the motion is deter- 
minate when the value of — dcjy/dn is given over the internal boundary, follows 
by the same argument as m Art 40 


Green's Theorem . 

42 In treatises on Electrostatics, &c, many important properties of 
the potential are usually proved by means of a certain theorem due to Green 
Of these the most important from our present point of view have already 
been given; but as the theorem in question leads, amongst other things, to a 
useful expression for the kinetic energy m any case of irrotational motion, 
some account of it will properly find a place here 

Let 17", V, W be any three functions which are finite, single-valued and 
differentiable at all points of a connected region completely bounded by one 
or more closed surfaces S , let SS be an element of any one of these surfaces, 
and l , m, n the direction-cosines of the normals to it drawn Inwards. We 
shall piove m the first place that 

jf(W+mV^ n W)d8 = -]jl(^^+ d ^)c^d 1 / dz, ( 1 ) 

where the triple-integral is taken throughout the region, and the double- 
integral over its boundary. 
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If we conceive a series of surfaces drawn so as to divide the region into 
any number of separate parts, the integral 

!!{W + mY+nW)d8 9 ( 2 ) 

taken over the original boundary, is equal to the sum of the similar integrals 
each taken over the whole boundary of one of these parts For, for every 
element Ser of a dividing surface, we have, m the integrals corresponding to 
the parts lying on the two sides of this surface, elements (l TJ 4 - m V + n W) 8cr, 
and n'W)8(r, respectively. But the normals to which l , m, n, 

and l' y ni y Prefer being drawn inwards in each case, we have l'—— l, — 
n'= - n , so that, m forming the sum of the integrals spoken of, the elements 
due to the dividing surfaces disappear, and we have left only those due to 
the original boundary of the region 

Now let us suppose the dividing surfaces to consist of three systems of 
planes, drawn at infinitesimal intervals, parallel to yz y zx, xy y respectively If 
x y y, z be the co-ordinates of the centre of one of the rectangular spaces thus 
foimed, and 8x,8y, hz the lengths of its edges, the part of the integral (2) due 
to the yz- face nearest the origin is 

and that due to the opposite face is 

The sum of these is — dUJdx 8 xSySz Calculating m the same way the 
parts of the integral due to the remaining pairs of faces, we get for the final 
result 




du dr bw 

dx dy 3 z 


8x8y$z» 


Hence (1) simply expresses the fact that the surface-integral (2), taken over 
the boundary of the region, is equal to the sum of the similar integrals taken 
over the boundaries of the elementary spaces of which we have supposed it 
built up 


It is evident from (1), or it may be proved directly by transformation of 
co-ordinates, that if (Z7, V, If) he a polar vector, the expression 

dUdVdW 
dx ^ dy + dz 

is a scalar quantity, % e. its value is unaffected by any such transformation. 
It is now usually called the f divergence * of the vector-field at the point 

0, y > 4 
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The interpretation, when ( U, V, W) is the velocity of a continuous sub- 
stance, is obvious In the particular case of irrotational motion we obtain 

JJ^dS = —Jj’Jv 2 <f)da;dydz, (S) 

where Sn denotes an element of the inwardly-directed normal to the surface S. 

Again, if we put U, V, W-pu, pv, pw, respectively, we reproduce in 
substance the investigation of Art. 8. 

Another useful result is obtained by putting U, V, W—u<f>, v<f>, w<j>, 
respectively, where it, v, w satisfy the relation 

du dv dw _ . 

throughout the region, and make 

lu + mv +- nw — 0 


over the boundary. W e find 


<4) 

The function <f> is here merely restricted to be finite, single-valued, and con- 
tinuous, and to have its first differential coefficients finite, throughout the 
region. 


43. Now let <j>, $ be any two functions which, together with their first 
and second derivatives, are finite and single-valued throughout the region 
considered ; and let us put 


IT, V, 




.H' 

^ dy ’ ^ dz : 


respectively, so that 


IU + m r+nW=<f> d -£. 


Substituting in (1) we find 

— jfj^V^'dacdydz 

By interchanging cf> and cj> ; we obtain 

—fff ft’ V 2 cf> doc dy dz. 


..( 5 ) 


.( 6 ) 


Equations (5) and (6) together constitute Green’s theorem*. 

* G- G-reen, Essay on Eleetncity and Magnetism , Nottingham, 1828, Art 8 [ Mathematical 
Payers (ed Ferrers), Cambridge, 1871, p. 23] 
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44. If <p, <f>' be the velocity-potentials of two distinct modes of irrotational 
motion of a liquid, so that 

= 0, vy= 0, (1) 

we obtain JJ(f>~^dS = JJ </>' dS (2) 

If we recall the physical interpretation of the velocity-potential, given m 
Art. 18, then, regarding the motion as generated m each case impulsively 
from rest, we recognize this equation as a particular case of the dynamical 
theorem that 

Prtfr == ^Pr Qn 

where p r} q r and p r \ q' are generalized components of impulse and velocity, 
ux any two possible motions of a system*. 

Again, m Art. 43 (6) let <//== <£, and let <f> be the velocity-potential of a 
liquid We obtain 

mm + (ins w* - - /> !>• < 3 > 

To interpret this we multiply both sides by Then on the right-hand 
side —dfildn denotes the normal velocity of the fluid inwards, whilst pcf) is, by 
Art 18, the impulsive pressure necessary to generate the motion. It is a 
proposition in Dynamics^ that the work done by an impulse is measured by 
the product of the impulse into half the sum of the initial and final velocities, 
resolved m the direction of the impulse, of the point to which it is applied. 
Hence the right-hand side of (3), when modified as described, expresses the 
work done by the system of impulsive pressures which, applied to the surface 
S } would generate the actual motion; whilst the left-hand side gives the 
kinetic energy of this motion. The formula asserts that these two quantities 
are equal. Hence if T denote the total kinetic energy of the liquid, we have 
the very important result 

— w 

If m (3), m place of <j>, we write defr/dx, which will of course satisfy V*d<j>Jdx = 0, and 
apply the resulting theorem to the region included within a spherical surface of radius r 
having any point {sc, y , z) as centre, then with the same notation as in Art 39, we have 

WJMKM/Si GO- 
= JIJ {& ) + £|) s + (Si)} dxd y dz 

Thomson and Tait, Natural Philosophy, Art 313, equation (11) 
i Ibid , Art. 308 
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Hence, writing q 2 = u 2 + v 2 4- 

jf^-j ffi(W) + (i?) + &) 

+ ! (|tT +S @)' +2 (sty)l*‘'»* W 

Since this latter expression is essentially positive, the mean value of f, taken over a 
sphere having any given point as centre, increases with the radius of the sphere Hence 
<f cannot be a maximum at any point of the fluid, as was proved otherwise in Art. 37 

Moreover, recalling the formula for the pressure in any case of irrotational motion of a 
liquid, yiz 

(*) 

p ot 

we infer that, provided the potential Q of the external forces satisfy the condition 

V 2 Q = 0, CO 

the mean value of p over a sphere described with any point in the interior of the fluid as 
centre will diminish as the radius increases The place of least pressure will therefore be 
somewhere on the boundary of the fluid This has a bearing on the point discussed in 
Art 23 


45 In this connection we may note a remarkable theorem discovered by 
Lord Kelvin*, and afterwards generalized by him into an universal property 
of dynamical systems started impulsively from rest under prescribed velocity- 
conditions f 

The irrotational motion of a liquid occupying a simply-connected region 
has less kinetic energy than any other motion consistent with the same 
normal motion of the boundary 

Let T he the kinetic energy of the irrotational motion to which the 
velocity-potential <f> refers, and 2\ that of another motion given by 




1 dx 


+ u 0 , v=- 


dy 


+ w = 


dz 


+ w« 


.( 8 ) 


where, m virtue of the equation of continuity, and the prescribed boundary- 
condition, we must have 

3«c . dvo 3^0 q 

dx dy 3 z 

throughout the region, and lu Q + mv 0 + nw 0 = 0 
over the boundary Further let us write 

To = \p fff(v 0 2 + n 1 + O dxdyiz (9) 


* (W. Thomson) “On the Vis-Viva of a Liquid in Motion,” Caml and Dub Math. Journ., 
1849 [Mathematical and Physical Papers , t i.p 107]. 
t Thomson and Tait, Natural Philosophy, Art 312. 
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We find 2 T 1 = 2 T - f T Q — pJJJ + + doodydz. 

Smce the last integral vanishes, by Art. 42 (4), we have 

Z^ZM-JPo, (10) 

which proves the theorem 

46. We shall require to know 7 , hereafter, the form assumed by the ex- 
pression (4) for the kinetic energy when the fluid extends to infinity and is 
at rest there, being limited internally by one or more closed surfaces 8 Let 
us suppose a large closed surface 2 described so as to enclose the whole of 8. 
The energy of the fluid included between 8 and 2 is 

(ii) 


where the integration m the first teim extends over S, that m the second 
over 2 Since we have, by the equation of continuity, 

JJMM+fjga-o, 

(8) may be written 

-ipJf(t-C)l£d3-ipjj(<f>-C)^dZ, ( 12 ) 

where G may be any constant, but is here supposed to be the constant value 
to which <j> was shewn in Art 39 to tend at an infinite distance fiom S 
Now the whole region occupied by the fluid may be supposed made up of 
tubes of flow, each of which must pass either from one point of the internal 
boundary to another, or from that boundary to infinity. Hence the value of 
the integral 

jjs«. 

taken over any surface, open or closed, finite or infinite, drawn within the 
region, must be finite Hence ultimately, when 2 is taken infinitely large 
.and infinitely distant all round from S y the second term of (12) vanishes, and 
we have 

2 T—e]j(4,-C) d £dS, (13) 


where the integration extends over the internal boundary only 
If the total flux across the internal boundary be zero, we have 


IJ 


8 ^dS= 0, 

dn 5 


so that (13) may be written 2T= — 
simply 



... ( 14 ) 
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On Multiply -connected Regions . 

47 Before discussing the properties of lriotational motion in multiply- 
connected regions we must examine more m detail the nature and classification 
of such regions In the following synopsis of this branch of the geometry of 
position we recapitulate for the sake of completeness one or two definitions 
already given. 

We consider any connected region of space, enclosed by boundaries. 
A region is ‘connected’ when it is possible to pass from any one point of 
it to any other by an infinity of paths, each of which lies wholly m the 
region. 

Any two such paths, or any two circuits, which can by continuous 
variation be made to coincide without ever passing out of the region, are said 
to he ‘mutually reconcileable 5 Any circuit which can be contracted to 
a point without passing out of the region is said to be ‘ reducible. Two 
reconcileable paths, combined, form a reducible circuit. If two paths ox two 
circuits be reconcileable, it must be possible to connect them by a continuous 
surface, which lies wholly within the region, and of which they form the 
complete boundary ; and conversely. 

It is further convenient to distinguish between ‘ simple’ and ‘ multiple ’ 
irreducible circuits A ‘multiple ’ circuit is one which can by continuous 
variation be made to appear, m whole or m part, as the repetition of another 
circuit a certain number of times. A ‘ simple circuit is one with which this 
is not possible 

A ‘harrier/ or ‘diaphragm/ is a surface drawn across the region, and 
limited by the line or lines m which it meets the boundary. Hence a barrier 
is necessarily a connected surface, and cannot consist of two or more detached 
portions 

A ‘simply-connected’ region is one such that all paths joining any two 
points of it are reconcileable, or such that all circuits diawn within it are 
reducible 

A ‘ doubly-connected ’ region is one such that two irreconcileable paths, 
and no more, can be drawn between any two points A, JB of it , viz any other 
path joining AB is reconcileable with one of these, or with a combination of 
the two taken each a certain number of times In othei words, the region is 
such that one (simple) irreducible circuit can be drawn in it, whilst^ other 
circuits aie either reconcileable with this (repeated, if necessary),’ or are 
reducible As an example of a doubly-connected region we may take that 
enclosed by the surface of an anchor-ring, or that external to such a ring and 
extending to infinity 

Generally, a region such that n irreconcileable paths, and no more, can be 
drawn between any two points of it, or such that n— 1 (simple) irreducible 
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and irreconcileable circuits, and no more, can be drawn in it, is said to be 
‘ w-ply-connected. 5 

The shaded portion of the figure on p. 33 is a triply-connected space of 
two dimensions. 

It may be shewn that the above definition of an n-ply-connected space 
is self-consistent In such simple cases as n= 2, ti=3, this is sufficiently 
evident without demonstration 

48 Let us suppose, now, that we have an n-ply-connected region, with 
n— 1 simple independent irreducible circuits drawn m it It is possible to 
draw a barrier meeting any one of these circuits in one point only, and not 
meeting any of the n - 2 remaining circuits. A barrier drawn in this manner 
does not destroy the continuity of the region, for the interrupted circuit 
remains as a path leading round from one side to the other The Older of 
connection of the region is however diminished by unity , for eveiy circuit 
drawn in the modified region must be reconcileable with one or more of the 
7i — 2 circuits not met by the barrier. 

A second barrier, drawn m the same manner, will reduce the order of 
connection again by one, and so on , so that by drawing n — 1 barriers we can 
reduce the region to a simply-connected one 

A simply- connected region is divided by a barrier into two separate 
parts , for otherwise it would be possible to pass from a point on one side 
the barrier to an adjacent point on the other side by a path lying wholly 
within the region, which path would m the original region form an irreducible 
circuit. 

Hence in an ?i-ply-connected region it is possible to draw n — 1 barriers, 
and no more, without destroying the continuity of the region This property 
is sometimes adopted as the definition of an n-ply-connected space. 


Irrotational Motion m Multiply-connected Spaces. 

49 . The circulation is the same in any two reconcileable circuits ABC A, 
A'B'G'A r drawn in a region occupied by fluid moving irrotational! y For the 
two circuits may be connected by a continuous surface lying wholly within 
the region ; and if we apply the theorem of Art 32 to this suiface, we have, 
remembering the rule as to the direction of integration round the boundary, 

I {ABC A) + I ( A'G'B'A ') = 0, 
or I {ABC A) = I {A'B'G'A'). 

If a circuit ABGA be reconcileable with two or more circuits A'B'G'A', 
A"B"G"A", &c , combined, we can connect all these circuits by a continuous 
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surface which lies wholly within the region, and of which they form the com- 
plete boundary Hence 

I (ABO A) + I (. A'O'B'A ') + I (A"C"B"A") + &c = 0, 
or I (ABO A) = I (A'B'O'A') + 1 (A"B"0"A") + &c. , 

%.e the circulation, in any circuit is equal to the sum of the circulations m the 
several members of any set of circuits with which it is reconcileable 

Let the order of connection of the region be n -f 1, so that n independent 
simple irreducible circuits a l} a 2 , .. a n can be drawn m it, and let the circu- 
lations m these be fc ly tc 2 , .. /c ni respectively The sign of any /c will of couise 
depend on the direction of integration round the corresponding circuit , let 
the direction in which tc is estimated be called the positive direction m the 
circuit. The value of the circulation m any other circuit can now be found 
at once For the given circuit is necessarily reconcileable with some com- 
bination of the circuits a 1? a 2 , • a n , say with a 1 taken p 1 times, a 2 taken p 2 
times and so on, where of course any p is negative when the correspond- 
ing circuit is taken m the negative direction. The required circulation 
then is 

p 1 K 1 +p 2 K‘z+ • • “h Pn K n CO 

Since any two paths joining two points A, B of the region together form 
a circuit, it follows that the values of the flow m the two paths differ by 
a quantity of the form (1), where, of course, m particular cases some or all of 
the p’s may be zero 


50. Let us denote by —<f> the flow to a variable point P from a fixed 
point A, viz 

rP 

<£ = — I (udx + vdy 4- wdz) (2) 

J A 

So long as the path of integration from A to P is not specified, </> is indeter- 
minate to the extent of a quantity of the form (1). 

If however n bairiers be drawn m the manner explained m Art 48, so as 
to reduce the region to a simply-connected one, and if the path of integration 
in (2) be restricted to lie within the region as thus modified (i.e it is not to 
cross any of the barriers), then <j> becomes a single-valued function, as m 
Art 35 It is continuous throughout the modified region, but its values at 
two adjacent points on opposite sides of a barrier diffei by ± k To derive 
the value of $ when the integration is taken along any path m the unmodified 
region we must subtract the quantity (1), where any p denotes the numbei of 
times this path crosses the corresponding barrier. A crossing m the positive 
direction of the circuits interrupted by the barrier is here counted as positive, 
a crossing m the opposite direction as negative 


4 
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By displacing P through an infinitely short space parallel to each 
co-ordinate axis in succession, we find 

d<f> d<j) d<f> 

u ’ v > w= ~ dec’ - dy’ ~ dz ’ 

so that cf> satisfies the definition of a velocity-potential (Art. 17) It is now 
however a many-valued or cyclic function , %.e it is not possible to assign to 
every point of the original region a unique and definite value of <j>, such 
values forming a continuous system. On the contrary, whenever P describes 
an irreducible circuit, cp will not, in general, return to its original value, but 
will differ from it by a quantity of the form (1). The quantities « x , . x n , 

which specify the amounts by which cf> decreases as P describes the several 
independent circuits of the region, may he called the ‘ cyclic constants of </> 

It is an immediate consequence of the ‘ circulation- theorem of Ait. 33 
that under the conditions there presupposed the cyclic constants do not alter 
with the time The necessity for these conditions is exemplified m the 
problem of Art, 29, where the potential of the extraneous forces is itself 
a cyclic function. 

The foregoing theory may be illustrated by the case of Art 27 (2), whore the region (as 
limited by the exclusion of the ougin, whore the formula would give an infinite velocity) 
is doubly -connected , since we can connect any two points A, B of it by two irreconcileable 
paths passing on opposite sides of the axis of z, e g. 

ACB, ABB m the figure The portion of the plane 
zee for ’which, x is positive may be taken as a barrier, 
and the region is thus made simply-connected The 
circulation in any circuit meeting this barrier once 
only, e.g in ACB DA, is 

li/r.rdSy or 2 nr /a 

That in any circuit not meeting the harrier is zero. In the modified rogion <j> may bo put 
equal to a single-valued function, viz - /u0, but its value on the positive side of the barrier 
is zero, that at an adjacent point on the negative side is -2 ir/x 

More complex illustrations of irrotational motion in multiply-connected spaces of two 
dimensions will present themselves in the next chapter. 

51 . Before proceeding* further we may briefly indicate a somewhat 
different method of presenting the above theory. 

Starting from the existence of a velocity-potential as the characteristic 
of the class of motions which we piopose to study, and adopting the second 
definition of an n + 1 -ply-connected region, indicated m Art 48, we remark 
that m a simply-connected region every equipotential surface must either be 
a closed surface, or else form a barrier dividing the region into two separate 
parts. Hence, supposing the whole system of such surfaces drawn, we see 
that if a closed curve cross any given equipotential surface once it must cross 
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it again, and m the opposite direction. Hence, corresponding to any element 
of the curve, included between two consecutive equipotential surfaces, we 
have a second element such that the flow along it, being equal to the 
difference between the corresponding values of <£, is equal and opposite to 
that along the former , so that the circulation in the whole circuit is zero. 

If however the region be multiply-connected, an equipotential surface 
may form a barrier without dividing it into two separate parts Let as 
many such surfaces be drawn as is possible without destroying the 
continuity of the region The number of these cannot, by definition, be 
greater than n Every other equipotential surface which is not closed will 
be reconcileable (m an obvious sense) with one or more of these barriers 
A curve drawn from one side of a barrier round to the other, without meeting 
any of the remaining barriers, will cross every equipotential surface recon- 
cileable with the first barrier an odd number of times, and every other 
equipotential surface an even number of times Hence the circulation in the 
circuit thus formed will not vanish, and <£ will be a cyclic function. 

In the method adopted above we have based the whole theory on the 
equations 

dv du 


^ ^ — 0 —— — = 0 

3 y dz * dz dx dx d y 


0 , 


( 3 ) 


and have deduced the existence and properties of the velocity-potential in 
the various cases as necessary consequences of these. In fact, Arts. 34, 35, 
and 49, 50 may be regarded as a treatise on the integration of this system of 
differential equations. 

The integration of (3), when we have, on the right-hand side, instead of 
zero, known functions of x, y , will be treated in Chaptei vii 

52 Proceeding now, as in Art 36, to the particular case of an incom- 
pressible fluid, we remark that whether <£> be cyclic or not, its first derivatives 
ty/deo, d<j)/dy, d^dz, and therefore all the higher derivatives, are essentially 
single-valued functions, so that <j> will still satisfy the equation of continuity 

V 2 <£ = 0, .. (1) 


or the equivalent form 


ii 


dn 


dS = 0, 


( 2 ) 


where the surface-integration extends over the whole boundary of any 
portion of the fluid. 

The theorem (a) of Ait 40, viz that <f> must be constant throughout the 
interior of any region at every point of which (1) is satisfied, if it be constant 
over the boundary, still holds when the region is multiply-connected. For <f>, 
being constant over the boundary, is necessarily single-valued. 


4—2 
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The remaining theorems of Art. 40, Tbemg based on the assumption that 
the stream-lines cannot form closed curves, will require modification. We 
must introduce the additional condition that the circulation is to be zero m 
each circuit of the region 

Removing this restriction, we have the theorem that the irrotational 
motion of a liquid occupying an ^-ply-connected region is determinate when 
the normal velocity at every point of the boundary is prescribed, as well as 
the value of the circulation m each of the n independent and irreducible 
circuits which can be drawn in the region. For if ^ <£ 2 be the (cyclic) 
velocity-potentials of two motions satisfying the above conditions, then 
<f> = fa — fa is a single-valued function which satisfies (1) at every point of 
the region, and makes 3<£/3n = 0 at every point of the boundary. Hence 
by Art 40, <j> is constant, and the motions determined by fa and fa are 
identical 


The theory of multiple connectivity seems to have been first developed by Eiemann* 
for spaces of two dimensions, a propos of his researches on the theory of functions of a 
complex variable, m which connection also cyclic functions, satisfying the equation 




=0 


through multiply-connected regions, present themselves. 

The bearing of the theory on Hydrodynamics, and the existence m certain cases of 
many -valued velocity-potentials were first pointed out by von Helmholtz f The subject 
of cyclic irrotational motion m multiply-connected regions was afterwards taken up and 
fully investigated by Lord Kelvin m the paper on vortex- motion already referred to J 


Lord Kelvin’s Extension of Green’s Theorem . 

53 It was assumed in the proof of Green’s Theorem that cj> aud fa were 
both single- valued functions. If either he a cyclic function, as may be the 
case when the region to which the integrations in Art 43 refer is multiply- 
connected, the statement of the theorem must he modified Let us suppose, 
for instance, that <j> is cyclic, the surface-integral on the left-hand side of 
Art. 43 (5), and the second volume-integral on the right-hand side, are then 
indeterminate, on account of the indeterimnateness m the value of itself. 
To remove this indeterminateness, let the bariiers necessary to reduce the 
region to a simply-connected one be drawn, as explained m Art. 48. We 
may now suppose <j> to be continuous and smgle-valued throughout the 


* Grundlagen fur exne allgememe Theone dei Fwictionen emer verander lichen complex en 
Grosse , Gottingen, 1851 [. Mathematibche Weike , Leipzig, 1876, p 8], Also “ Lehrsatze aus 
der Analysis Situs,” Cielle , t liv (1857) [TFerfce, p 84] 

+ Grelle, t lv , 1858 

t See also Kirchhofi, “ Ueber die Kiafte welehe zwei unendlich dunne starre Binge in einer 
Flussigkeit schembar auf einander ausuben konnen,” Cxelle, t lxxi (1869) [Ges Alh , p 404]. 
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region thus modified , and the equation referred to will then hold, provided 
the two sides of each barrier be reckoned as part of the boundary of the 
region, and therefore included in the surface-integral on the left-hand side 
Let So*! be an element of one of the barriers, k x the cyclic constant corre- 
sponding to that barrier, 3c fi'/dn the rate of variation of <f> m the positive 
direction of the normal to So*! Since, m the parts of the surface-integral 
due to the two sides of 8<r lf d<j>/dn is to be taken with opposite signs, whilst 
the value of cf> on the positive side exceeds that on the negative side 
by tc lf we get finally for the element of the integral due to 8cr 1} the value 
d<j>'ldn Sov Hence Art 43 (5) becomes, in the altered circumstances, 

- - ///& *** -///♦*****• 
where the surface-integrations indicated on the left-hand side extend, the 
first over the original boundary of the region only, and the rest over the 
several barriers. The coefficient of any k is evidently minus the total flux 
across the corresponding barrier, in a motion of which </>' is the velocity- 
potential The values of <f> in the first and last terms of the equation are to 
be assigned in the manner indicated m Art 50. 

If ft also be a cyclic function, having the cyclic constants k-[, k 2 , &c., 
then Art. 43 (6) becomes in the same way 

// ♦' ^ + ‘‘ 1 1 s *’> + *•' //to ^ + • ■ ■ 

--[//& fii****** ■ 

Equations (1) and (2) together constitute Lord Kelvin’s extension of Greens 
theorem 


54 If (j>, <f>' are both velocity-potentials of a liquid, we have 

V 2 <£ = 0, = 0, ( 3 ) 

and therefore // ^ ^ ^ + Kl fj ~tn ^ + * 2 if 3n ^ + ’ 


- fj *' t dS + *■' If s + *•' II t + " • 


■(*) 


To obtain a physical interpretation of this theorem it is necessary to 
explain in the first place a method, imagined by Lord Kelvin, of genera mg 
any given cyclic irrotational motion of a liquid in a multiply-connected 

space 
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^ US su PP 0Se the flllld to be enclosed in a perfectly smooth and flexible 

r irrriri ° po t on of tie wd ^ ^ w » ££ 

one and let the, * k ° C ° nVert the ie S 10n lnto a simply-connected 

andiWf t 7 P 68 ^ ° CClipied ^ Slmilar membranes, infinitely thm 
f tbe^ Tl°L™T b61Dg imtia11 ^ at rest > let -h element 

7 nrst-mentioned membrane be suddenly moved inwards with the given 

°T ,,e " or “* 1 ,e !“ ItJ " 3Wa ”- wh,lst umf °™ 

LZsZcZe W, ' T 8,muWo “>y >PPl«d to tie negattve Lee of 

by the fjllewir,,, membran f The motion generated w,U be charactered 
«Lt the ^ properties. It will he Irrotational, being generated from 

Te Ulb ™:Iln e e °t? V" ° f * be °^” al ^7 "11 b.” 

points on opposite sides of TmZbLm wiU d“ffe” IT ^ “ t ”'° * dj<lCen * 

corSp“d.»g rJlneTf f ’^'-potential ,01 therefore differ by the 

continuous with that on the°other T^TOmeTheT Zt "! * bamer wlU be 
first, that the velocities normal to th ? K ^ * * Statement we remark, 
opposite sides of it am fh -u & barner at two adjacent points on 

the adjacent portion of the^embrZ ‘“ aoZo P Ob 7”“' 

S“T “ • b “' Z * ‘ ba corresponding^ fs^e « 

cde +», and on the negative side we hare P 

and therefore 

>.e , if r 0 _ 8s, d^ids . Sf ,3s 

fh“rZs*"r;L a ‘r •**■“*»“- « •*— — * 

bquefied immediatSTafte, th. , S " PP0Se “ he ba ™™mtames to be 
m question 7 * ' 0p ” lse - * e obtai ” tbe ^rotational motion 

as in Art 44. The'valiieZf ^ ddZ Jn . ultlpIled bp ~ P ’ now follows 

and those - tfd&ldn d<r the fl 6 a , ltloaal Components of momentum, 

region, are the ™ ~ 

of an incompressible fbud.'we find sup P ose ^ b) be the velocity-potential 


2y - p ///{(S/ + (l)‘ + (i) 


+ , dz) \ dxd V dz 


da i-P K 7f d 4. d <r 


( 5 ) 

m, 1 " JJv/i ' ' 

rhodZ ginZr; * 77 s r~ - — ■ - *. 

generating cyclic irrotational motion just explained The 
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first teim has already been recognized as equal to twice the work done by 
the impulsive pressure p<f> applied to every part of the original boundary of 
the fluid. Again, is the impulsive pressure applied, in the positive 
direction, to the infinitely thin massless membrane by which the place of the 
first barrier was supposed to be occupied ; so that the expression 

-* L ) pKi iL da ' 

denotes the work done "by the impulsive forces applied to that membrane , 
and so on, Hence (5) expresses the fact that the energy of the motion is 
equal to the work done by the whole system of impulsive forces by which we 
may suppose it generated. 

In applying (5) to the case where the fluid extends to infinity and is at 
rest there, we may replace the first term of the third member by 

rj >. < 6 > 

where the integration extends over the internal boundary only The proof 
is the same as in Art 46. When the total flux across this boundary is zero, 
this reduces to 

-of/* (7> 

The minimum theorem of Lord Kelvin, given m Art. 45, may now he 
extended as follows 

The irrotational motion of a liquid m a multiply-connected region has 
less kinetic energy than any other motion consistent with the same normal 
motion of the boundary and the same value of the total flux through each 
of the several independent channels of the region 

The proof is left to the reader. 


So zeroes and Sznlcs. 

56 . The analogy with the theories of Electrostatics, the Steady Flow 
of Heat, &c., may be carried further by means of the conception of sources 

and sinks. 

A ‘simple source 9 is a point from which fluid is imagined to flow out 
uniformly m all directions If the total flux outwards across a small closed 
surface sui rounding the point be m, then m is called the ‘strength’ of the 
source. A negative source is called a ‘sink.’ The continued existence of 
a source or a sink would postulate of course a continual creation or annihi- 
lation of fluid at the point in question. 
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The velocity-potential at any point P, due to a simple source, in a liquid 
at rest at infinity, is 

<f) = mf4i7rr } (I) 

where r denotes the distance of P from the source. For this gives a radial 
ow from the point, and if 8S,= r 2 Sra-, he an element of a spherical surface 
having its centre at the source, we have 




a constant, so that the equation of continuity is satisfied, and the flux 
outwards has the value appropriate to the strength of the source 

A combination of two equal and opposite sources ± m', at a distance & 
apart, where, m the limit, 8s is taken to be infinitely small, and m' infinitely 
great, but so that the product m'8s is finite and equal to /j, (say), is called 
a double source’ of strength and the line 8s, considered as drawn in the 
direction from -m' to +m', is called its axis 


To find the velocity-potential at any point (x, y, z) due to a double 
source ^ situate at {pc', y\ /), and having its axis m the direction (l, m, n), we 
remark that, /being any continuous function, 


/ {x + 18s, y' + mhs, z' + n 8s) -f(x', y', /) 

== i l & +m ^ >+n ^) y> z ') 


ultimately 

Hence, putting f(x\ y\ z f ) = mfj 47 rr, where 



r = {(« - X J +• (y - yj + { z - z'f}\ 


we find 

a _ ^ A 9 , 3 9)1 



(2) 


- P // 0 . 9 , 9)1 

“ ^\Tx +m ^ n ^]r’ 

• -(3) 


_ /A COS ^ 

4?r r 3 ’ 

(4) 


1 , at , ter / fo ™’ & denotes the ^gle which the line r, considered 
as drawn fiom « y\ P) to (x, y, ,), makes with the axis (l, m, n) 

. f /f m ^ gkt pr0C ® ed ’ ln a similar manner (see Art 83), to build up sources 
purpose 51 egrees 0 eom pl^ty , but the above is sufficient for our immediate 


isok^rllLr tz { T gi T simpie ° r d ° ubie soi;,rces ’ instead ° f existm g at 

isolated points, to be distributed continuously over lines, surfaces, or volumes. 

a hom'd It T “V Sinuous acyclic irrotational motion of 

«£? “ due *° 1 d,stabut '“ of 
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This depends on the theorem, proved in Art 44, that if <f>, <f>' be any two 
single-valued functions which satisfy V><f>= 0, V 2 f = 0 throughout a given 
region, then 

jj ^ <6) 

where the integration extends over the whole boundary. In the present 
application, we take <f> to be the velocity-potential of the motion in. question., 
and put <f>' = 1/r, the reciprocal of the distance of any point of the fluid from 
a fixed point P 

We will first suppose that P is m the space occupied by the fluid Since 
$ then becomes infinite at P, it is necessary to exclude this point from the 
region to which the formula (5) applies ; this may be done by describing a 
small spherical surface about P as centre If we now suppose oS to refer to 
this surface, and 8S to the original boundary, the formula gives 



At the surface t we have d/dn (1/r) = -l/r* , hence if we put S2 = i 2 <Zw, and 
finally make r = 0, the first integral on the left-hand becomes =— 4nr<f> P , 
where <f>_p denotes the value of </> at P, whilst the first integral on the right 
vanishes. Hence 



This gives the value of cf> at any point P of the fluid in terms of the 
values of <£ and dcp/dn at the boundary Comparing with the formulae (1) and 
(2) we see that the first term is the velocity-potential due to a surface 
distiibution of simple sources, with a density — d<j>ldn per unit area, whilst 
the second term is the velocity-potential of a distribution of double sources, 
with axes normal to the surface, the density being <p It will appear from 
equation (10), below, that this is only one out of an infinite number of 
surface-distributions which will give the same value of thioughout the 


interior. 

When the fluid extends to infinity and is at rest there, the surface- 
integrals m (7) may, on a certain understanding, be taken to refer to the 
internal boundaiy alone To see this, we may take as external boundary an 
infinite sphere having the point P as centre The corresponding part of the 
first integral m (7) vanishes, whilst that of the second is equal to G, the 
constant value to which, as we have seen in Art 41, <p tends at infinity It 
is convenient, for facility of statement, to suppose G= 0, this is legitimate 
since we may always add an arbitrary constant to </> 

When the point P is external to the surface, <£' is finite throughout the 
original region, and the formula (5) gives at once 




dS (8) 
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where, again, m the case of a liquid extending to infinity, and at rest there 
the terms due to the infinitely distant part of the boundary may he omitted. 


58. The distribution expressed by (7) can, further, be replaced by one ol 
simple sources only, or of double sources only, over the boundary 

Let <f> be the velocity-potential of the fluid occupying a certain region 
and let </>' now denote the velocity-potential of any possible acyclic irrotational 
motion through the rest of infinite space, with the condition that <j>, or as 
the case may be, vanishes at infinity Then, if the point P be internal to the 
first region, and therefore external to the second, we have 


<£ p — 
0 = 


-Ml s S js uilH4) dS ’ 


( 9 ) 


where S^, dv! denote elements of the normal to dS } drawn inwards to the 
first and second regions respectively, so that d/dri = — d/d n. By addition, w< 
have 


<£p 


47 tJj r\dn + 


dn') 




..( 10 ) 


The function </>' will be determined by the surface- values of <f>' or 9<///0n / 
which are as yet at our disposal 

Let us m the first place make <^> The tangential velocities on th( 
two sides of the boundary are then continuous, hut the normal velocities an 
discontinuous. To assist the ideas, we may imagine a liquid to fill infinite 
space, and to he divided into two portions by an infinitely thin vacuous shee' 
within which an impulsive pressure p<p is applied, so as to generate the givei 
motion from rest. The last term of (10) disappears, so that 



that is, the motion (on either side) is that due to a surface-distnbution o 
simple sources, of density 

/96 a£Y 

\dn dn ' ) 

Secondly, we may suppose that d4>'/dn= d<j>/dn. This gives continuou 
normal velocity, hut discontinuous tangential velocity, over the origina 
boundary The motion may in this case be imagined to be generated by 
giving the prescribed normal velocity —defi/dn to every point of an infinitely 
thin membrane coincident m position with the boundary. The first term o 
(10) now vanishes, and we have 


(;)<*« 


...( 12 ) 


l.c 


This investigation was first given by Green, from the point of view of Electrostatic! 
. ante , p 43 
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shewing that the motion on either side may he conceived as due to a surface- 
distribution of double sources, with density 

It may he shewn that the above representations of <j> in terms of simple 
sources alone, or of doable sources alone, are unique , whereas the repre- 
sentation of Art. 57 is indeterminate*. 


It is obvious that cyclic irrotational motion of a liquid cannot be reproduced, by any 
arrangement of simple sources It is easily seen, however, that it may be represented by 
a certain distribution of double sources over the boundary, together with a uniform distri- 
bution of double sources over each of the barriers necessary to render the region occupied 
by the fluid simply-connected In fact, with the same notation as m A.rt, 53, we find 




m 




where <j£> is the single-valued velocity-potential which obtains m the modified region, and 
<£' is the velocity-potential of the acyclic motion which is generated in the external space 
when the proper normal velocity —dfi/dn, is given to each element S/S of a membrane 
coincident in position with the original boundary 


Another mode of representing the irrotational motion of a liquid, whether 
cyclic or not, will present itself in the chapter on Vortex Motion. 

We here close this account of the theory of irrotational motion. The 
mathematical reader will doubtless have noticed the absence of some im- 
portant links m the chain of our propositions. For example, apart from 
physical considerations, no proof has been offered that a function </> . exists 
■which satisfies the conditions of Art. 36 throughout any given simply- 
connected legion, and has arbitrarily prescribed values over the boundary. 
The formal proof of ‘ existence-theorems ' of this kind is not attempted in 
the present treatise. For a review of the literature of this part of the 
subject the reader may consult the authors cited below d 


* Cf Larmor, 4 ‘ On the Mathematical Expression of the Principle of Huygens,” Proc Lond. 

Math Soc, (2)t 1 p. 1(190$) ( . , , 

+ H Burhharclt and W 3? Mejer, “ Potent ialtheorie,” and A. Sommer f eld, Eandwerth- 


aufgaben in der Theorie d. part Diff -Gleichungen,” JEncycl d 


math . 


t li. (1900) 



CHAPTER I V. 


MOTION OP A LIQUID IN TWO DIMENSIONS 


59 If the velocities u, v be functions of cc, y only, whilst w is zero, the 
motion takes place in a series of planes parallel to ay, and is the same in each 
of these planes. The investigation of the motion of a liquid under these 
circumstances is characterized by certain analytical peculiarities , and the 
solutions of several problems of great interest are readily obtained. 

Since the whole motion is known when we know that m the plane z — 0, 
we may confine our attention to that plane. When we speak of points and 
mes diawn in it, we shall understand them to represent respectively the 
straight lines parallel to the axis of z , and the cylindrical surfaces having 
their generating lines parallel to the axis of z, of which they are the traces 

By the flux across any curve we shall understand the volume of fluid 
which in unit time crosses that portion of the cylindrical surface, having the 
curve as base, which is included between the planes * = 0, a = l 

Let A, P be any two points in the plane ay The flux across any two 
lines joining AP is the same, provided they can be reconciled without passing 

° Ut . °; regl0a occu P ied the moving liquid, for otherwise the space 
me nded between these two lines would be gaining or losing matter Hence 
i be fixed, and P variable, the flux across any line AP is a function of 
the position of P Let f be this function ; more precisely, let -Jr denote the 
flux across AP from right to left, as regards an observer placed on the curve, 
and looking along it from A m the direction of P. Analytically, if l, m be 

the direction-cosmes of the normal (diawn to the left) to any element Ss of 
the carve, we have 


'k = jjlu + mv) ds (1) 

If the region occupied by the liquid be apenphractic (see p 38), * is 
necessan y a smg e-valued function, but in penphractic regions the value of dr 
may depend on the nature of the path AP. For spaces of two dimension!, 
however, penphraxy and multiple-connectivity become the same thing, so that 
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the properties of when it is a many-valued function, in relation to the 
nature of the region occupied by the moving liquid, may be inferred from 
Art. 50, where we have discussed the same question with regard to <f>. The 
cyclic constants of yfr, when the region is periphrastic, are the values of the 
flux across the closed curves forming the several parts of the internal 
boundary. 

A change, say from A to B, of the point from which yfr is reckoned has 
mer ely the effect of adding a constant, viz the flux across a line BA , to the 
value of '\J /' , so that we may, if we please, regard as indeterminate to the 
extent of an additive constant. 


If P move about m such a manner that the value of ^ does not alter, it 
will trace out a curve such that no fluid anywhere crosses it, ie a stream-line 
Hence the curves^ = const, are the stream-lines, and yfr is called the * stream- 
function.' 

If P receive an infinitesimal displacement PQ(=Sy) parallel to y , the 
increment of ^ is the flux across PQ from right to left, % e S-rfr = — n PQ, or 


u = — 



( 2 ) 


Again, displacing P parallel to x, we find in the same way 



( 3 ) 


The existence of a function related to u and v in this manner might also 
have been mfeired from the form which the equation of continuity takes m 
this case, viz 


3 u dv 
dx ~*~9 y 


= 0, 


(4) 


which is the analytical condition that udy — vd® should be an exact 
differential* 


The foregoing considerations apply whether the motion be rotational or 
irrotational The formulae for the component angular velocities, given m 
Art 30, become 




v = o, £ = 



3 2 '^'\ 

w 


(5) 


so that m irrotational motion we have 


9 2 ^ 9 2 ijr 

3$ 2 dy 2 


( 6 ) 


* The function \p was introduced m this way by Lagrange, Nouv mini de VAcad de Bei lin, 
1781 [Oeuvres, t iv p 720]. The Mnematical interpretation is due to Eanhme, “On Plane 
Water-Lines m Two Dimensions,” Phil. Turns 1864 [ Mtscelbneous Scientific Papers, London, 
1881, p 405] 
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60 In what follows we confine ourselves to the case of irrotational 
motion, which, is, as we have already seen, characterized by the existence, m 
addition, of a velocity -potential <j>, connected with u, v by the relations 


it 


d<f> dd> 

di’ V ~~Ty’ 


" .( 1 ) 


and, since we are considering the motion of incompressible fluids only, 
satisfying the equation of continuity 


d 2 cj> d 2 cf) __ 

doc 2 d y 2 


( 2 ) 


The theory of the function <£, and the relation between its properties and 
the nature of the two-dimensional space through which the irrotational 
motion holds, may be readily inferred from the corresponding theorems m 
three dimensions proved m the last chapter The alterations, whether of 
enunciation or of proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal. 


An exception, which we will briefly examine, occurs however in the case of the theorem 
of Art. 38 and of those which depend on it. 

If 8s be an element of the boundary of any portion of the plane xy which is occupied 
wholly by moving' liquid, and if 8n be an element of the normal to 8s drawn inwards, we 
have, by Art 36, 

f £ ds =°’ ( 3 ) 

the integration extending round the whole boundary. If this boundary be a circle, and if 
r, 6 be polar co-ordinates referred to the centre P of this circle as origin, the last equation 
may be written 

/*2ir30 ... 3 f27T 

J 0 ¥- rd0=0 ’ ° r dr J 0 ^ = 0 ' 

1 f 2ir 

Hence the integral — I d > dd i 

2m Jo ’ 

i e the mean value of <j> over a circle of centre P and radius r, is independent of the value 
of r, and therefore remains unaltered when r is diminished without limit, in which case it 
becomes the value of (f> at P 

If the region occupied by the fluid be periphractic, and if we apply (3) to the space 
enclosed between one of the internal boundaries and a circle with centre P and radius r 
surrounding this boundary, and lying wholly in the fluid, we have 


I, 


2"- 3d) 7yl 

f r .rde=-M, 


... . (4) 


where the integration in the first member extends over the circle only, and M denotes the 
flux into the region across the internal boundary. Hence 


which gives on integration 


3 1 (** A.j a M 

& 2 -_/ o 

£f**U—£logr+0, 


. . . (5) 


i.e. the mean value of <f> over a circle with centre P and radius r is equal to -M/2* . log r + O, 
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where G is independent of 7 but may vary with the position of P This formula holds of 
course only so far as the circle embraces the same internal boundary, and lies itself wholly 
m the fluid 

If the region be unli mi ted externally, and if the circle embrace the whole of the 
internal boundaries, and if further the velocity be everywhere zero at infinity, then G 
is an absolute constant , as is seen by reasoning similar to that of Art 41 It may then 
be shewn that the value of at a very great distance r from the internal boundary tends 
to the value — Mj 2ir log r+(7. In the particular case of M= 0 the limit to which <f> tends 
at infinity is finite, m all other cases it is infinite, and of the opposite sign to M We 
infer, as before, that there is only one single-valued function <£ which 1° satisfies the equa- 
tion (2) at every point of the plane xy external to a given system of closed curves, 
2° makes the value of dcfr/dri equal to an arbitrarily given quantity at every point of 
these curves, and 3° has its first differential coefficients all zero at infinity 

If we imagine point-sources, of the type explained in Art. 56, to be distributed uni- 
formly along the axis of z , it is readily found that the velocity at a distance r from this 
axis will be 111 the direction of r, and equal to 7nj2rrr, where m is a certain constant This 
arrangement constitutes what may be called a c line-source, 5 and its velocity-potential may 
be taken to be 

tf>=-|^logr. (6) 

The reader who is interested m the matter will have no difficulty in working out a theory 
of two-dimensional sources and sinks, similar to that of Arts 56 — 58*. 

61 The kinetic energy T of a portion of fluid bounded by a cylindrical 
surface whose generating lines are parallel to the axis of z , and by two 
planes perpendicular to the axis of z at unit distance apart, is given by the 
formula 

%T ~ P //{(to)’ + (f)] p !* Tn 6 *' (1 > 

where the surface-integral is taken over the portion of the plane xy cut off 
by the cylindrical surface, and the line-integral round the boundary of this 
portion Since d<f>/dn=- dfjds, the formula (1) may he written 

2 T = (2) 

the integration being earned in the positive direction round the boundary. 

If we attempt by a process similar to that of Art. 46 to calculate the energy in the case 
where the region extends to infinity, we find that its value is infinite, except when the total 
flux outwards (if) is zero For if we introduce a circle of great radius r as the external 
boundary of the portion of the plane xy considered, we find that the corresponding part 
of the integral on the right-hand side of (1) increases indefinitely with r The only 
exception is when J/=0, m which case we may suppose the line-integral in (1) to extend 
over the internal boundary only 

If the cylindrical part of the boundary consist of two or more separate 
portions one of which embraces all the rest, the enclosed region is multiply- 

* This subject has been treated very fully by C. Neumann, Ueber das loganthrmsche und 
Newton’sche Potential, Leipzig, 1877. 
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connected, and the equation (1) needs a correction, -which may be applied 
exactly as m Art 55. 


62. The functions ^ ardf are connected by the relations 

d<f> _ d\fr d cj> d'xfs' 

das dy’ dy ~ das 0 ) 

These conditions are fulfilled by equating <j> 4 -if, wheie % stands as usual 
for V( - 1), to any ordinary algebraic or transcendental function of as + ly, say 

$ + W' , =/(« + »y) (2) 

For then (4> + WO = if (« + iy) = % A (f +- if), (3) 

whence, equating separately the real and the imaginary parts, we see that 
the equations (1) are satisfied. 

Hence any assumption of the form (2) gives a possible case of irrotational 
motion The curves <j>= const, are the curves of equal velocity-potential, 
and the curves f = const, are the stream-lines Since, by (1), 

dcf) d\fr d(j> 

dec doc dy dy ^ 

we see that these two systems of curves cut one another at right angles, as 
already proved Since the relations (1) are unaltered when we write — f for 
(f>, and for f, we may, if we choose, look upon the curves f = const as the 
equipotential curves, and the curves cjj = const as the stream-lines, so that 
every assumption of the kind indicated gives us two possible cases of 
irrotational motion. 

For shortness, we shall through the rest of this chapter follow the usual 
notation of the Theory of Functions, and write 


z = x+iy, (4) 

w = <j M-t-f (5) 

From a modern point of view, the fundamental property of a function 
of a complex variable is that it has a definite differential coefficient with 
respect to that variable* If <f>, f denote any fnnetions whatever of x and y, 
then _ con espon ding to every value of x + iy there must be one or moie 

definite values of <f>+if; hut the ratio of the differential of this function 
to that of cc 4- iy, viz. 


-f* idyfr 
S x 4- idy , 


or 


'fy d± 
a* + a* 


8 % 4 - 


d(f> i dyjr' 


- 4 - 1 


Sx 4 - 'idy 


dyffjy 


) hy 


* See, for example, Forsyth, Theory of Functions, 2nd ed , Cambridge, 1900, cc. i , 11 
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depends in general on the ratio 8cc By The condition that it should he the 
same for all values of the latter ratio is 


d<j) 


+ i 


dv \3 oo dx) 9 


.( 6 ) 


dy dy 

which is equivalent to (1) above This property was adopted by Riemann 
as the definition of a function of the complex variable x\ -%y\ viz such 
a function must have, for every assigned value of the variable, not only a 
definite value or system of values, but also for each of these values a definite 
differential coefficient. The advantage of this definition is that it is quite 
independent of the existence of an analytical expression for the function 


If the complex quantities ^ and w be represented geometrically after 
the manner of Argand and Gauss, the differential coefficient dw/dz may be 
interpreted as the operator which transforms an infinitesimal vector Sz into 
the corresponding vector Sw It follows then, from the above property, that 
corresponding figures in the planes of z and w are similar in their infinitely 
small paits 


For instance, in the plane of w the straight lines cj> = const , t/r = const., 
where the constants have assigned to them a series of values in arithmetical 
progression, the common difference being infinitesimal and the same m each 
case, form two systems of straight lines at right angles, dividing the plane 
into infinitely small squares Hence m the plane xy the corresponding 
curves <£ = const, ^ = const , the values of the constants being assigned as 
before, cut one another at right angles (as has already been proved otherwise) 
and divide the plane into infinitely small squares 


Conversely, if <£, yjr be any two functions of x, y such that the curves , y/r—ne, 

where <? is infinitesimal, and m, n are any integers, divide the plane xy into elementary 
squares, it is evident geometrically that 

ex dy dx _ _ dy 

d<p ~~d\fs > d\jr + d<j> * 

If we take the upper signs, these are the conditions that x+iy should be a function of 
(j> -\-i\js The case of the lower signs is reduced to this by reversing the sign of \j/ Hence 
the equation (2) contains the complete solution of the problem of orthomorphic projection 
from one plane to another * 

The similarity of corresponding infinitely small portions of the planes w 
and z breaks down at points where the differential coefficient dw]dz is zero 
or infinite. Since 

dw _ 3 <f> d'x/r 
dz dx ^ dx 9 


the corresponding value of the velocity, in the hydrodynamical application, 
is zero or infinite 


* Lagrange, £l Sur la construction des cartes g6ographiques,” Nouv mem . de VAcad de Berlin, 
1779 [Oeuvres, t, iv. p. 636] For the further history of the problem, see Forsyth, Theory of 
Functions, c. xix 


L 
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In all physical applications, w must be a single- valued, or at most 
a cyclic function of 5 , m the sense of Art 50, throughout the legion 
with which we are concerned Hence in the case of a ‘ multiform 5 function, 
this region must be confined to a single sheet of the corresponding Riemann’s 
surface, and 'branch-points’ therefore must not occur m its interior. 

63 . We can now proceed to some applications of the foregoing method. 

First let us assume w = Az n } 

A being real Introducing polar co-ordinates r, 0, we have 

<j> = Ar n cos nd , ] 

y/r = Ar n sin n0 J ^ 

The following cases may be noticed 

1°. If n = l, the stieam-lines are a system of straight lines parallel to x y 
and the equipotential cuives are a similar system parallel to y In this case 
any corresponding figures in the planes of w and z are similar, whether they 
be finite or infinitesimal 

2°. If n = 2, the curves <f> = const, are a system of rectangular hyperbolas* 
having the axes of co-ordinates as their principal axes, and the curves 
^ = const are a similar system, having the co-ordinate axes as asymptotes. 
The lines 0=0, 6— are parts of the same stream-line ^ = 0, so that we 
may take the positive parts of the axes of x , y as fixed boundaries, and thus- 
obtain the case of a fluid m motion m the angle between two perpendicular 
walls 

3°. If n= — 1, we get two systems of circles touching the axes of 
co-ordinates at the origin Since now <fi = A/r cos 0, the velocity at the 
origin is infinite , we must therefore suppose the region to which our formulae 
apply to be limited internally by a closed curve 

4 If n = 2, each system of curves is composed of a double system of 

lemniscates The axes of the system c6 = const coincide with x or y , those 
of the system ^ = const bisect the angles between these axes 

5°. By properly choosing the value of n we get a case of irrotational 
motion m which the boundary is composed of two rigid walls inclined at any 
angle a. The equation of the stream-lines being 

r n smn6= const, (2) 

we see that the lines 0=0, <9 = tt/'/i are parts of the same stream-lme. 
Hence if we put w = 7r/a, we obtain the required solution m the form 


<j> = Ar a cos 


^ = Ar a sin - 


( 3 ) 
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The component velocities along and perpendicular to r, are 


A 7 T a 1 7 T& 

A - r cos — , 
a a 



and are therefore zero, finite, or infinite at the origin, according as a is less 
than, equal to, or greater than i r. 


64 . We take next some cases of cyclic functions. 

1°. The assumption w = — y log . # (1) 

"where jx, is real, gives </> = - log r, ^ = -^6 (2) 

The velocity at a distance r from the origin is ji/r , this point must therefore 
he isolated by drawing a closed curve round it 

If we take the radii (9 = const, as the stream-lines we get the case of 
a (two-dimensional) source at the origin (See Art 60) 

If the circles r = const be taken as stream-lines we have the case of 
Art 27 ; the motion is now cyclic, the circulation m any circuit embracing 
the origin being 27174. 


2° Let us take w = — /4 log — — (3) 

If we denote by r lf r 2 the distances of any point m the plane xy from the 
points (± a, 0), and by d l9 0 2 , the angles which these distances make with 
the positive direction of the axis of x f we have 


2 — a = Tj e i6 ' } z -+ x = r 2 e %6 *, 

whence <j> = - p log n/r 2 , ^ = -^(0 x -<9 2 ) (4) 

The curves <f> = const., ^ = const, form two orthogonal systems of ‘ coaxal ’ 
circles. 


Either of these systems may he taken as the equipotential curves, and 
the other system will then form the stream-lines. In either case the velocity 
at the points (± a, 0) will he infinite. If these points be accordingly isolated 
by drawing closed curves round them, the rest of the plane xy becomes 
a triply-connected region. 

If the circles — — const he taken as the stream-lines we have the 

case of a source and a smk, of equal intensities, situate at the points (± a, 0). 
If a is diminished indefinitely, whilst \ia remains finite, we reproduce the 
assumption of Art. 63, 3°, which therefore corresponds to the case of a double 
line-source at the origin (See the first diagram of Art 68 ) 

If, on the other hand, we take the circles r x /r 2 = const as the stieam-lines 
we get a case of cyclic motion, viz the circulation in any circuit embracing 
the first (only) of the above points is 2774, that m a circuit embracing the 

5—2 
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second is - 2tt/x , whilst that m a circuit embracing both is zero This 
example will have additional interest for us when m Chap yii we come 
to treat of £ Rectilinear Vortices’ 



65. If w be a function of 0 , it follows at once from the definition of 
Art 62 that 2 is a function of w The latter form of assumption is some- 
times more convenient analytically than the former 

The relations (1) of Art 62 are then replaced by 


3 x _ 3 y dx _ 3 y 

3 cf) dy/r * 3 yjr 3<£ 


* -i dw dd> dy{r 

Also since = + w 

dz dx dx 


L = l(a +% i\ 

dw u — %v q\q q) ’ 


where q is the resultant velocity at (x, y). Hence if we write 


and imagine the properties of the function £ to be exhibited graphically in 
the manner already explained, the vector drawn from the origin to any point 
m the plane of f will agree m direction with, and be in magnitude the 
reciprocal of, the velocity at the corresponding point of the plane of z. 
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Again, since 1 jq is the modulus of dzjdw, i.e o{^x|^<j) J h^^y/^cf), we have 



which may, by (1), be put into the equivalent forms 

— (dx\ 2 _(dyY (tyy (day dec dy ^ dx d y 

q 2 \8yfrJ Kd^fr/ \d(pj \3 yjr) \dyjrj deft dty dty d<j) ' 

... . (4) 

The last formula, viz - = ^ , (5) 

? 3 (<j>, f) 

expresses the fact that corresponding elementary areas m the planes of z 
and w are m the ratio of the square of the modulus of dzjdw to unity. 


66 The following examples of this procedure are important 

1° Assume z — c cosh iu, 

or x = c cosh <f> cos 

y — c sinh (f> sin 

The curves (f> = const are the ellipses 



..( 1 ) 
• -( 2 ) 


x 2 


c 2 cosh 2 <f> c 2 sinh 2 cj> 
and the curves \}r = const are the hyperbolas 

f 


c 2 cos 2 ^ c 2 sin 2 ^ 

these conics having the common foci (± c, 0). 
shewn on the next page. 


-1, (3) 

= 1, (4) 

The two systems of curves are 


Since at the foci we have <j> = 0, ^ = nir , n being some integer, we see by 
(2) of the preceding Art that the velocity there is infinite If the hyperbolas 
be taken as the stream-lines, the portions of the axis of a? which lie outside 
the points (+ c, 0) may be taken as rigid boundaries. We obtain m this 
manner the case of a liquid flowing from one side to the other of a thin plane 
partition, throngh an aperture of breadth 2c , the velocity at the edges is 
however infinite. 


If the ellipses he taken as the stream-lines we get the case of a liquid 
circulating round au elliptic cylinder, or, as an extreme case, round a rigid 
lamina whose section is the line joining the foci (± c, 0). 

At an infinite distance from the origin <f> is infinite, of the order log r f 
where r is the radius vector, and the velocity is infinitely small of the 
order 1/r 
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2° Let z — w + e w , _ ( 5 } 

0r # = <£ + e* COS ->|r, y = yfr + e* sm i/r • (6) 

The stream-line f = 0 coincides with the axis of x. Again the portion of 
the line y = tt between a; = - 00 and ® = - 1, considered as a line bent back 
on itself, forms the stream-line tjr =7r, viz as cf> decreases from + 00 through 
0 to — 00 , x increases from - x to - 1 and then decreases to - 00 again. 
Similarly for the stieam-lme ■f = - 7r 

Since f = - dz/dw = — 1 — cos ifr — te* sin ■yfr, 

it appears that for large negative values of the velocity is in the direction 
of ^-negative, and equal to unity, whilst for large positive values it is zero 

The above formulae therefore express the motion of a liquid flowing into 
a canal bounded by two thin parallel walls from an open space. At the ends 
of the walls we have <f> = 0, f = + w, and therefore f = 0, * « the velocity is 
infinite. The direction of the flow will be reversed if we change the sign of 
w m (5). The forms of the stream-lines, drawn, as in all similar cases m this 
chapter, for equidistant values of -fr, are shewn on the opposite page*. 

„ * exam P le was b ? Helmholtz, Berl Monatsber , Apnl 23, 1868 [Phil Mag , 

Nov 1868, Gres. Abh , t i p 154] 
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General Formulae 


71 



67. It is known that a function f(z) which is finite, continuous, and 
single- valued, and has its first derivative finite, at all points of the space 
included between two concentric circles about the origin, can be expanded 
m the form 

f(z) = A 0 +A 1 z + A 2 z* + ... + B J z-' + B 2 z~* + .. . . (1) 

If the above conditions be satisfied at all points within a circle having the 
origin as centre, we retain only the ascending series , if at all points without 
such a circle, the descending series, with the addition of the constant A 0) is 
sufficient. If the conditions be fulfilled for all points of the plane xy without 
exception, f(z) can be no other than a constant A 0 . 

Putting f (P) = (f) -J- 7 ^, introducing polar co-ordinates, and writing the 
complex constants A n) B n , m the forms P n J r' l Qn, Rn-¥iS n , respectively, 
we obtain 

= p o + 2 - r n (p n cos n o - Q n sm nff) + r~ n (R n cos n6 + S n sin 2 

^ = Q 0 + ^ r n {Q n cos n9 4- P n sm n6) + 2? r~ n (S n cos nd- R n sm nd) j ** 

These formulae are convenient m treating problems where we have the 
value of </>, or of dcfrjdn, given over the circular boundaries This value may 
be expanded for each boundary in a series of sines and cosines of multiples 
of d , by Fourier’s theorem The series thus found must be equivalent to 
those obtained from (2), whence, equating separately coefficients of sm^ 
and cos ri0, we obtain equations to determine P n> Q n , R n > Sn 
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™ A ; a / m P le exam ple let us take the ease of an infinitely Ion* circular 
cinder of radius a moving with velocity U perpendicular to its lenSh m In 
infinite mass of liquid which is at rest at infinity. ° ’ 

Let the origin be taken m the axis of the cylinder nr ,rl tu „ , 

m a plane perpendicular to its length Further let the axis of /be in the 
dmection of the velocity U The motion, having onginaW from rest tfil 

ds ■ 

59)> 80 f at the formulae ( 2 ) a Ppl 7 . Moreover, smleV^/dTS giveiTat 
every point of the internal boundary of the fluid, viz g 


dA rr „ 

" 0^ = t/ cosd, for r = a, 


( 3 ) 


Irt ?,** rMl “ the P robkm is ^terminate, by 

Art. 41. These conditions give P n = 0, Q n = 0, and 7 

Ucos6 = If «o-^ (ii, t cos sin wd), 

I™ 1 The bl m ? k “ S “ d »“ «« “‘ter coefficients 

zero i he complete solution is therefore 

Ua 2 


, tfa 2 . 
9 = — cos 6 . 
r 5 


* = -~sind ( 4 ) 

The stream-lines f = const are circles, as shewn on the opposite page 

The kinetic energy of the liquid is given by the formula (2) of Art 61 , viz. 

2r = pJ<j>df = pUwj cos *9d9 = M'U 2 , ... ( 5 ) 

lengt f h , of f ^ 

represented by an addition M' to the inertia JZZgth of Z o yZde^ 

d 


or 


^(Pffr» + p/'t7-2) = XC7; 
(M+M0^=Z, 


...( 6 ) 


wheie ilf represents the mass of the cylinder itself 
Writing this in the form 

dt dt 

we learn that the pressure of the fluid is equivalent to a force -M'dUldt 
p r unit length in the direction of motion. This vanishes when U is constant. 
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The above result must of course admit of verification by direct calculation. The 
pressure is given by the formula 

m 

where we have omitted the term due to the extraneous forces (if any) acting on the fluid, 
the effect of which can be found by the rules of Hydrostatics. The term dcfr/dt here 
expresses the rate at which <p is increasing at a fixed point of space, whereas the value of 
<fi m (4) is referred to an origin which is m motion with the velocity U. In consequence 



of this the value of r for any fixed point is increasing at the late — U cos 6, and that of 6 at 
the rate Ujr sm 6 Hence we must put 


deb dU a 2 a TT a de\> U sm 6 0$ 

^7= -7T — cos 6 — U cos0^ H ^ = 

0£ dt t dr r 06 


dUa ,2 U 2 a 2 _ 

■ ~t7 — cos d 4 5— cos 2 6 

dt r r A 


Since, also, c/ 2 = U 2 a*jr\ the pressure at any point of the cylindrical surface (r=a) is 

p = p (“ w cos 6 + m cos 28 - ^ m + F ( J )) ( 8 ) 

The resultant force on unit length of the cylinder is evidently parallel to the initial line 
0=0 ; to find its amount we multiply by -add cos 6 and integrate with respect to 6 
between the limits 0 and ? r. The result is ~ M'd U / dt , as before 

If m the above example we impress on the fluid and the cylinder a 
velocity — U we have the case of a current flowing with the general velocity 
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U past a fixed cylindrical obstacle 
and Ur sin 6, respectively, we get 


Adding to cf> and \jr the terms Ur cos 9 


4>=u 



an 1 9 (9) 


If no extraneous forces act, and if U be 
cylinder is zero Cf Art 92 


constant, the resultant force on the 



-d. log z. 


V) 


If A -P + %Q, the corresponding terms m <f>, are 

T log r — Q9, P9 + Q log r, ... . (2) 

content of d, I h th m 7 inS ° f teVmS 18 eVldeQt> V1Z 27rP - the 

stant of is the flux across the inner (or outer) circle and 2^9 tU 

cyclic constant ot <p, is the cu-culation in any circuit embracing the origin’ 

rn *° o' Tu 18 " ° f ' th « ■** . Art , let us suppose that 

cr^fhon ^nnd t Tb 7 J ““ Cyli " der ” 1 “"' e “ ^pendent 

thon ged by ’ ' C7C, “ b “”» ‘ Tte Wdary.condit.on is 
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€ 8 - 69 ] Cylinder with Circulation 

The effect of the cyclic motion, superposed on that due to the cylinder, 
will be to augment the velocity on one side, and to dimmish (and, it may be, 
to reverse) it on the other Hence when the cylinder moves in a straight 
line with constant velocity, there will be a diminished pressure on one side, 
and an increased pressure on the other, so that a constraining force must be 
applied at right angles to the direction of motion 



The figure shews the lines of flow At a distance from the origin they approximate to 
the form of concentric circles, the disturbance due to the cylinder becoming small m com- 
parison with the cyclic motion. When, as in the case represented, U>K/27ra, there is a 
point of zero velocity m the fluid The stream-line system has the same configuration in 
all cases, the only effect of a change in the value of U being to alter the scale, relative to 
the diameter of the cylinder 

To calculate the effect of the fluid pressures on the cylinder when moving in any 
manner we write 

, TJcP . k A 

^ — — ^ . . (4) 

where x is the angle which the direction of motion makes with the axis of x In the 
formula for the pressure [Art. 68 (7)] we must put, for r=*a, 

d 4 =a W 008 (*-x)+^§ am (8 - x)~ U cos (0 ~x)^ + § mi (6 - x ) 

= a ^ oos (0-x)+ a ^ sm (0-x)+^ 2o °s2(tf--x)-^Ersui(0- x ), . (5) 


and 


(6) 
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The resultant force on the cylinder is found to be made up of a component 


-M' 

m the direction of motion, and a component 


,dU 
dt ’ 


koU-M'U^, 

dt ’ 


(7) 

( 8 ) 


at right angles, where -V'= 7 rpa 2 as before Hence if P, Q denote the components of the 
extraneous forces, if any, acting on the cylinder in the directions of the tangent and the 
normal to the path, respectively, the equations of motion of the cylinder are 

of+mf-i., 

. f (9) 

(M+Jf) U^=<pU+Q 

If there be no extraneous forces, V is constant, and writing d x /dt= U/R, where It is the 
radius of curvature of the path, we find 


R=(M+M')U/kp 

The path is therefore a circle, described in the direction of the cyclic motion* 

If |, T, be the rectangular co-ordinates of the axis of the cylinder, the equations 
equivalent to 


( 10 ) 

(9) are 


£= — Kpr)+ JTj'k 

K p£+7,l 

where X, Y are the components of the extraneous forces 
force, we may put 

X=(M+M')g\ Y= 0 
The solution then is £= a + ccos (ratf+e), } 

V =P c sin ( [nt+€ ), j 
where a, /3, c, e are arbitrary constants, and 


( 11 ) 

To find the effect of a constant 

( 12 ) 

. (13) 


n~Kp/(M+M') (i4) 

This shews that the path is a trochoid, described with a mean velocity g'/n perpendicular 
to It is remarkable that the cylinder has on the whole no progressive motion in the 
direction of the extraneous force In the particular case c=0 its path is a straight line 
perpendicular to the force The problem is an illustration of the theory of ‘o-yrostatic 
systems, 5 to be referred to m Chap vi 


70 The formula (1) of Art 67, as amended by the addition of the term 
Alog#, may readily be generalized so as to apply to any case of irrotational 
motion m a region with circular boundaries, one of which encloses all the 
rest In fact, for each internal boundary we have a series of the form 

where c,=a+tb say, refers to the centre, and the coefficients A, A lt A a , ... 

* Lora Kayleigh, “On the Irregular Flight of a Tennis Ball,” Mess of Math , t vn (1878) 
[Sc Papers, t. x p 344] , G-reenhill, Mess of Math , t ix. p 113 (1880) 
f Greenhill, l.c 
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69 - 71 ] 

are m general complex quantities The difficulty however of determining 
these coefficients so as to satisfy given boundary conditions is now so great 
as to render this method of very limited application 

Indeed the determination of the irrotational motion of a liquid subject to 
given boundary conditions is a problem whose exact solution can be effected 
by direct processes m only a very few cases* Most of the cases for which \ye 
know the solution have been obtained by an inverse process , viz instead of 
trying to find a value of <£ or ^ which satisfies V 2 <£ = 0 or V 2 \jr = 0 and given 
boundary conditions, we take some known solution of the differential equations 
and enquire what boundary conditions it can be made to satisfy Examples 
of this method have already been given m Arts 63, 64, and we may carry it 
further m the following two important cases of the general problem in two 
dimensions 

71 Case I The boundary of the fluid consists of a rigid cylindrical 
surface which is m motion with velocity U m a direction perpendicular to its 
length. 

Let us take as axis of x the direction of this velocity U , and let Ss be an 
element of the section of the surface by the plane xy 

Then at all points of this section the velocity of the fluid m the direction 
of the normal, which is denoted by dty/ds, must be equal to the velocity of 
the boundary normal to itself, or — Udy[ds Integrating along the section, 
we have 

^ ~ const (1) 

If we take any admissible form of this equation defines a system of curves 
each of which would by its motion parallel to x give rise to the stream-lines 

= const f We give a few examples 

1° If we choose for \}r the form — Uy , (1) is satisfied identically for all 
forms of the boundary Hence the fluid contained within a cylinder of any 
shape which has a motion of translation only may move as a solid body. 
If, further, the cylindrical space occupied by the fluid be simply-connected, 
this is the only kind of motion possible This is otherwise evident from 

* A very powerful method of transformation, applicable to cases where the boundaries of 
the fluid consist of fixed plane walls, has however been developed by Schwarz, “ Uebei emige 
Abbildungsaufgaben,” Crelle, t lxx [Gesammelte Abliandlungen , Berlin, 1890, t n p 65] , 
Chnstoffel, “ Sul problema delle temperature stazionane e la rappresentazione di una data 
superficie,” Annah di Matematica , Sene ii t i. p 89, and Kiichlioff, li Zm Theone des 
Condensators,” Berl Monatsber ., March 15, 1877 Abh , p 101] Many of the solutions 

which can be thus obtained aie of great interest m the mathematically cognate subjects of 
Electrostatics, Heat-Conduction, &c See, for example, J J Thomson, Recent Researches %n 
JElectmcity and Magnetism , Oxford, 1893, c m 

+ Of Bankme, l c ante , p 61, where the method is applied to obtain curves resembling the 
lines of ships 
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Art 40, for the motion of the fluid and the solid as one mass evidently 
satisfies all the conditions, and is therefore the only solution which the problem 
admits of, 

2° Let = Ajr . sm 9 , then (1 ) becomes 
A 

™ sm 0 = — Ur sm 6 + const (2) 


In this system of curves is included a circle of radius a , provided A /a = — Ua. 
Hence the motion produced m an infinite mass of liquid by a circular cylinder 
moving through it with velocity u perpendicular to its length, is given by 

. Ua 2 . n 

f = (3) 

which agrees with Art 68 


3° Let us introduce the elliptic co-ordmates rj, connected with x, y 
by the relation 


or 


x + iy = c cosh (f -f- irj), . . 

X = 0 COSh f COS 7}, ] 

y = c smh £sm rj } j 


•• W 

...( 5 ) 


(cf Art 66), where £ may be supposed to range from 0 to oo , and r) from 0 
to 2tt If we now put 

(j> + 'i'yjr — (6) 

where C is some real constant, we have 


yjr = — Ce~* sm 7), 

so that (1) becomes Ce~t sm tj = Uc sinh £ sm tj + const 

In this system of curves is included the ellipse whose parameter £ 0 is 
determined by 

Ce~t° — Uc smh £ 0 
If a, b be the semi-axes of this ellipse we have 


so that 


a — c cosh f 0 , b = c smh f 0 , 


C=™=Ub 

a —b 


f a + b\i 

U -b) 


Hence the formula = — JJb f— e~% sm t] (8) 

gives the motion of an infinite mass of liquid produced by an elliptic 
cylinder of semi-axes a, b, moving parallel to the greater axis with velocity IT. 

That the above formulae make the velocity zero at infinity appears from 
the consideration that, when % is large, hx and Sy are of the same order as 
or so that 3i|r/ dx, dyjr/dy are of the order e~% or 1/r 3 , ultimately, 
where r denotes the distance of any point fiom the axis of the cylinder . 
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If the motion of the cylinder were parallel to the minor axis the formula 
would be 

^ = Va (jZlf e ~ S C0S V ( 9 ) 

The stream-lines are m each case the same for all confocal elliptic forms 
of the cylinder, so that the formulae hold even when the section reduces to 
the straight line joining the foci In this case (9) becomes 

yfr = Vc e~~t COS rj, (10) 

which would give the motion produced by an infinitely long lamina of 
breadth 2 c moving ‘broadside on' in an infinite mass of liquid Since 



however this solution makes the velocity infinite at the edges, it is subject 
to the practical limitation already indicated m several instances* 

* This investigation was given m the Quait Journ of Math , t xiv (1875) Besults 
equivalent to (8), (9) had however been obtained, m a different manner, by Beltrami, “ Sui 
prmcipn fondamentali dell’ ldrodmamiea razionale,” Mem delV Accad delle Scienze di Bologna , 
1873, p. 894. 
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The kinetic energy of the fluid is given by 

2T=pJ <f>dyfr = p CV-*& f cos 2 v M 


= 7rpVU\ ( 11 ) 

where b is the half-breadth of the cylinder perpendicular to the direction of 
motion 

If the units of length and time he properly chosen we may write 


whence 


tf-j-i'^cosh (£4*^), 


cf) -ft\fr = e 




y='l '( 1 


cj) 2 + yjr‘ 


These formulae are convenient for tracing the curves <fi = const , ^ — const, which are 
figured on the preceding page 

Ey superposition of the results (8) and (9) we obtain, for the case of an elliptic cylinder 
having a velocity of translation whose components are U> V, 


^=-Q±!y e -{(OTsm>?_ Pacos,;). . (12) 

To find the motion relative to the cylinder we must add to this the expression 

Uy - Vx=c(U smh £ sin rj — V cosh £ cos rj) . . (13) 

For example, the stream-function for a current impinging at an angle of 45° on a plane 
lamina whose edges are at x— ±c is 

^=-^2'oCsmh^(cos7 7 -sm7 7 ), . . (14) 

where q Q is the velocity at infinity This immediately verifies, for it makes yjr = 0 for £=0, 
and gives 

for 1 = oo The stream-lmes for this case are shewn in the annexed figure (turned through 



45° for convenience)* This will serve to illustrate some results to be obtained later m 
Chap vi 


* Erof Hele Shaw has made a number of beautiful experimental delineations of the forms 
■of the stream-lines m cases of steady irrotational motion in two dimensions, including those 
figured on pp 74, 80, see Trans Inst. Nav. Arch , t. xl (1898). The theory of his method 
will find a place m Chap xi 
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If we trace the course of the stream-line ^=0 from </>=-footo <£ = — oo , we find that it 
consists m the first place of the hyperbolic arc rj — J 7 r, meeting the lamma at right angles , 
it then divides into two portions, following the faces of the lamina, which finally re-umte 
and are continued as the hyperbolic arc rj— fn- The points where the hyperbolic arcs 
abut on the lamma are points of zero velocity, and therefore of maximum pressure. It is 
plain that the fluid pressures on the lamina are equivalent to a couple tending to set it 
broadside on to the stream , and it is easily found that the moment of this couple, per 
unit length, is ^Trpq^c 2 Compare Art 124 


72 Case II The boundary of the fluid consists of a rigid cylindrical 
surface rotating with angular velocity co about an axis parallel to its length 

Taking the origin m the axis of rotation, and the axes of x } y in a per- 
pendicular plane, then, with the same notation as before, d^fr/ds will be equal 
to the normal component of the velocity of the boundary, or 

d^lr dr 

if r denote the radius vector from the origin Integrating we have, at all 
points of the boundary, 

^ = \cor 2 + const (1) 

If we assume any possible form of yfr, this will give us the equation of a 
series of curves, each of which would, by rotation round the origin, produce 
the system of stream-lines determined by ^ 

As examples we may take the following 

1° If we assume ^ = JLr 2 cos 26 — A (x 2 — y 2 ), (2) 

the equation (1) becomes 

— A) x 2 + Qgo + A) y 1 = C \ 

which, for any given value of A, represents a system of similar conics That 
this system may include the ellipse 


we must have 

or 

Hence 


(-J-a) — A) a 2 — (|-a) + A) l 2 , 


A — %G) 


a 2 — b 2 
a 2 4- b 2 


i^= ico 


a 2 — b 2 
a 2 + b 2 


(a? — y 2 ) 


. .( 8 ) 


gives the motion of a liquid contained within a hollow cylinder whose section 
is an ellipse with semi-axes a, 6, produced by the rotation of the cylinder 
about its longitudinal axis with angular velocity co The arrangement of 
the stream-lines = const is shewn m the figure on p. 84 ? 


L 


6 
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The corresponding formula for <f> is 


, a 2 - 6 2 

xy 


(4) 


The kinetic energy of the fluid, per unit length of the cylinder, is given by 




(a 2 — 6 2 ) 2 

TV 


x 7 rpab. 


(5) 


This is less than if the 
mass, m the ratio of 


fluid were to rotate with the boundary, as one rigid 

/a 2 - by 
U 2 + bV 


to unity. We have here an illustration of Lord Kelvin's minimum theorem, 
proved m Art 45. 

2° Let us assume 


= Ar z cos 3 0 = A (x s — 3 xy % ) 

The equation (1) of the boundary then becomes 

A {x z — Sxy 2 ) — \cd ( x 2 + y 2 ) = G , . (6) 

We may choose the constants so that the straight line x — a shall foim part 
of the boundary The conditions foi this are 

Aa ? — -Jcoa 2 = G, 3 Aa + = 0 

Substituting the values of A , G hence derived m (6), we have 
$ — a 6 — Sxy 2 + Sa ( x 2 — a 2 + y 2 ) = 0 
Dividing out by x — a, we get 

x 2 H- 4<ax 4- 4a 2 = 3 y‘ 2 , 

or x + 2a = ± \/3. y. 

The rest of the boundary consists therefore of two straight lines passing 
through the point (— 2a, 0), and inclined at angles of 30° to the axis of x. 

We have thus obtained the foimulae for the motion of the fluid contained 
within a vessel m the form of an equilateral prism, when the latter is rotating 
with angular velocity co about an axis parallel to its length and passing 
through the centre of its section , viz we have 


^ = ^ r 3 cos 3(9, (/) = ^r 3 sm3^, (7) 

where 2 */3a is the length of a side of the prism*. 


The problem of fluid motion m a rotating cylindrical case is to a certain extent mathe- 
matically identical with that of the torsion of a uniform rod or bar The above examples are 
mere adaptations of two of de Samt -Tenant’s solutions of the latter problem See Thomson and 
Tait, Natural Philosophy, Art 704, et seq 



Rotating Cylinder 

3° In the case of a liquid contained m a rotating cylinder whose section 
s a circular sector of radius a and angle 2a, the axis of rotation passing 
hrough the centre, we may assume 

* = ^ r ^2a +tA ™ + '(a) cos(2 W +l)^, («) 

he middle radius being taken as initial line For this makes ^ for 

? = ± a, and the constants A 2n ^ can be detei mined by Fourier’s method so as 
o make yjr = ^coa 2 for r = a We find 

( ) coa q. i) tt — 4 a (2)i + 1) 77- "** (2n 4- 1) 7r + 4a| ’ ^ ^ 

['ho conjugate expression for <£ is 


, -i 0 sm 26 ^ A 

<f> ~ ^ ^2a~ tAin+1 


sm (2a 4* 1) ^ 


The kinetic energy is given by 


2T=-pJcf)~^ds = — 2pcoJ <po,rdr } (11) 

vhere <f> a denotes the value of <£ for 6 = a, the value of 3<£/3?i being zeio over 
iho circular part of the boundary * 

The case of the semicircle a = j7 r will be of use to us later Wo 
hen have 


4 1 2 1 ) 
2,1+1 ( } 7T \2n - 1 2 n + I + 2^+8 J : 


Hid theiefore 


/ 7 

<f> a 'tar= - 


2 _ + _i 


7r 2n + 3 I 2n — 1 2w 4- 1 2w 4- 3 


ETcnceh 2T = \ir p w 2 a 4 ^ = 3106a 2 x ^ 7 rpft> 2 a a .. . *(13) 

Hub is less than if the fluid were solidified, m the ratio of 6212 to 1 Hoc 
lit 45 

4°, With the same notation of elliptic coordinates as m Art, 71, 3°, hit 


is assume 


<£ -J- — Qie~ 2 £+lri) 

x* + y 2 — ^c 2 (cosh 2f H- cos 2^), 


* This problem was fust solved by Stokes, “ On tlie Critical Values of the Sums of Periodic 
Series ” Camb Tians , t vm (1847) [Math and Phys Papers, t i p 805] See also Hicks, 
Mess of Math , t. vm p 42 (1878), G-reenhill, ibid t vm p. 89, and t x. p 83 
t Greenhill, l c. 
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Motion of a Liquid in Two Dimensions [chap, nr 

the equation (1) becomes 

Ge ~ & cos 2 rj — J coc 2 (cosh 2f 4- cos 277) = const 
This system of curves includes the ellipse whose parameter is £ 0 , provided 

Ce~ 2 ^ - Icoc 2 = 0 , 

or, using the values of a , b already given, 

(7 = Jco (a 4 * £>) 2 , 

so that ^ (a + 6) 2 e~ 2 £ cos 2 t?, j 

<fi = J© (a + 6) 2 sm 2?? J ^ 

At a great distance from the origin the velocity is of the order 1/r 3 

The above formulae therefore give the motion of an infinite mass of liquid, 
otherwise at rest, produced by the rotation of an elliptic cylinder about its 
axis with angular velocity 00* The diagram shews the stream-lines both 
inside and outside a rigid elliptical cylindrical case rotating about its axis 



The kinetic energy of the external fluid is given by 

2T = ^irpc 4, co 2 ( 16 ) 

It is remarkable that this is the same for all confocal elliptic forms of the 
section of the cylinder 


Quart Joum Math , t. xiv (1875) , see also Beltrami, l c ante p 79 
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72-73] Free Stream-Lines 

Combining these results with those of Arts 66, 71 we find that if an 
elliptic cylinder be moving with velocities JJ, V parallel to the principal axes 
of its cross-section, and rotating with angular velocity w, and if (further) the 
fluid be circulating irrotationally round it, the cyclic constant being k, then 
the sti eam-function relative to the aforesaid axes is 

■xjr = — e ~* ( 776 sin r) — V a cos rj) + (a + bf e~^ cos 2^ + g-- £ 


* Steady Motions with a Free Surface. 

73 The first solution of a pioblem of two-dimensional motion m which 
the fluid is bounded partly by fixed plane walls, and partly by surfaces of 
constant pressure, was given by von Helmholtz*. Kirchhofff and others 
have since elaborated a general method of dealing with such questions If 
the surfaces of constant pressure be regarded as free, we have a theory of 
jets, which furnishes some interesting results m illustration of Ait. 24 
Again, since the space beyond these surfaces may be filled with liquid at 
rest, without altering the conditions of the problem, we obtain also a number 
of cases of ‘ discontinuous motion,’ which are mathematically possible with 
perfect fluids, but whose practical significance is less easily estimated We 
shall return to this point presently (Art 79), in the meantime we shall 
speak of the surfaces of constant pressure as ‘ free ’ Extraneous forces, 
such as gravity, being neglected, the velocity must be constant along any 
such surface, by Art 21 (2) 

The method m question is based on the properties of the function £ 
introduced in Art 65 The moving fluid is supposed bounded by stieam- 
Imes if- = const , which consist partly of straight walls, and partly of lines 
along which the resultant velocity ( q ) is constant For convenience, we may 
m the first instance suppose the units of length and time to be so adjusted 
that this constant velocity is equal to unity Then m the plane of the 
function £ the lines for which q = 1 are represented by arcs of a circle of unit 
radius, having the origin as centre, and the straight walls (since the direction 
of the flow along each is constant) by radial lines drawn outwards from the 
circumference The points where these lines meet the circle correspond to 
the points where the bounding stream-lines change their character. 

Consider, next, the function log f In the plane of this function the 
cncular arcs for which q = 1 become transformed into portions of the imaginary 


* Log cit ante pp 20, 52 

t “Zur Theorie freier Flussigkeitssti alilen,” Cielle, t lxx 
his Mechanik , cc xxi , xxn 


(1869) [Ges. Abh p 416] 


See also 
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axis, and the radial lines into lines parallel to the real axis, since if £= q ' e l ° 
we have 

log £ = log ^ + id (1) 

It remains, then, to deteimme a relation of the form* 


log £■=/<», ( 2 ) 

where w — </> -+■ %y\r y as usual, such that the rectilinear boundaries m the plane 
of log f shall correspond to straight lines ^ = const m the plane of w. 
There are further conditions of correspondence between special points, one 
on the boundary, and one m the mteuor, of each region, which render the 
problem determinate 


When the correspondence between the planes of £ and w has been 
established, the connection between z and w is to be found, by integration, 
from the relation 


dz 

dw 


$ 


( 3 ) 


The arbitrary constant which appears m the lesult is due to the arbitrary 
position of the origin m the plane of z 

The problem is thus reduced to one of conformal representation between 
two areas bounded by straight lines f. This is resolved by the method of 
Schwarz and Christoffel, already referred to J, m which each area is repre- 
sented m turn on a half-plane. Let Z(=X + iY) and t be two complex 
variables connected by the relation 

dZ 

— = A (a - ( b - ty+l" (c - t)~y ^ . , (4) 


where a, b, c, aie real quantities m ascending order of magnitude, whilst 
a, /3, y, ... are angles (not necessarily all positive) such that 

a + ^ + 7 + .. = 27 r, ( 5 ) 

and consider the line made up of portions of the real axis of t with small 
semi-circular indentations (on the upper side) about the points a, b, c, .... 
If a point describe this line from t — — oo to t = + oo , the modulus only 
of the expression m (4) will vary so long as a straight portion is being 
described, whilst the effect of the clock-wise description of the semi-circular 
portions is to introduce factors e lCL , e 1 ?, e l v, . in succession Hence, regarding 
dZ/dt as an operator which converts St into SZ , we see that the upper half 
of the plane of t is conformably represented on the area of a closed polygon 
whose exterioi angles are a, /3, 7 , . , by the formula 

Z=Af (a- t)~ al7r ( b - t)-+i* (c - ty-yi* . . . dt + B , ( 6 ) 

The use of log m place of is due to Planck, Wied Ann, t xxi , 1884 
t See Porsyth, Theory of Functions, c. xx 
t See the first footnote on p 77 ante 
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provided the path of integration m the t-plane lies wholly within the region 
above delimited. When a, b, c, . , a, 0, 7, are given, the polygon is 
completely determinate as to shape , the complex constants A, B only affect 
its scale and orientation, and its position, respectively 

As already indicated, we are specially concerned with the conformal 
representation of rectangular areas If a— /3 = 7 = S — the formula (6) 
becomes 

r, A l dt , p ( 

(d-i)} + 

It is easily seen that the rectangle is finite m all its dimensions unless two at 
least of the points a, b, c, d are at infinity The excepted case is the one 
specially important to us , the two finite points may then conveniently be 
taken to be t = ± 1, so that 

z=A \w zr v +B 


— A cosh -1 t + B (®) 

In particular, the assumption 

£ = cosh^, (9) 


where k is real, transforms the space hounded by the positive halves of the 
lines 7=0, 7 = tt&, and the intervening portion of the axis of Y, into the 
upper half of the plane t Cf Art 66, 1° 

Again, if the two finite points coincide, say at the origin of t, we have 

Z = A^ + B = A\ogt + B. . .. ■ ■ (10) 

This transforms the upper half of the t-plane into a strip bounded by two 
parallel straight lines For example, if 

t = e z ^ t (U) 

where k is real, these may be the lines 7=0, 7= irk 

74 As a first application of the method m question, we may take the 
case of a fluid escaping from a large vessel by a straight canal projecting 
inwards* This is the two-dimensional form of Borda’s mouthpiece, referred 
to m Art 24 

The boundaries of corresponding areas m the planes of £ log £, and w, 
respectively, are easily traced, and are shewn in the figures f It remains to 

* This problem was first solved by Helmholtz, l c ante p 20 

f The heavy lines represent rigid boundaries, and the fine continuous lines the free surfaces 
Corresponding points m the various figures are indicated by the same letters 
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connect the areas m the planes of log f and w each with the upper half- 
plane of an intermediate variable t It appears from equations (8) and (10) 
of the preceding Art. that this is accomplished by the substitutions 

log f = A cosh” 1 1 4- B, w=C\ogt + D . .. (1) 

We have here made the corners A, A' m the plane of log f correspond to' 
^ = ± 1, and we have also assumed that t— 0 corresponds to w = — oo , as is 
evident on inspection of the figures To specify more precisely the values of 
the cyclic functions cosh -1 1 and log t we will assume that they both vanish 
at t — 1, and that their values at other points m the positive half- plane are 


? 



w 

A B 



determined by considerations of continuity It follows that when t = — 1 the 
value of each function will be ur At the points A\ A m the plane of log f, 
we have, on the simplest convention, log £=0 and 2 z 7 r, respectively, whence, 
towards determining the constants m (1) we have 

0 = B, 2^7 T — ITT A + B } 

so that log £ = 2 cosh -1 1 (2) 

Again, m the plane of w we take the line II' as the line 0 , and if the 
final breadth of the issuing jet be 2 b, the bounding stream-lines will be 
We may further suppose that </> = 0 is the eqiupotential curve 
passing through A and A' Hence, from (1) 

ib — nrC 4- B, — ib = D, 

26, , , 
w — — log t — %b 

7 r 


so that 


( 8 ) 
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It is easy to eliminate t between (2) and (3), and thence to find the relation 
between z and w by integration, but the formulae are perhaps more 
convenient m their present shape 

The course of either free stream-line, say A' I, Irom its origin at A\ is now 
easily traced For points of this line t is real, and ranges from 1 to 0 , we 
have, moreover, from (2), iO = 2 cosh 1 1 } or t = cos Hence, also, from (3), 


cf) == — log cos .... (4) 

Since, along this line, we have dcf>lds = - g = — 1 , we may put </> = - s, where 
the arc s is measured from A'. The intrinsic equation of the curve is 
therefore 

s = — log sec (5) 

7 r 


From this we deduce m the ordinary way 

x = — (sin 2 — log sec \d), y = - {9 — sin 0), (6) 

7 T 7r 

if the origin be at A ' By giving 6 a series of values ranging from 0 to nr, 

the curve is easily plotted 



' Line of Symmetry 

Since the asymptotic value of y is b, it appears that the distance between 
the fixed walls is 46 The coefficient of contraction is therefore m accord- 
ance with Borda’s theory. 

75 The solution for the case of fluid issuing from a large vessel by an 
aperture m a plane wall is analytically very similar The chief difference is 
that the values of log ? at the points A, A' m the figures must now be taken 
to be 0 and - %n r, respectively, whence, to determine the constants A , B 
m (1) we have 


so that 


0 = nr A -f B, — in t = jB, 
log £ = cosh -1 t—% 7T . 


CO 
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The relation between w and t is exactly as before, viz 


, 26 , , 7 
W = — log t — ID, . ... 


( 8 ) 


where 26 is the final bieadth of the stream, between the free boundaries 


jb' 


A' 


K 


A 


j B' 


I 

log £ 


i 

if 


B 

-I' 


A' 


B' 


A I A' 


W 

A B 


A • B ' 

For the stream-line AI , t is real, and ranges from — 1 to 0. Since, also, 
i6 = cosh -1 1 - %ir we may put t = cos ( 9 + 7 r), where 0 varies from 0 to - \tt. 
Hence, from (8), wuth <p = — we have, for the intrinsic equation of the stream- 
line, 

5 = — log (- sec 9) (9) 




Vena Contracta 
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75 - 76 ] 


From this we find 

x = — sm 2 Ai9, y = — {log tan (Jw + ^0) — sin#}, .... (10) 

IT 7 T 

if the point A m the first diagram be taken as origin* The curve is shewn 
(in an altered position) at the foot of the opposite page 

The asymptotic value of x, corresponding to 6 — —^tt, is 2&/7T, the half 
width of the aperture is therefore (nr + 2) 5/tt, and the coefficient of con- 
traction is 

*./(*■ + 2) = 611 

76 In the next example a stream of infinite breadth is supposed to 
impinge directly on a fixed plane lamma, and thence to divide into two 
portions bounded internally by free surfaces 

The middle stream-line, after meeting the lamina at right angles, branches 
off into two parts, which follow the lamina to the edges, and thence form the 
free boundaries Let this be the line f = 0, and let us further suppose that 
at the point of divergence we have <jf> = 0 The forms of the boundaries in 
the various planes are shewn m the figures The region occupied by the 



moving fluid now corresponds to the whole of the plane w, which must 
however be regarded as bounded internally by the two sides of the line 

'yfr = 0 , <f) < 0 

With the same conventions as in the beginning of Ait 75, we have 

log £ = cosh -1 1 - itt, (1) 

or tf = -cosh(log£) = -i(£ + |.) ( 2 ) 

* This example was given by Kirchhoff (l c ), and discussed more fully by Lord Eayleigh, 
“ Notes on Hydrodynamics,” Phil Mag, Dee 1876 [Sc Papeis, t 1 p 297] 
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The correspondence between the planes of w and t is best established by 
considering first the boundary m the plane of w~\ The method of Schwarz 
and Chnstoffel is then, at once applicable Putting a = — 7r, (3 = .. =0, 

m Art 73 (4), we have 

w-' = \Af + B . .. . (3) 

At I we have t = 0, w~ x = 0, so that B = 0, or (say) 


To connect C (which is easily seen to be real) with the breadth (l) of the 
lamina, we notice that along GA we have £= q~~ l , and therefore, fiom (2) 

< — i(J+9f)» q = (5) 

the sign of the radical being determined so as to make q = 0 for t = — oo . 
Also, doc/dcf) = — l/q. Hence, integrating along GA m the first figure 


we have 




r Z $- i0 

• -(6) 

whence 

G = 1 

77 + 4 

• CO 



Along the free boundary AT , we have log f = £0, and therefore, from (2) 
and (4), 

t = - cos 6, <f> = —C sec 2 6 (8) 
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The intrinsic equation of the curve is therefore 


s = 


l 

7T+ 4 


sec 2 6, 


■( 9 ) 


where 6 ranges from 0 to — ^7r. This leads to 
21 

a,= ^+ 4 (seC0+i,r) ’ 

y = — ~ ~g {sec 6 tan 9 - log (Jj r + 8 )}, 

the origin "being at the centre of the lamina The curve is shewn on the 
opposite page. 

The excess of pressure on the anterior face of the lamina is, by Art 23 
(7), equal to \p (1 — c f ). Hence the resultant force on the lamina is 

fj > -o % * ■ — W’ l(| - ?) f — vc /;>«•- 1) %= rfc on 

It is evident from Art 23 (7), and from the obvious geometucal similarity 
of the motion m all cases, that the resultant pressure (P 0 , say) will vary as 
the square of the general velocity of the stream We thus find, for an 
arbitrary velocity q 0 *, 

J>°=^w. a l=M0pq? I (12) 



77 If the stream he oblique to the lamina, making an angle a, say, with 
its plane, the problem is modified in the manner shewn in the figures 



* Kircfthoff, l.c ante p 85 , Lord Rayleigh, “ On the Resistance of Fluids,” PM. Mag, Dec. 
1876 [Sc Papers, 1 . 1 p 287 ] 
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The equations (1) and (2) of the preceding Art still apply, but at the point I we now 
have and therefore £ = cosa. Hence, m place of (4)*, 

G 


(t — COS a) 2 

At points on the front face of the lamina, we have, since q~~ 1 = \ C |, 

i=±<+ N /(« 2 — i), 

a 


(13) 


(14) 


where the upper or the lower signs are to be taken, according as 1 $ 0, i e according as the 
point referred to lies to the left or right of G in the first figure Hence 

2(7 


dx d<p 


^ + v/(* 2 -l)} 


(15) 


dt ~q dt (tf—cosa) 3 ' 

Between A' and G } t varies from 1 to oo, whilst between A and C the range is from 
~oo to — 1 If we put 




1 — cos a cos co 
cos a- cos o) ’ 


the corresponding ranges of co will be from ir to a, and from, a to 0, respectively , and we 
find 


dt 


Hence 


( t - COS a) 3 

dx 

dco 


cos a— cos o) 7 , smasma) 

- sm oo aco, ± “ 1) — 


sm 4 a 
2 G 


COS a— COS CO 
(1 - COS a COS CO + sm a sm co) sin co, 


(16) 


and therefore 


G 


{2 cos . +cos a sm2 w+8 m a sm . COB • + (*» - *>) sm a}, . ...(17) 

where the origin has been adjusted so that x shall have equal and opposite values when 
co=0 and co — 7r, respectively, le it has been taken at the centie of the lamina Hence, m 
terms of C , the whole breadth is 


4-f7rsma ~ 

6= r 0 


(18) 


The distance, from the centre, of the point (co — a) at which the stream divides is 
^ _ 2 COS a (1 4- Sin 2 a) -f- fyir — a) Sin a 7 

X — 6 ... 

4+7r cos a 

To find the total pressure on the front face, we have 


(19) 


2 pO 


sm 2 co dco 


(20) 


Integrated between the limits tt and 0, this gives irpG/sm 3 a Hence, m terms of l, and of 
an arbitrary velocity q 0 of the stream, we find 


n tt sm a 0 7 

f 2 l 


’ 0 4-f 7r sm a 


( 21 ) 


* The solution up to this point was given by Kirchhoff ( Grelle , l c ) , the subsequent discus- 
sion is taken, with merely analytical modifications, from the paper by Lord Bayleigh 
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To find the centre of pressure, we take moments about the centie of the lamma Thus 


ipji 


(1 -(f) xdx— 


f°ssm 2 coda 
sm J a J v 


TTpC 

sm 3 a 


. 0 COS a 


• (22) 


on substituting the value of x fiom (17) The first factor represents the total pressure, 
the abscissa x of the centre of piessuie is therefore given by the second, or, in terms of 
the breadth 


__ . cos a , 

v=4 - . I 


b 4+jrsina 


(23) 


In the following table, derived from Lord Rayleigh’s paper, the column I gives the 
excess of pressure on the anterior face, m terms of its value when a= 90°, whilst columns 
II and III give respectively the distances of the centre of pleasure, and of the point whore 
the stream divides, from the middle point of the lamina, expressed as fractions of the total 
breadth* 


a 

I 

II 

III 

90° 

1 000 

000 

000 

70° 

965 

037 

•232 

50° 

854 

075 

402 

30° 

•641 

117 

*483 

20° 

481 

139 

496 

10° 

•273 

163 

500 


78 An interesting variation of the problem of Art 76 has been discussed 
by Bobylefff A stream is supposed to impinge symmetrically on a bent 
lamina whose section consists of two equal straight lines forming an angle 

If 2a be the angle, measured on the down-stream side, the boundaries m the plane of £ 
can be transformed, so as to have the same shape as in the Art cited, by the assumption 

C=AC*> 

provided A and n be determined so as to make £' = i when £= <T l (i7r “ a) , and £' = e~ iir when 
£= e ~ 1 ^ 7r+a) This gives 

4 7i— 2a j ir. 

On the right-hand half of the lamina, t will be negative as before, and, since q~ l ~\ £ |, 

(24) 

Hence 

* Tor the comparison with expcnmental results soe Rayleigh, l c and Nature , t. xlv (1891) 
[Sc Papers , t in p 491] 

t Journal of the J Russian Physico-Chemical Society , t. xm (1881) [Wiedemann’s Beiblhtter, 
t vi p 1(38] The problem appears, however, to have been previously discussed m a similar 
manner by M R6thy, Klaus enhurgei Ben elite, 1879 
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These can he reduced to known forms by the substitution 




where a> ranges from 0 to 1 We thus find 

1 f~i 1 d4> . . „ p a - ** , , . fi ffl 

CJ-nqdt J 0 (l+<») 2 Jol 


Z'jl«dt dt= - 1+2n 


"l 

Jo 


foo) 


1 -. 


■dec — — 1 — n+n 2 


+ co 
l 


doo, 


Jo 1 


+ 0 ) 


do) 


We have here used the formulae 


joir+^f do ~ k+k Lf+^ da> ’ 

r i 7c e-y k~ 1 

n-XT, dco^-i+k 

jo (i+©r Jo l + w 


(25) 

(26) 


where 1>^>0 

Since, along the stream-line, ds/d(j>= - l/y, we have from (25), if 5 denote the half- 
breadth of the lamina, 

• a/ir 


I 7 r J o ! + <*> 


(27) 


The definite integral which occurs m this expression can be calculated from the formula 

/„ (i-i)\s-*) + ** (l " ^ ' -Mi-**), (28) 

where ^ (m), = d/dm log n (w), is the function introduced and tabulated by Gauss* 

The normal pressure on either half is, by the method of Art 76, 


«4s- 

The resultant pressure m the direction of the stream is therefore 

=^V 


G 2qg 

%nir ^ n sm a • 


Hence, for any arbitrary velocity q 0 of the stream, the resultant pressure is 

pJ VL pq * h > 

where L stands for the numerical factor m (27) 


(29) 


(30) 


(31) 


For a ^7r, we have Z = 2 +^tt, leading to the same result as m Art 76 (12). 

In the following table, taken (with a slight modification) from Bobyleff s paper, the 
second column gives the ratio P/P Q of the resultant pressure to that experienced by a 
plane strip of the same area This ratio is a maximum when a = 100°, about, the lamina 
being then concave on the up-stream side In the third column the ratio of P to the dis- 
tance (2 b sm a) between the edges of the lamina is compared with %pq 0 2 For values of a 
nearly equal to 180°, this ratio tends to the value unity, as we should expect, since the fluid 
within the acute angle is then nearly at rest, and the pressure-excess therefore practically 

* ‘ * Disquisitiones generales circa seriem mfinitam ,** Werke, Gottingen, 1870 ,t m p 161 
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equal to \pq<? The last column gives the ratio of the resultant pressure to that experi- 
enced by a plane strip of breadth 26 sin a, as calculated fiom (12) 



■ ” — — 



— 

a 

P/Po 

Plpq^b sm a 

P/P 0 sma 

10° 

039 

199 

227 

20° 

140 

359 

409 

30° 

278 

489 

555 

40° 

433 

593 

674 

43° 

512 

637 

724 

50° 

589 

677 

769 

60° 

733 

•745 

846 

70° 

854 

•800 

909 

80° 

945 

844 

959 

90° 

| 1 000 

879 

1 000 

100° 

1016 

907 

1 031 

110° 

995 

931 

1 059 

120° 

935 

•950 

1079 

130° 

840 

964 

1 096 

135° j 

780 

970 

1*103 

140° 

713 

975 

1 109 

150° 

559 

•984 

1 119 

160 u 

385 

990 

1 126 

170° 

i 

197 

996 

1 132 


Discontinuous Motions. 

79. It must suffice to have given a few of the more impoitant examples) 
of steady motion with a fice surface, treated by what is perhaps the most 
systematic method. Considerable additions to the subject have boon made 
by Michell* Lovef, and other writers It remains to say something of the 
physical considerations which led m the first instance to the investigation of 
such problems 

We have, m the preceding pages, had several instances of the flow of 
a liquid round a shaip projecting edge, and it appeared in each case that tho 
velocity there was infinite. This is indeed a necessary consequence of tilts 
assumed motational character of the motion, whether the fluid be incom- 
pressible or not, as may be seen by considering the configuration of tho 
equipotential surfaces (which meet the boundary at right angles) m tho 
immediate ncighbouihood 

The occurience of infinite values of the velocity may be avoided by- 
supposing the edge to be slightly rounded, but even then the velocity near 
tho edge will much exceed that which obtains at a distance groat in 
comparison with the radius of curvature 

* “ On the Theory of Free Stream-lines, ” Phil. Tram A, t. clxxxi. (1890) 
t “ On the Theory of Discontinuous Fluid Motions m Two Dimensions/’ Proc Camb . Phil. 
Soc , t vn , 1891. 

t For references see Love, Encycl d math Wiss , t iv (2), pp 97 . . 
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Motion of a Liquid in Two Dimensions [chap iv 

In order that the motion of a fluid may conform to such conditions, it is 
necessary that the pressure at a distance should greatly exceed that at the 
edge This excess of pressure is demanded by the inertia of the fluid, which 
cannot be guided round a sharp curve, m opposition to centrifugal force, 
except by a distribution of pressure increasing with a very rapid gradient 
outwards. 

Hence, unless the pressure at a distance be very great, the maintenance of 
the motion in question would require a negative pressure at the corner, such 
as fluids under ordinary conditions are unable to sustain. 

To put the matter m as definite a form as possible, let us imagine the 
following case Let us suppose that a straight tube, whose length is large 
compared with the diameter, is fixed m the middle of a large closed vessel 
filled with frictionless liquid, and that this tube contains, at a distance from 
the ends, a sliding plug, or piston, P, which can be moved in any required 
manner by extraneous forces applied to it The thickness of the walls of the 
tube is supposed to be small in comparison with the diameter , and the edges, 
at the two ends, to be rounded off, so that there are no sharp angles Let us 
further suppose that at some point of the walls of the vessel there is a lateral 
tube, with a piston Q , by means of which the pressure m the interior can be 
adjusted at will 

Everything being at rest to begin with, let a slowly increasing velocity bo 
communicated to the plug P, so that (for simplicity) the motion at any 



instant may be regarded as approximately steady. At first, provided a 
sufficient force be applied to Q 3 a continuous motion of the kind indicated in 
the diagram on p 71 will be produced m the fluid, there being m fact only 
one type of motion consistent with the conditions of the question As the 
acceleration of the piston P proceeds, the pressure on Q may become 
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nor mo us, even with very moderate velocities of JP, and if Q be allowed to 
ield, an annular cavity will be formed at each end of the tube. 

It is not easy to make out the further course of the motion m such a case 
■om a theoretical stand-point, even in the case of a ‘ perfect ’ fluid In actual 
quids the problem is modified by viscosity, which prevents any slipping of 
ic fluid immediately in contact with the tube, and must further exeicise 
considerable influence on such rapid differential motions of the fluid as are 
ere in question 

As a matter of observation, the motions of fluids are often found to 
iffer widely, under the circumstances supposed 111 each case, from the types 
ipiesented in such diagrams as those of pp. 70, 71, 79, 80 In such a case 
s we have just described, the fluid issuing from the mouth of the tube docs 
ot immediately spread out m all directions, but forms, at all events for some 
istance, a more or less compact stream, bounded on all sides by fluid nearly 
j lest. A familiar instance is the smoke-laden sticam of gas issuing from a 
limney In all such cases, however, the motion in the immediate ne°ghbour- 
nod of the boundary of the stream is found to be wildly irregular*. 

It was the endeavoui to construct types of steady motion of a frictionless 
quid, 111 two dimensions, which should resemble more closely what is 
Dscrved in such cases as we have referred to, that led von Helmholtzf and 
irchhoff f to investigate the theory of free stream-lines. It is obvious that 
e may imagine the space beyond a free boundary to be occupied, if we 
loose, by liquid of the same density at rest, since the condition of constant 
•assure along the stream-line is not tlieieby affected. In this way the 
•oblems of Arts 76, 77, foi example, give us a theory of the pi assure 
:eitcd on u fixed lamina by a stream flowing past it, or (what conies to the 
me thing) the resistance experienced by a lamina when made to move with 
nstant velocity through a liquid which would otherwise be at rest 

As to the practical value of tins theory opinions have differed. Ono obvious criticism 
that the unlimited mass of ‘dead-water’ following the disk implies an infinite kinetic 
orgy, but this only means that the type of motion in question could not be completely 
tabhshod m a finite time from rest, although it might (conceivably) ho approximated 
asymptotically Another objection is that, as -will appear m (Jhap ix , surfaces of 
scontmuity between fluids of comparable density arc as a nilo highly unstable I( has 
en urged, however, by Loid Rayleigh that this mstabdity may not seriously affect the 
aracter of the motion for some distance from the place of origin of the surfaces m quostioi i 
Lord Kolvm, on the other hand, maintains that the types of motion hoic contemplated, 
th surfaces of discontinuity, have no resemblance to anything which occurs in actual 
ids, aud that the only legitimate application of the methods of von Helmholtz and 
rchhoff is to the ca.se of free surfaces, as of a jotj 

* ■ Recent expei imonts would indicate tlmt jets maybe formed befoic the limiting velocity of 
lmlioltz is reached, and that viscosity plays au essential part m the process. Smoluchowslu, 
lur la formation des vemes d’efflux dans lea liauides,” Bull de VAcail de Cracovie , 1904 
I ll c ante pp 20,85 [. Native, t 1 pp 524,549,573,597 (1894) 
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Flow %n a Curved Stratum 

80 The theory developed in Arts 59, 60, may be readily extended to 
the two-dimensional motion of a curved stratum of liquid, whose thickness is 
small compared with the radii of curvature This question has been discussed, 
from the point of view of electric conduction, by Boltzmann* Kiichhofff, 
Topler^, and others. 

As in Art 59, we take a fixed point A, and a variable point P, on the 
surface defining the form of the stratum, and denote by ^ the flux across any 
curve AP drawn on this surface Then f isa function of the position of P, 
and by displacing P m any direction through a small distance 8s, we find that 
the flux across the element 8s is given by d^/ds 8s, The velocity perpen- 
dicular to this element will be where h is the thickness of the 

stratum, not assumed as jet to be uniform. 

If, further, the motion be irrotational, we shall have in addition a velocity- 
potential <£, and the equipotential curves </> = const will cut the stream-lines 
yjr — const at right angles 

In the case of unifoim thickness, to which we now proceed, it is convenient 
to write 'xjr for ty/h, so that the velocity perpendicular to an element 8s is now 
given indifferently by d^/ds and 3 <fi/dn, 8n being an element drawn at right 
angles to 8s m the proper direction The further lelations are then exactly as 
m the plane problem , m particuiai the curves </> = const , ^ = const , drawn 
for a series of values in arithmetic progression, the common difference being 
infinitely small and the same in each case, will divide the surface into 
elementary squares For, by the orthogonal property, the elemental y spaces 
m question aie rectangles, and if 8s 1} 8s 2 be elements of a stream -line and 
an equipotential line, respectively, forming the sides of one of these 
rectangles, we have 3^/3$ 2 = 9<£/9$i, whence 3 $i= 8.S2, since by construction 

= 8<p 

Any problem of irrotational motion m a curved stratum (of uniform 
thickness) is therefore reduced by orthomorphic projection to the corre- 
sponding problem in piano Thus for a spherical surface we may use, among 
an infinity of other methods, that of stereographic projection As a simple 
example of this, we may take the case of a stratum of uniform depth covering 
the surface of a sphere with the exception of two circular islands (which may 
be of any size and m any relative position) It is evident that the only (two- 
dimensional) irrotational motion which can take place m the doubly-connected 
space occupied by the fluid is one m which the fluid circulates m opposite 

* Wienei Sitzungsberichte , t In. p 214 (1865) 
f Beil Monatsber July 19, 1875 [ Ges Abh p. 56] 
x Bogg Ann,, t clx. p 375 (1877). 
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directions round the two islands, the cyclic constant being the same m each 
case Since circles project into circles, the plane problem is that solved m 
Art. 64, 2°, viz. the stream-hues arc a system of coaxal circles with real 
‘ limiting points’ (A, JB, say), and the equipotential lines are the orthogonal 
system, passing through A, B Keturnmg to the spheie, it follows from well- 
known theorems of stcreographic projection that the stream-lines (including 
the con toms of the two islands) are the circles m which the surface is cut by 
a system of planes passing through a fixed line, viz. the intersection of the 
tangent planes at the points corresponding to A and B, whilst the equipotential 
lines are the circles in which the sphere is cut by planes passing through 
these points * 

In any case of transformation by orthomorphic projection, whether the 
motion be irrotational or not, the velocity (dyfr/dn) is transformed in the 
inverse ratio of a linear element, and therefore the kinetic energies of the 
portions of the fluid occupying corresponding areas are equal (provided, of 
course, the density and the thickness be the same) In the same way the 
circulation (Jdyfr/dn . ds) in any circuit is unaltered by projection. 

* This example is given by KircliliofiC, in the electrical interpretation, the problom considered 
being the distribution of current m a unifoim spherical conducting sheet, the electrodes being 
situate at any two points A, ft of the surface. 
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IRROTATIONAL MOTION OP A LIQUID PROBLEMS IN 
THREE DIMENSIONS 


81 Of the methods available foi obtaining solutions of the equation 

V2 <£ = 0 (1) 

in three dimensions, the most important is that of Spherical Harmonics 
This is especially suitable when the boundary conditions have relation to 
spherical or nearly spherical surfaces 

For a full account of this method we must refer to the special treatises*, 
but as the subject is very extensive, and has been treated from different 
points of view, it may be worth while to give a slight sketch, without formal 
proofs, or with mere indications of proofs, of such parts of it as arc most 
important for oui present purpose 

It is easily seen that since the operator V 3 is homogeneous with respect 
t° x > z > * } ^ le P art of 4> which is of any specified algebraic degree must satisfy 
(1) separately. Any such homogeneous solution of (1) is called a ‘ spherical 
solid harmonic’ of the algebraic degree m question If be a spherical 
solid harmonic of degree n, then if we write 

<f>n = r n 8 n , (2) 

S n will be a function of the direction (only) in which the point (x, y, z) lies 
with respect to the origin, in other words, a function of the position of the 
point in which the radius vector meets a unit sphere described with the origin 
as centre It is therefore called a ‘ spherical surface harmonic ’ of order ?i+ 

* Todhunter, Functions of Laplace, Lame, and Bessel, Cambridge, 1875. Feners, Sphei ical 
Ha) monies, Cambridge, 1877 Heine, Handbuch der Kugelfunctionen, 2nd ed , Berlin, 1878, 
Thomson and Tail, Natwal Philosophy, 2nd ed , Cambridge, 1879, t i pp 171—218 Byeilyj 
Founei’s Senes and Spherical, Cylindrical, and Ellipsoidal Hannomcs, Boston USA I 893 ' 
Whittaker, Model n Analysis, Cambridge, 1902 

For the kistoiy ot the subject see Todhunter, Histouj of the Theones of Atti action, dc , 
Cambridge, 1873, t 11 Also Wangerm, “ Theoiie d. Kugelfunktionen, u s. w,” Encycl d 
math T Viss , t 11 ( 1 ) ( 1904 ) 

t The symmetrical treatment of sphencal solid harmonics in terms of Cartesian eo-oidmates 
was introduced by Clebsch, in a much neglected paper, Cielle, t lxi p 195 (1863) It was 
adopted independently by Thomson and Tait as the basis of then exposition 
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To any solid harmonic <j> n of degree n corresponds another of degree 
- n - 1, obtained by division by r 2,l+1 , te </> = r p -*" F “ 1 0 w is also a solution of 
(1) Thus, coriespondmg to any spherical surface harmonic S n , we have the 
two spherical solid harmonics 7 n S }l and 


82. The most impoitant case is when 7i is integral, and when the surface- 
harmonic S n is further restricted to be finite over the unit sphere In the 
form m which the theory (for this case) is presented by Thomson and Tait, 
and by Maxwell*, the primary solution of (1) is 

<#>-i = A/r ... . . (3) 

This represents as we have seen (Art 56) the velocity-potential due to 
a point-source at the origin Since (1) is still satisfied when <p is differ- 
entiated with lespect to x, y 9 or we derive a .solution 

■ < 4 > 

This is the velocity-potential of a double-source at the origin, having its axis 
in the direction (Z, m, n ) , see Art 56 (3) The process can be continued, 
and the general type of spherical solid harmonic obtainable in this way is 

, j d n i 

(p ~ n ~ 1 dhjh.: dh n r ’ 


i d 7 d d d 

where + + 

1 Sj m 8) n 8 being arbitrary direction-cosmos. 


This may be legarded as the velocity-potential of a certain configuration 
of simple sources about the oiigm, the dimensions of this system being small 
compared with r. To construct this system we premise that from any given 
system of sources we may derive a system of higher older by first displacing 
it through a space in the direction (l 8 , m s , n 8 ), and then superposing the 
reversed system, supposed displaced from its original position through a space 
\h 8 in the opposite direction Thus, beginning with the case of a simple 
source 0 at the origin, a first application of the above piocess gives us two 
sources 0 + , 0„ equidistant from the origin, in opposite directions The same 
piocess applied to the system O h , 0_ gives us four sources 0,_ + , 0_ + , 0 h _, 

0 at the corners of a parallelogiam. The next step gives us eight sources 

at the comers of a parallelepiped, and so on. The velocity-potential, at 
a distance, due to an arrangement of 2 n sources obtained in this way, will be 
given by (5), if 4 j7 rA = m'h l h 2 . h n ,m' being the strength of the original 
source at 0 The formula becomes exact, foi all distances r, when 
h 1} 7i a , h n aie diminished, and rn' increased, indefinitely, but so that 
A is finite 


Elect) xcity and Maynetim , c. ix. 
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The surface-harmonic corresponding to (5) is given by 


8 n = Ar n +' 


dKdih 


n _ 1 

. . dJl n 1 1 


and the complementary solid harmonic by 


.( 6 ) 


<j> n — r n S n = 1 2,1+1 4>-n-i ■ ■ ...(7) 

By the method of ‘inversion*/ applied to the above configuration of 
sources, it may be shewn that the solid harmonic (7) of positive degree 
n may be regarded as the velocity-potential due to a certain arrangement of 
2 n simple sources at infinity 

The lines drawn from the origin m the various directions (l„ m s , n s ) are 
called the ‘ axes ’ of the solid harmonic (5) or (7), and the points in which 
these lines meet the unit sphere are called the ‘poles’ of the surface harmonic 
S n The formula (5) involves 2n + 1 arbitrary constants, viz the angular 
co-ordinates (two for each) of the n poles, and the factor A It can be 
shewn that this expression is equivalent to the most general form of 
spherical surface harmonic which is of integral order n and finite over the 
unit sphere 


83 In the original investigation of Laplace f, the equation V-(f> — 0 is 
first expressed m terms of spherical polar co-ordinates r, 9, co, where 
x=r cos 9, y = r sin 6 cos to, z = r sin 9 sin to 

The simplest way of effecting the transformation is to apply the theorem of 
Art 36 (2) to the surface of a volume-element rS9 r sin 9So> . Sr. Thus the 
difference of flux across the two faces perpendicular to r is 

|:(f£ rS9 r sin OSco^j Sr. 

Similarly for the two faces perpendicular to the meridian (co = const ) we find 

k&9- rsin6&co Sr ) B0 ’ 

and for the two faces perpendicular to a parallel of latitude ( 9 = const ) 

jr-(- — rS9 Sr)S(o 
dco\rsm9do) J 

Hence, by addition, 



+ 


1 3 2 <fr 
sm 6 3co 2 


= 0 


.( 1 ) 


This might of course have been derived from Art 81 (1) by the usual method , 
of change of independent variables. 


Explained by Thomson and Tait, Natural Philosophy , Art 515. 
t Sylvester, PHI Mag , Oct 1876 

t “ ThSorie de l’attraction des apheroides et de la figuie des planless, ” Mem de VAcad roy 
des Sciences , 1782 [0 envies Completes, Paris, 1878 t x. p 341], Meeamque CSleste, Lme 2™, 
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If we now assume that <£ is homogeneous, of degree n, and put 

(jf> = r n S n , 
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we obtain 


1 0 ''sin 0^\ 


1 d*S, 


sm0 dd l sin 9 WJ + ^~0 dm* + »(»+*)&. = 0, (2) 

which is the general differential equation of spherical surface harmonics 
Since the product n (w-f 1) is unchanged m value when we write — n — 1 for 
n, it appears that 


<P : 


Ji-lCf 

hJn 


will also be a solution of (1), as already stated. 

84 In the case of symmetry about the axis of x, the term d 2 8 n /dar 
disappears, and putting cos 6 = /a we get 


d 

dfi 


(1 — n 2 ) [• +n(n + 1) S n = 0, 


..( 1 ) 


the differential equation of sphencal ‘zonal’ harmonics* This equation, 
containing only terms of two diffeient dimensions in /z, is adapted for in- 
tegration by series We thus obtain 


S» = l 1 


n(n+ 1) 2 , (w - 2) «,(« + !) ( re + 3) 4 


1.2 


-ff + - 


1.2 3.4 




+ -B V~ 


(«■ - 1) (a + 2) (re — 3) (re - !)(« + 2) (re + 4) 


12 3 


A*' + 


1 2. 3. 4.. 5 




5 __ 


( 2 ) 


The series which here present themselves are of the kind called ‘ hyper- 
geometric’ , viz if we write, after Gauss f, 

■li / o \ -,,<*/? a a + l./3 /3 + 1 f> 


+ 


1 2 .$ 7 7 + 1 .7 + 2 


we have 


-«*+. , 

• (3) 

i n > ¥> r?)- ■ 

. ...(4) 


The senes (3) is of course essentially convergent when no lies between 0 and 1 , but 
when ^7=1 it is convergent if, and only if 

y — a — f3>0 

In this case we have 


F(a, ft y, 1) 


__ IX (y~ I) . ET (y— a — ft — 1) 


“il(y-a-l) n(y-/ 3 ~l)’ * 
where n (m) is m Gauss’s notation the equivalent of Euler’s V (m+1) 


(5) 


* So called by Thomson and Tait, because the nodal lines (,9 n =0) divide the unit sphere into 
parallel belts 

t l. c ante p 96 
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The degree of divergence of the series (3) when 

7— a— j3<0, 

as a approaches the value 1, is given by the theorem* 

F(a, ft y, x) = (1 - «) v ~ a ~' 3 F(y - a, y - ft y, r) . (6) 

Since the latter series will now be convergent when x— 1, we see that F («, /3, y, v) becomes 

divergent as (1 — v) y ~ a ~P , more precisely, for values of r infinitely nearly equal to unity, 
we ha\ e 


l) n (a — 1) HO— l; 

ultimately 

For the critical case where 
we may ha\ e recourse to the formula 


[(«-!) n(i8-l j 

y-a-fi = 0, 


F ( a : ft y, «) =< ^ /3+1, y+l, ®), 


which, with (6), gives m the case supposed 


ft y,,*) = a ^(l- A )-l F (y — a y y -ft y + I, r) 
= a ^(l-®) -1 -^(a, ft a+0 + 1, j) . 


(7) 


(«) 


(9) 


The last factor is now convergent when x=l, so that F(a, ft y, a?) is ultimately divergent 
ab log (1 - i). More precisely we havo, for values of x near this limit, 


*<■' * *>-n! Smfe) l «s iC 


( 10 ) 


85 Of the two senes which occur m the general expression Art 84 (2) 
of a zonal harmonic, the former terminates when n is an even, and the latter 
when n is an odd integer For other values of n both series are essentially 
convergent for values of ft between ±1, but since m each case we have 
7 “ « ~ £ = 0, they diverge at the limits ft = ± 1, becoming infinite as 
log (1 -ft 2 ) 

It follows that the terminating series corresponding to integral values of 
n are the only zonal surface harmonics which are finite over the unit sphere. 
If we reverse the senes we find that both these cases (n even, and n odd) are 
included m the formulaf 


P«(ft) = 1 


8 5 .. (2n— 1) 
12 3 . n 



M»-i) „ 

2 (2n — 1) ^ 


+ >l ± l -ilOL- 2 ) (» - §) ,,?l — 4 
2.4 (2»-l)(2n-S) ^ 


( 1 ) 


* Foisyth, Differential Equations, 3id ed , London, 1903, c vi, 

t For a even this corresponds to A = ( - )*» l i!L~ X > , B = 0 , whilst for n oda we have 

A = 0, £‘ = (- )i(«-l) _JL • See Heme, t 1 pp 12, 147 
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where the constant factor has been adjusted so as to make P n (/j,) = 1 for 
!*■ = 1 * The formula may also be written 


Pn {fi) — ? 


9« 


n ^ dfjb 


» (/**-! )" 


• • ( 2 ) 


The series (1) may otherwise be obtained by development of Art 82 (6), 
which in the case of the zonal harmonic assumes the form 




d^i 

dx n r 


.( 3 ) 


As particular cases of (2) we have 

P* (p) = ^ Pi (p) — P* (j*) = i (3^ 2 ~1), P 3 (p) = k ( - S/it) 

Expansions of P n m terms of other functions of # as independent 
variables, in place of /a, have been obtained by various writers For 
example, we have 


Pn (cos ff) = i- - l - (n + ^ sm s \e + sm 4 k e _ . 


(4) 


This may be deduced from (2)f, or it may be obtained independently by 
putting 1 - 2z in Art 84 (1), and integrating by a series 


The function P n (/x) was first introduced into analysis by Legendre J as the coefficient 
of h n m the expansion of 

( 1-2 ph+h*T* 

The connection of this with our present point of view is that if be the velocity-potential 
of a unit source on the axis of v at a distance c from the origin, we have, on Legendre’s 
definition, for values of r less than c, 

47 T<fi — (o 2 — Spey +? 2 )”^ 




(* r >) 


Each term m this expansion must separately satisfy 0, and therefore the coefficient 
P n must be a solution of Art 84 (1) Since P n , as thus defined, is obviously finite for all 
values of /x, and becomes equal to unity for /x= 1, it must be identical with (1) 

* The functions P x , P 2 , P 7 were tabulated by Glaisher, foi values of p at mteivals of 01, 
But Ass Beloit, 1879 A table of the same functions for every degree of the quadrant, 
calculated under the direction of Prof Perry, was published m the Phil Mag for Dec 1891 
Both tables are reproduced by Byerly, who also gives graphs of the functions The values of the 
first 20 zonal harmonics, at intervals of 5°, have lecently been published by Piof A Lodge, Phil 
Ti ans , A, t com (1904). 

t Murphy, Elementary Principles oj the Theories of Electncity , dc , Cambridge, 1838, p 7 
[Thomson and Tait, Art 782 ] 

t “ Sui l’attraction des sphAroides homogenes,” Mem des Savans JEtr angers, t x , 1785 
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For values of r greater than c, the corresponding expansion is 

47 r 0 = i + f > 1 ^+P 2 ^ j + . (6) 

We can hence deduce expressions, which will he useful to us later, Art 98, for the 
velocity-potential due to a double-source of unit strength, situate on the axis of % at a dis- 
tance c from the origin, and having its axis pointing from the origin This is evidently 
equal to d<p/dc, where cp has either of the above forms , so that the required potential is, 
for r<c, 

)• • <’> 


and for r>c, 


s(>.i+w.£+ ) 


( 8 ) 


The lemammg solution of Ait. 84 (1), in the case of n integral, can be 
put into the more compact form * 


Qn O) = i Ph <» log _ z n 

i Uj 


where 


Zn 


2 n — 1 
1 n 


2n-5 p 
l+ S(n-f) n ~' + 


( 9 ) 


• -(10) 


This function Q n (/a) is sometimes called the zonal harmonic ‘of the second 
kind ’ 


Thus 


Qo (m) = i log 




Qi ifP) = if* log y— - 1 , 

l IL 


«.(/*) -i(V-i) log 

1 — fl 

Q> O) = i (V 2 - Sfi) log htii - + ; 

J. — /i 


86 When we abandon the restriction as to symmetry about the axis 
of x, we may suppose >S n , if a finite and single-valued function of «, to be 
expanded m a series of terms varying as cos sco and sin sa> respectively If 
this expansion is to apply to the whole sphere (i e from w = 0 to co = 2ir), we 
may further (by Fourier’s theorem) suppose the values of s to be integral. 
The differential equation satisfied by any such term is 




+ 


n (n + 1) — 


4r 


l-fr 


8 n = 0 


....a) 


This is equivalent to Art. 84 (4) with, for n even, A =0, B = (- )% n - 

4 ( n - 

3 5 n 


2.4 . n 


.3 (»-l) 

i odd we have A = ( - )i(»+D — X) , B = 0. See Heme, t 1 pp 141, 147. 


; whilst for 
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If we put 

this takes the form 


_ , d 2 v ^ dv 

(1 “^*“ 2( * +1) ^ +(n - 


■ s)(n -f s + l)v = 0, 
which is suitable for integration by series We thus obtain 
S n = A( l~^ 8 


1 («-g)(» + g + l) ... 

1 1.2 M 


+ 


(n — s — 2) (n — (w + s + 1) (n + s + 3) 


1.2 3 4 




4 __ 


+ 5(1 ~F) is \n 


(n — s — l)(n + s + 2) 
__ 


F 


+ 


(n — s — 3) (n — s — 1) (n + s + 2) (n + s + 4) 


iP — 


) 


•( 2 ) 


1.2 3 4 5 r 

the fact oi cos sco or sm sco being for the moment omitted In the hyper- 

geometric notation this may be written 

S n = ( 1 — fjfft 8 { AF ( Js — \n, ^ /r) 

+ BjaF 4* ^-s — 1 4* /^ 2 )1 * (3) 

These expressions converge when ^ < 1, but since in each case we have 

y-a-/3=-s, 

the series become infinite as (1 — / j ?)~ 8 at the limits /i = ± 1, unless they 
terminate* The former series terminates when n — s is an even, and the 
latter when it is an odd integer By reversing the senes we can express 
both these finite solutions by the single formula f 


P n 8 (fi) 


_ (2ny 


r(W 2 )H/^ 


2 n (n — s) ] n 1 ' 

(n — s)(')i — s— 1) (n ■ 


)t _ s (n -s)(n-s-l) 


2 (2?i — 1) 


F 


+ ■ 


<- 2)(n-a-3) 

r 


2.4 (2n — 1) (2n — 3) 

On comparison with Art 85 (1) we find that 

p/( /i )=(i-^^^- ) ... 

That this is a solution of (1) may of course be verified independently 
In terms of sm w r e have 


(4) 


(5) 




• sin 4 \Q ■ 


( 6 ) 


Fn ° ( c °s ff )~¥ (n -7JT e ! ““ ' } - - l ( s + l) 

(n-5~l)(n-s)(n + 5+l)(?i + s+2) / 

+ 1 2 (s + 1) (s + 2) ‘ 

This corresponds to Art. 85 (4), from which it can easily be derived 
* Lord Eayleigh, Theory of Sound, London, 1877, Art 388 

+ There are great varieties of notation m connection with these ‘associated functions, 5 as 
they have been called. That chosen m the text was proposed by F. Neumann , and is adopted 
by Whittaker, p 231 
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Collecting our results we learn that a surface harmonic which is finite 
over the unit, sphere is necessarily of integral order, and is fuither expressible, 
if n denote the order, in the form 

s-n 

S n = A„P n (n) + % (As cos sco + B s sin sco) P n s (/j,), (7) 

containing 2?i + 1 arbitrary constants The terms of this involving <o are 
called ‘tesseral’ harmonics, with the exception of the last two, which are 
given by the formula 

(1 — /i')- 11 (A n cos nco + B n sin nco), 

and are called ‘sectorial’ harmonics*, the names being suggested by the 
forms of the compartments into which the unit sphere is divided by the nodal 
lines S n = 0. 

The formula for the tesseral harmonic of lank s maybe obtained otherwise 
from the general expression (6) of Art. 82 by making n-s out of the n poles 
of the harmonic coincide at the point 6 = 0 of the sphere, and distubnting 
the remaining s poles evenly round the equatorial circle 6 = \ir. 

The remaining solution of (1), in the case of n integral, may be put m 
the form 

S n = (A s cos sco + B k sm sco) Q t , k (jm), . .(g) 

where f Q»*0*)-( • .. (9) 

This is sometimes called a tesseral harmonic ‘of the second kind ’ 

87 Two surface harmonics S, S' are said to be ‘conjugate’ when 

J[SS'd™ = 0, .... . . (J) 

where Svr is an element of surface of the unit sphere, and the integration 
extends over this sphere. 

It may he shewn that any two suiface harmonics, of different orders, 
which are finite over the unit sphere, are conjugate, and also that the 2 n + 1 
harmonics of any given order n, of the zonal, tesseral, and sectorial types 
specified in Arts 8-5, 86 are all mutually conjugate It will appear, later, 
that the conjugate property is of great importance in the physical applications 
of the subject 

Since W = sm 686Bco = - S^Sw, we have, as particular cases of this 
theorem, 

I^P m (f)dfM = 0, .. .(2) 

* The prefix ‘ spherical 5 is implied , it is often omitted tor brevity 

t A table of the functions Q n (fi), Q n 8 (fi), for various values of n and a, is given by Bryan 
Pioc Camb Phil Soc , t vi p 297 
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I P m (n).P tl (ij)diM=0, 

and J Pm (/*) • Pn O) d/M = 0 , . 

provided m, n are unequal 

Foi m = n, it may be shewn* that 
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( 8 ) 

(•i) 


(• 5 ) 


[P n ‘Q*)ydp- 


(v + s ) ! 2 

(»i — s)'2« + 1 


( 6 ) 


88 We may also quote the theorem that any arbitrary function 
/(/x, <w) of the position of a point on the unit sphere can be expanded in 
a series of surface-harmonics, obtained by giving n all integral values from 
0 to cc , m Art 86 (7) The formulae (5) and (6) are useful m determining 
the coefficients in this expansion. 

Thus, m the case of symmetiy about an axis, the theorem takes the form 

/ (/^) = C 0 + C 1 P l (fx) 4- C 2 P 2 (fi) + . . -b O n P n (/a) + . . . ... .(7) 

If we multiply both sides by P n (fi)d/j, } and integrate between the limits ± 1, 
we find 

C f <> = 2 'j dp* •• • • . (8) 

and, generally, 

C n = 2 ^±f_ i fp)P a ( f t)dv . .. ..(9) 

For the analytical proof of the theorem recourse must be had to the 
special treatises f , the physical grounds for assuming the possibility of this 
and other similar expansions will appear, incidentally, m connection with 
various problems. 


89 Solutions of the equation V 2 <£ = 0 may also be obtained by the usual 
method of ti eating lineai equations with constant coefficients! Thus, the 
equation is satisfied by 

<fi = goas+ftH-y^ 

or, more generally, by <j> =/(ou» 4- /% + yz), (1) 

piovided a 2 + yS 2 + y 2 = 0 (2) 


* Feneis, p 86, Wlnttakei, pp 208, 232 

t For an account of the more recent investigations of the question, see Wangenn, l c. 
$ Forsyth, p 444. 
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For example, we may put 

a, y=l, % cos % sm . . . .(3) 

or, again, a, /3 , 7=1, i cosh u , smh u (4) 

It may be shewn * that the most general solution possible can be obtained 
by superposition of solutions of the type (1) 

Using (3), and introducing the cylindrical co-ordinates x, w, cd, where 

y = VT cos Cl), g = zzr Sin 0) . (5) 

we build up a solution symmetrical about the axis of x if we take 

c f, = Jl f f lx + I'ur cos — cd)} d$. 

ATTJ o 

For, since the integration extends over a whole circumference, it is immaterial 
where the origin of ^ is placed, and the formula may therefore be written f 

<f> = ~ f f(a + lizrCOS < &)dSr = — [ f(x + ivr cos$)d%. . (6) 

"7T J o TTJo 

This is remarkable as giving a value of <f > , symmetrical about the axis 
of x, m terms of its values f (x) at points of this axis;} It may be shewn, 
by means of the theorem of Art. 38, that the form of </> is m such a case 
completely determined by the values over any finite length of the axis§ 

As particular cases of (6) we have the functions 

if (x + ivj cos d^r, — f (x + izt cos d^r, 

7rJo tj o 

where n will be supposed to be integral. Since these are solid harmonics 
finite over the unit sphere, and since, for ^ = 0, they reduce to r n and r" 91 " 1 , 
they must be equivalent to P n (fj,)r n , and P n (fjb)?'~ n ~ 1 , respectively Wo 
thus obtain the forms 


Pn (j*) = “ [ {p + * V(1 — hP) cos ^ \ n d^r, 

7TJ 0 

1 f 77 dA 

Pn (ft) — n J o {[4 + l ^/(l - COS Sr} ,l+I ’ ‘ 

due originally to Laplace || and Jacobifl, respectively 


•O) 

.( 8 ) 


* Whittaker, Month. Not R Ast Soc , t Ixu. (1902) 
t Whittaker, Modern Analysis, c xm 
t Whittaker, p B21 
§ Thomson and Tait, Art 498 
|| Mec Cel , Livre ll rae , c n 

IT Ctelle, t xxvi (1843) [ Gebammelte Werke , Berlin, 1881 , t vi. p 148] 
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90 As a first application of the foregoing theory let us suppose that an 
arbitrary distribution of impulsive pressure is applied to the surface of a 
spherical mass of fluid initially at rest. This is equivalent to prescribing an 
arbitrary value of <f> over the surface , the value of <f> m the interior is thence 
determinate, by Art 40 To find it, we may suppose the given surface value 
to be expanded, m accordance with the theorem quoted in Art 88, in a series 
of surface-harmonics of integral order, thus 

4> = S 0 + Si + S 2 + ... + S n + (1) 

The requited value is then 


^s,+ r -s 1+ r ls i+ .. + r ~s n +..., 


.(■ 2 ) 


for this satisfies V 2 </> = 0, and assumes the prescribed form (1) when r = a, the 
ladius of the sphere. 


The corresponding solution for the case of a prescribed value of cj> over 
the surface of a spherical cavity m an infinite mass of liquid initially at rest 
is evidently 


<£ = 


a a . Ct a . a a 

7 ^ ^ s * + • • • + ^ s n + . . . 


.(3) 


Combining these two results we get the case of an infinite mass of fluid 
whose continuity is interrupted by an infinitely thin vacuous stratum, of 
spherical form, within which an arbitrary impulsive piessure is applied. The 
values (2) and (3) of <f> are of course continuous at the stratum, but the 
values of the normal velocity are discontinuous, viz. we have, for the internal 
fluid, 


or a 


and for the external fluid 


t— 

.The motion, whether internal or external, is therefore that due to a 
distubution of simple sources with surface-density 

S(2n + 1)^ (4) 

over the sphere , see Art. 58. 


91. Let us next suppose that, instead of the impulsive pressure, it is the 
normal velocity which is prescribed over the spherical surface , thus 

^ = + + + , ( 1 ) 


L 


8 
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the term of zero order being necessarily absent, since we must have 

lilt dCT==0 ’ • • " (2) 

on account of the constancy of volume of the included mass 
The value of <£ for the internal space is of the form 

cf> = A ft Si A 2 v 2 S 2 + . + A n r n $ n + , * • ( 3 ) 

for this is finite and continuous, and satisfies V 2 <£ = 0, and the constants can 
be determined so as to make 3 <j>/dr assume the given surface- value (1) , viz 
we have nA n ci )l ~ 1 = l The required solution is therefore 


The corresponding solution for the external space is found in like manner 
to be 


(j)= - a£ 


ytl-hl 


n+1 r n+1 


S n 


• •(«) 


The two solutions, taken together, give the motion produced m an 
infinite mass of liquid which is divided into two portions by a thin spherical 
membrane, when a prescribed normal velocity is given to every point of the 
membrane, subject to the condition (2) 

The value of <£ changes from aZ8 n /n to — aHS n /(n + 1), as we cross the 
membrane, so that the tangential velocity is now discontinuous The motion, 
whether inside or outside, is that due to a double-sheet of density 

• < e > 

see Art. 58 

The kinetic energy of the internal fluid is given by the formula (4) of 
Art 44, viz 

2T=pJJcf> d ^dS = pcd2±JJ S n >d«r, ( 7 ) 

the parts of the integral which involve products of surface-harmonics of 
different orders disappearing m vntue of the conjugate property of Art. 87 

For the external fluid we have 

2T = -pfl<t> d ^dS = pa^t ^jjf S„*d*r ... ( 8 ) 


92 A particular, but very important, case of the problem of the 
preceding Article is that of the motion of a solid sphere m an infinite 
mass of liquid which is at rest at infinity. If we take the origin at the 
centre of the sphere, and the axis of x m the direction of motion, the 
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noimal velocity at the surface is Ux\r, = U cos 9, where U is the velocity 
of the centre Hence the conditions to determine <j> are (1°) that we must 
have V 2 <£ = 0 everywhere, (2°) that the space-derivatives of <f> must vanish at 
infinity, and (3°) that at the surface of the sphere ( r = a ), we must have 

~lt =UcOS 9 ( 1 ) 

The foim of this suggests at once the zonal harmonic of the first ordei 3 we 
therefoie assume 

, , 91 A cos 6 

</> = A - A — — 
ox r r 1 

The condition (1) gives - 2 A/a'^ U } so that the required solution is* 


* = cosd (2) 

It appears on comparison with Art. 56 (4) that the motion of the fluid is 
the same as would be produced by a double-source of strength 277 -Ua J , situate 
at the centre of the sphere For the forms of the stream-lines see p 121 

To find the energy of the fluid motion we have 

%T — — pjj<f>^dS=^paU‘ J J cos 2 8 2ira sm 9 . add 

= ltrpa s U^ = M'U i , (3) 

if W = l-rrpa? It appears, exactly as m Art 68, that the effect of the fluid 
pressure is equivalent simply to an addition to the inertia, of the solid, the 
increment being now half the mass of the fluid displaced f 

Thus 111 the case of rectilinear motion of the sphere, if no external foices 
act on the fluid, the resultant pressure is equivalent to a force 



.(4) 


in the direction of motion, vanishing when U is constant Hence if the 
spheie be set in motion and left to itself, it will continue to move in a 
straight line with constant velocity. 


The behaviour of a solid projected in an actual fluid is of course quite 
different, a continual application of foico is necessary to maintain the 
motion, and if this he not supplied the solid is gradually brought to rest 


* Stokes, “On some cases of Fluid Motion,” Gatnlt Trans , t vui. (1848) [Math, and Pints. 
Papers, t n p 17] 

Dirichlet, “ Uebei die Bewegung ernes festen Koipors in einem mcompressibeln fiussigen 
Medium,” Berl Monatsbei , 1852 [Wei he, Berlin, 1889—97, t n p. 115] 

f Stokes, l c The lesult had been obtained otherwise, on the hypothesis of infinitely 
small motion, by Green, “ On the Vibration of Pendulums m Fluid Media,” Edin Ttam 1833 
[Math Papers, p 315] 


8—2 
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It must be remembered however, m making this comparison, that m a 
‘ perfect 5 fluid there is no dissipation of energy, and that if, further, the fluid 
be incompressible, the solid cannot lose its kinetic energy by transfer to the 
fluid, since, as we have seen m Chapter ill , the motion of the fluid is entirely 
determined by that of the solid, and therefore ceases with it 

If we wish to verify the preceding results by direct calculation from the formula 

■ • (5) 

we must remember, as in Art 68, that the origin is m motion, and that the values of r 
and 6 for a fixed point of space are therefore increasing at the rates - U cos 0 , and 
( U sm d)/t , respectively We thus find, for r—a, 

£ =i a d Z cos S + &U* cos 20 - & U 3 + F (t) . (6) 

p at 

The last three teims are the same for surface-elements in the positions 6 and ir -0 , so 
that, when U is constant, the pressures on the various elements of the anterior half of the 
sphere are balanced by equal pressures on the corresponding elements of the posterior half. 
But when the motion of the sphere is being accelerated there is an excess of pressure on 
the antenor, and a defect on the posterior half The reverse holds when the motion is 
being retarded The resultant effect m the direction of motion is 

-J 27 rasin 0 ad8 p cos 6— - ^npa'' 

as before 


93. The same method can be applied to find the motion produced m a 
liquid contained between a solid sphere and a fixed concentric spherical 
boundary, when the sphere is moving with given velocity Z7. 

The centre of the sphere being taken as origin, it is evident, since the 
space occupied by the fluid is limited both externally and internally, that 
solid harmonics of both positive and negative degrees are admissible , they 
are in fact required, in order to satisfy the boundary conditions, which are 

— d<j>/dr = U cos 0, 

for r = <z, the radius of the sphere, and 

d<f>/dr = 0, 


for r = 6, the radius of the external boundary, the axis of x being as before in 
the direction of motion. 

( B\ 

^Lr + — jc° s ^, . . . ....(1) 

and the conditions m question give 


A = 


_2 B 

a 3 

a 3 

b 3 — w 


— V, 


2 B 
b 3 


= 0, 


u, b=\£~tj 

- V — a 3 


whence 


<2> 
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The kinetic energy of the fluid motion is given by 


the integration extending over the inner spheiical surface, since at the outer 
we have d<f>/dr = 0. We thus find 


2T= - 


b s -f 2 a' 




\-p*'U a 


( 3 ) 


It appears that the effective addition to the inertia of the sphere is now* 




6 3 + 2w 


b 3 — cv 


T pa*' 


.(4) 


As b diminishes from oo to a, this increases continually from §7 rp(v* to oo , m 
accordance with Loid Kelvin’s minimum theorem (Art 45). In other words, 
the introduction of a rigid spherical partition m the problem of Art 92 acts 
as a constraint increasing the kinetic energy for any given velocity of the 
sphere, and so virtually increasing the inertia of the system 


94 . In all cases where the motion of a liquid takes place in a series of 
planes passing through a common line, and is the same m each such plane, 
there exists a stream-function analogous in some of its properties to the two- 
dimensional stream-function of the last Chapter. If in any plane through 
the axis of symmetry we take two points A and P, of which A is arbitrary, 
but fixed, while P is vanable, then considering the annular surface generated 
by any line AP , it is plain that the flux across this surface is a function of 
the position of P. Denoting this function by Ziryjs, aud taking the axis of w 
to coincide with that of symmetry, we may say that y{r is a function of x and 
tu", where x is the abscissa of P, and zar, = (j/ 8 + z*)K is its distance from the 
axis The curves y/r = const are evidently stream-lines 

If P' be a point infinitely near to P in a meridian plane, it follows from 
the above definition that the velocity normal to PP' is equal to 

27r8yfs 

2^TPP' 5 


whence, taking PP' parallel first to vr and then to x, 

1 dylr 1 dyfr 

- T , V = — * , 

'ST CVS ST ox 


,(t) 


where u and v are the components of fluid velocity m the directions of x and 
tit respectively, the convention as to sign being similar to that of Art 59 

These kmematical relations may also be inferred from the form which the 
equation of continuity takes under the present circumstances If we express 


Stokes, l 0 ante p. 115 
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that the total flux into the annulai space gen eiated by the revolution of an 
elementary rectangle SxSm is zero, we find 

7) r) 

~ (10 27TotSot) Sx + g — (v . 2irm&x) Sot = 0 , 


or 


s^ (CTM) + £ (wy)=0 ’ 


( 2 ) 


which shews that 
is an exact differential 


otu dx — oti£ dm 

Denoting this by d ^ we obtain the relations (1 )* 

So far the motion has not been assumed to be irrotational , the condition 
that it should be so is 


which leads to 


0 v du __ ~ 

dx "" 3ot ~ 

d 2 ^ d 2 yjr 1 dyjr __ 

dx 2 0OT 2 OT 0OT 


(*) 


The differential equation of (j> is obtained by writing 


dcf> 

U dx ’ 


0<5 6 

0OT 


m (2), viz it is 


9a; 2 9 ot 2 ot 9ot 


(4) 


It appears that the functions </> and tfr are not now (as they were in Art 62) 
interchangeable They are, indeed, of different dimensions 

The kinetic energy of the liquid contained in any region hounded by 
surfaces of revolution about the axis is given by 


2 r=-p[[<f> 


dj> 

dn 


dS 


f 

= P <fi - X- 2’7T'Grds 
J OT-0S 


; 27 rp (pdyfr, 


(0 


& denoting an element of the meridian section of the bounding surfaces, and 
the integration extending lound the various paits of this section, m the 
proper directions. Compare Art'. 61 (2). 

, * ' T he S ! r “ m i U a etl0 “ f ° r * he CaS6 ° f symmetty about an a ^s was mlioduced m this manner 

by Stokes, On the Steady Motion of Incompressible Fluids, ’ Cnmb Turns , t m (1812) [Math 
and Phys Papers, t 1 p 1] Its analytical theory has been tieated \eiy fully by Sampson, “Oil 
Stokes’ Current-Function,” Phil Turns A t clxxxu (1891) 
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95 The velocity-potential due to a pouit-soiuce at the origin is of the 
form 

+ 0) 

The flux thiough any closed curve is in tins case numcucally equal to the 
solid angle which the curve subtends at the origin Hence for a circle with 
On as axis, whose radius subtends an angle 6 at 0, we have, attending to the 
sign, 

27ry]r ~ — 2ir (1 — cos 6) 

Omitting the constant term we have 


j* dr 
^ r dx ' 


(2) 


Tlie solutions conesponding to any number of simple sources situate at 
various points of the axis of x may evidently be superposed , thus for the 
double-source 

3 1 cos 6 

* = - W 


wc have 


r~ 

m ' 2 __ Sill ' 2 9 
r* r 

And, generally, to the zonal solid harmonic of degiee — n — 1, viz to 

d il 1 


T die 2 


corresponds '* 


^ A dx n r ’ 

, . fl n+ 1 r 

* ==A d X n+> 


(4) 

....(5) 

. .(G) 


A more general formula, applicable to harmonics of any degree, fractional 
or not, may be obtained as follows. Using spherical polar co-ordinates r, 9, 
the component velocities along r, and perpendicular to r in the piano of the 
meridian, aie found by making the linear element 1*1* of Art. 94 coincide 
successively with rhO and Si, lespectively, viz they arc 

1 1 r)\jr 

r sm 9 idd 1 r sm 9 dr 
Hence m the case of n rotational motion we have 


- (?) 


dyjr __ o 3 (p> 


zj 

■ m " e se- 


d\fr 

sm 9d9 ' 3? ’ dr 

Thus if % lf 

where tf n is a zonal harmonic of order v, wc have, putting /x = cos 9, 


.(H) 

( 0 ) 


* Stefan, “Uebei die Kiaftlmien ernes uni eino Axe aymmetiischen Feldes,” Wied Ann , 
t xvu (1882) 
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[chap. V 


The latter equation gives 

• • • - (10) 

which must necessarily also satisfy the former , this is readily verified by 
means of Art. 84 (1) 

Thus m the case of the zonal harmonic P n) we have as corresponding 
values 

i dP 

4> = r n P n (f), f dj?’ ■■ " ( U > 

1 dP 

and * - r—'P n fa), * = - ± r- (l-/r>) ,-\ (12) 


of which the latter must be equivalent to (5) and (6). The same relations 
hold of course with regard to the zonal harmonic of the second kind, Q n 

96 . We saw m Art 92 that the motion produced by a solid sphere m 
an infinite mass of liquid may be regarded as due to a double-source at 
the centre Comparing the formulae there given with Art 95 (4), it appears 
that the stream- function due to the sphere is 

= — sin 2 6 (1) 

The forms of the stream-lines corresponding to a number of equidistant 
values of yjr are shewn on the opposite page. The stream-lmes relative to 
the sphere are figured in a diagram near the end of Chapter VII 

Again, the stream-function due to two double-sources having their axes 
oppositely directed along the axis of x, will be of the form 


_ Act 2 jBct 2 

r r * r \ 


. ...( 2 ) 


where r ly r 2 denote the distances of any point from the positions, P x and P 2 , 
say, of the two sources At the stream-surface yfr = 0 we have 

I'll 1*2 = 

le the surface is a sphere in relation to which P Y and P 2 are inverse points. 
If 0 be the centre of this sphere, and a its radius, we find 

A\B = OPfla* = a'/OPl (3) 

This sphere may be taken as a fixed boundary to the fluid on either side, and 
we thus obtain the motion due to a double-source (or say to an infinitely 
small sphere moving along Ox) m presence of a fixed spherical boundary. 
The disturbance of the stream-lmes by the fixed sphere is that due to a 
double-source of the opposite sign placed at the f inverse ’ point, the ratio of 
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the strengths being given by (3)* This fictitious double-source may be 
called the ‘image’ of the original one 



97 Rankmef employed a method similar to that ot Art 71 to discover 
foims of solids of revolution which will by motion parallel to their axes 
generate m a surrounding liquid any given type of mutational motion 
symmetrical about an axis. 

The velocity of the solid being V, and & denoting an element of the 
meridian, the normal velocity at any point of the surface is Udvsjds, and that 

* This result was given by Stokes, u On the Resistance of a Fluid to two Oscillating Spheres, 
Brit. Ass Repoi t, 1847 [Math and Phys Papcis, t 1 p 280] 

+ “On the Mathematical Theory of Stream-Lines, especially those with Foui Foci and 
upwards,” Phil Trans , 1871, p 267 
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of the fluid in contact is given by — d^/nds Equating these and integrating 
along the m endian, we have 

yfr = — ^t/i37 2 -f const .... . ... (1) 

If m this we substitute any value of satisfying Art 94 (3), we obtain the 
equation of the meridian curves of a series of solids, each of which would by 
its motion parallel to % give rise to the given system of stream-lines 


In this way we may readily verify the solution already obtained for the 
sphere , thus, assuming 

'v/r = . . .(2) 

we find that (1) is satisfied for r = a, provided 

A^-\TJa\ (3) 

which agrees with Art 96 (1) 


98 The motion of a liquid bounded by tivo spherical surfaces can be 
found by successive approximations m certain cases For two solid spheres 
moving m the line of centres the solution is greatly facilitated by the result 
given at the end of Art 96, as to the ‘image' of a double-source m a fixed 
spheie 


Let a, b be the radii, and c the distance between the centres A , B Let U be the 
velocity of A towards U’ that of B towaids A Also, P being any point, let AP~ r, 
BP~r\ PAB—6, PBA—6’ The velocity-potential will be of the form 

P<f> 4 * • .. ( 1 ) 

where the functions <£ and <£' are to be determined by the conditions that 

V 2 $ = 0, v 2 <£' = 0, . . . . (2) 


r 



throughout the fluid, that their space-derivatives vanish at infinity, and that 


over the surface of A, whilst 


d$__ 
0 1 ~ 


- cos 0, 



d(f)' 

dr 


= 0 , 


d<j)' 

d? 


= - cos 6\ 


(3) 

(4) 


over the surface of B It is evident that cj> is the value of the velocity-potential when A 
moves with unit velocity towards B, while B is at rest , and similarly for cj>' 
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To find <£, we remaik that if B were absent the motion of tlie fluid would be that due 
to a ceitam double-source at A having its axis m the direction AB The theorem of Art 96 
shews that we may satisfy the condition of zero normal velocity over the surface of B 
by introducing a double-source, viz the ‘ image ’ of that at A in the sphere B Tins image 
is at 1I V the inverse point of A with respect to the sphere B , its axis coincides with AB, 
and its strength is - where fx 0 is the strength of the ongiual souice at A , viz 

— % r<T } 

The resultant motion due to the two soiuces at A and II x will however violate the condi- 
tion to be satisfied at the surface of the sphere A, and m order to neutralize the normal 
velocity at this surface, duo to we must supeipo^e a double- source at // 2 , the image 
of IIj m the sphere A Tins will introduce a normal velocity at the surface of 7J, which 
may again be neutralized by adding the image of II \ m B , and so on If /q, p.%, . be 

the stiengths of the successive images, and/ l5 /* 2 ,/< h their distances from A , we have 


fl=<' 

b » 
c 5 

II 

isl 

2 s 12 s 

II 

i 

^ 1 O 1 

M l 

a’ 

fi*’ 



/a’ 

f-t 

+ > 

7'i 

H_ b' 

Mi («-«*’ 

Mt = 
Mi 

a 5 

tr 

■(■>) 


/ 4 ’ 

II 

H (e-W 

M« = 
H 

fi i » 

h *7 


and so on, the laws of formation being 

obvious The 

images 

continually diminish m 


intensity, and this very rapidly if the radius of either sphere is small compared with the 
shortest distance between the two surfaces 


The formula for the kinetic energy is 


%T=-P JJ(U<j>+r<f>') (0g£ + i7' d j¥ S )dS=LU i + 2 ,MUU'+Nr\ . . (6) 


piovided 


L — pjjtQ d8<, M—pJJ* dS„ — pjf# -p f I f W 


where the suffixes indicate over which sphere the integration is to be effected The 
equality of the two forms of M follows from Green’s Thooiom (Art 44) 


The value of (p near the surface of A can be wnttcn down at once from the results (7) 
and (8) of Art 85, viz we have 

4tt 4> = ( f x 0 + p.. 1 +p t + ) U ^-2 -)» , cosi9 + &c, ... (8) 

the lemammg terms, m\olvmg zonal harmonics of higher orders, being omitted, as they 
will disappear m the subsequent sm face-integration, m virtue of the conjugate property of 
Art 87 Hence, putting dcp/dti— - cos#, we find with the liolp of (5) 

L =b (Mo + 3ft! + 3/i 4 + )=!{*rprt''^l + 3- r ^ | +8 rt ^ J ( t; _^),/.,+ -J (») 

It appears that the inertia of the sphere A is m all cases increased by the prosence of 
a fixed sphere B Compaic Art 93 


The value of N may be written down from symmetiy, viz it is 


A r = § rrpb 2 



a*V* 

O'JT o'fx^e-hyfT 



.( 10 ) 
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where 


fi ~A” 




Jl 

II 

- 

• (11) 


A— 

J 4 

b 2 

•ft — __ 

/(> f / J 

/5 > 




and so on 


To calculate M we require the value of <£' near the surface of the sphere A ; this is due 
to double-sources p 0 \ /q', /x 2 ', /x 3 % at distances c, c-/f, c - //, c — /V, . fiom ^4, where 
P 0 ' = - 27t 6 3 , and 


h 

a? 

hi^ 

b s \ 

hi 

’ 

hi 

/r 

hi^ 

pi 

a? 

ii 

:- b l 

/s'" 


a 3 

/V_ 

b > 

pi 


/ 

ho 

f-") 


( 12 ) 


and so on This gives, for points near the surface of A, 


4tt cf>' = (pi + p z f + pi + . 




hi 


(c-AV 


^ ? cos 0+&c 


(13) 


Hence 



dti 4 — p (hi + hi + pr! 4* . ) 


aW aW 

fi* (c-fzY + /i ,3 /3 3 (o-Ji'W*-#) 



(14) 


When the ratios a jo and b/o are both small we have 

L - frr pa? (l + 3 ^-) , l/= 2»rp , A'= | irp¥ (l + 

approximately*. 


3a J 6A 

> 


(15) 


If in the preceding results we put 6 = a, U'—U , the plane bisecting AB at right angles 
will be a plane of symmetry, and may tlierefoie be taken as a fixed boundary to the fluid 
on either side Hence, putting c=2h, we find, for the kinetic energy of the liquid when a 
sphere is m motion perpendicular to a rigid plane boundary, at a distance h from it, 

2T-i rpt *(\+if l +. )U\ . (10) 

a result due to Stokes 


99. When the spheres are moving at right angles to the line of centres 
the problem is more difficult , we shall therefore content ourselves with the 
first steps in the approximation, referring, for a more complete treatment, to 
the papers cited below 

* To this degree of approximation the lesults may be moie easily obtained without the use 
■of ‘images,’ the piocedure being similar to that of the next Art 
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Let the spheres be moving with velocities I r , V' in parallel directions at right angles to 
A, B, and let r, d, o> and d', co' be two systems of spherical polar co-ordmates having their 
origins at A and B respectively, and their polar axes m the directions of the velocities 
V ) V The velocity -potential "will be of the form 




V4+ r# 



with the 

surface conditions 





dcj> a 

ii 

o 

for r —a, 

a) 

and 

9 ^=0 
dr' ’ 


for r'—b 

(2) 


If the sphere B were absent the velocity-potential duo to unit velocity of A would be 


Since r cos d=r' cos d', the value of this in the neighbourhood of B will be 

fences O', 

approximately The normal velocity at the surface of B, due to this, will be cancelled by 
the addition of the term 

, a^b 3 cos & 
i ~i ^2~ 5 

which, in the neighbourhood of .1 becomes equal to 

1 -jr rooa9 > 

neaily. To rectify the normal velocity at the surface of J, we add the term 

j a°Z>* cos$ 

8 / 2 ~ * 

Stopping at this point, and collecting our results, we have, over the surface of J, 

<£=£« (\ + l—'j cos 6, (3) 

and at the surface of B, <j)—lb ^cosd'. . . . (4) 
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The ease of a sphere moving parallel to a fixed plane boundary, at a distance h , is 
obtained by putting 5 = a, V— F', c=2^, and halving the consequent value of T , thus 

( 7) 

This result, which was also given by Stokes, may be compared with that of Art 98 (16)* 


Cylindrical Harmonics. 

100 In terms of the cylindrical co-ordmates x, z x, o> introduced m 
Art 89, the equation V 2 <£ = 0 takes the form 

?£ + *£+ II£ + L*£ = 0 

doc 2 dzr 2 zr dzs zr 2 dor ^ ' 

This may be obtained by direct transformation, oi more simply by expiessmg 
that the total flux across the boundary of an element Sat Szr zrSco is zero, 
after the manner of Art 83 

In the case of symmetry about the axis of x, the equation reduces to the 
form (4) of Art 94 A particular solution is then <j) = e ±k * % (zj), provided 

X <» +~x O) + O) = 0 (2) 

This is the differential equation of 'Bessel’s Functions’ of zeio order Its 
complete pumitive consists, of course, of the sum of two definite functions 
of zr, each multiplied by an arbitrary constant That solution which is finite 
for zj = 0 is easily found m the form of an ascending series , it is usually 
denoted by CJ (] (kzj), where 

V>(£) = i + .^45 - (3) 

We have thus obtained solutions of V 2 </> = 0 of the types f 

<fi — e ±kx J 0 (kzj) (4) 

It is easily seen from Art 94 (1) that the corresponding value of the 
stream-function is 

^ = + zre^Jo' (kzr) (5) 

The formula (4) may be recognized as a particular case of Art. 89 
(6), viz it is equivalent to 

<£ = - /%**(*+»»«**)«&, ( 6 ) 

7T 1 0 V 7 

* For a fullei analytical treatment of the problem of the motion of two spheres we refer to 
the following papers W M Hicks, “On the Motion of two Spheies m a Fluid,” Phil Tutus 
1880, p 455, B A. Herman, “On the Motion of two Spheres in Fluid,” Quart Jomn Math , 
t xxn (1887), Basset, “On the Motion of Two Spheres m a Liquid, &e Proc Loud Math , 
Soc , t. xvm p 369 (1887) See also C Neumann, Hydiodynamische Untenuchungen, Leipzig 
1883, Basset, Hydiody names, Cambridge, 1888, t 1 

t Except as to notation these solutions are to be found in Poisson, l c ante p 16. 
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since J 0 (£)=-[ cos(£cos §)d < & = -[ e' iC03 ^d^, .. (7) 

7T Jo 7T J o V / 

as may be verified by developing the cosine, and integrating term by term 

Again, (4) may also be identified as the limiting form assumed by a 
spherical solid zonal harmonic when the order ( n ) is made infinite, provided 
that at the same time the distance of the origin from the point considered be 
made infinitely great, the two infinities being subject to a certain relation* 


Thus we may take 

= = ( 8 ) 


where we have temporarily changed the meanings of x and viz 

r=a + x, in = 2a sin $0, 


whilst H n (nr) = 1 


n(n + 1) m- (n— 1) n{n + 1) (n + 2) w* 


92 


72 + 


4 2 


■(9) 


see Art 85 (4). If we now put k = nja, and suppose a and n to become 
infinite, whilst k remains finite, the symbols x and sx will regain their former 
meanings, and we reproduce the formula (4) with the upper sign in the 
exponential The lower sign is obtained if we start with 


</> 


/7W+I 


The same procedure leads to an expression of an arbitmry function of -nr 
in terms of the Bessel’s Function of zero oidcrf According to Art 88, an 
arbitrary function of latitude on the surface of a spheie can be expanded in 
spherical zonal harmonics, thus 

F{fi) = 2 (« + U 1\ (/i,) j l F (p') P n 0 *') dfii (10) 

If we denote by tv the length of the choid diawn to the variable point 
fiom the pole (6 = 0) of the sphere, wc have 

tv = 2d sin 1 0, tvStv = — 

where a is the radius, so that the formula may be written 
1 r& i 

f (® r ) “ ~2 S (n 4- £) Hn («r) J o f («0 H n (tv') tv'rftv' .(11) 


* This process was indicated, without the restriction to symmetry, by Thomson and Tait 
Art 783 (1867) 

| The procedure appears to be due substantially to C Neumann (1862), for the lustoiy of the 
theorem (12) see Heme, t i p 442, and Nielson (op at. p 128) p 360. 
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If we now put 


k = ~, 8Jc = -, 
a a 


and finally make a infinite, we obtain the important theorem : 

f (fuj) — f J Q (k'ur) kdk f f (tzr') Jo (k'sr') 'ur'd'G?', (12) 

J e J o 

101. If* in (1) we suppose <£ to he expanded m a series of terms varying 
as cos so) or sinsco, each such term will be subject to an equation of 
the form 

^ 13 > 

This will be satisfied by $ = e ±lcx x (&)> provided 

x" ( w ) + ~ x' O) + (f - ~r 2 ) X (' nr ) = (14) 

which is the differential equation of Bessel’s Functions of order s *. The 
solution which is finite for & = 0 may be written x ) = OJ 8 (&'sx), where 

£*_ . £ _ __ I /,« 


^(0 2 4 54 1 2(2* + 2) + 2.4(25 + 27(25 + 4) ***} “•( lo ) 

The complete solution of (14) involves, m addition, a Bessel’s Function 
c of the second kind ’ with whose form we shall be concerned at a later penod 
m our subject f 

We have thus obtained solutions of the equation V 2 <£ = 0, of the types 

(16) 

These may also be obtained as limiting foims of the spherical solid harmonics 


7 D s / \ C0S 
-r P n * Qjb) . \ SO), 
a n vr ^ sin 


p '-w2h 


with the help of the expansion (6) of Art 86J. 


* Foisyth, Art. 100, Whittaker, c xii 

+ For the further theory of the Bessel’s Functions of both kinds recourse may be had to 
Lommel, Studien uebei die Bessel' schen Funktionen, Leipzig, 1868; Gray and Mathews, Tieatise 
on Bessel Functions, London, 1895, H Weber, Parti clle Differentialgleichungen d math Fhysik , 
Braunschweig, 1900 — 01, Nielsen, Handbuch d Theone d Gylmdei funktionen , Leipzig, 1904, 
and to the treatises of Heme, Todhunter, Forsyth, Byeily, and Whittakei, already cited An 
ample account of the subject, from the physical point of view, will be found m Lord Rayleigh’s 
Theoi y of Sound , cc ix , xvm , with many important applications. 

Numerical tables of the functions have been constiucted by Bessel and Hansen, and more 
recently by Meissel (Be 1 ) l Abh 1888) Hansen’s tables are leproduced by Lommel, and (partially) 
by Lord Rayleigh and Byerly , whilst Meissel’s tables have been repunted by Gray and Mathews 

$ The connection between spherical surface-harmonics and Bessel’s Functions was noticed by 
Mehler, “ XJeber die Yertheilung d statischen Elektucitat m emem v zwei Kugelkalotten begienzten 
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102 . The formula (12) of Art 100 enables us to write down expressions, 
which are sometimes convenient, for the value of <j> on one side of an infinite 
plane (x = 0) in terms of the values of <p or d<f>/dn at points of this plane, m 
the case of symmetry about an axis (Ox) normal to the plane* Thus if 




<t> = F (®), 

S» 

& 

II 

O 

• -(i) 

we have, on 

the side 

x > 0 





</>=/ 

e kx J 0 (/cot) kdlc 

0 

I F (gj') J 3 (A?'CJ / ) 'ur'd'ur'. 

J 0 

(2) 

Again, if 


3 (j> 
dx 

=f ( ra 

o' 

II 

t-* 

<2 

• -(3) 

we have 

*=j 

Ce~^J 0 (L 

it) dk 

1 f i^') J o (km') 'Gr'dvr'. 

[ 0 

..(4) 


The exponentials have been chosen so as to vanish for x = oo . 


Another solution of these problems has already been given in Art 58, 
from equations (12) and (11) of which we derive 



ii 

*6- 

' 4 ©^ 

. .. .(5) 

and 

*6- 

II 

[fd^dS 

1 J dx r ’ 

(6) 


lespectively, where r denotes distance from the element BS of the plane to 
the point at which the value of cf> is required. 

We proceed to a few applications of the general formulae (2) and (4). 

1° If, m (4), we assume f (vr) to vanish for all but infinitesimal values 
of -nr, and to become infinite for these in such a way that 

/( 'Cl) 27TG7 dm = A, 

J 0 

we obtain 

4j 7 r</> = J e~ k<6 Jo (/to) die, . . (7) 

Korper,” Cielle , t lxvui. (1868) It was investigated independently by Lord Eayleigh, “ On the 
Eolation between the Functions of Laplace and Bessel,” Proc Lond Math Soc , t ix. p 61 
<1878) [Sc Papers, t l. p 838], see also Theonj of Sowid, Arts 336,338 

There are also methods of deducing Bessel’s Functions ‘ of the second kind ’ as limiting 

forms of the sphencal harmonics Q n (y), Q n * (^) ^ j sw, for these see Heme, t. i pp, 184, 232 
* The method may be extended so as to be free from this restriction 


L 


9 



130 


Irrotational Motion of a Liquid 


[chap. V 


and therefore, since J Q ' = 

4* * * § 7 nir = — tzr f Jd (fozr) dk } (8) 

/ o 

by Art 100 (5) 

By comparison with the primitive expressions for a point-source at the 
origin (Art. 95), we infer that 

J 0 Jo (M dk = i , J o e~ kx /, (few) <*fc = ,7^7^ > • -( 9 ) 

where r = V(^ 2 + ^ 2 )j these are m fact known results* 

2°. Let ns next suppose that sources are distributed with uniform 
density over the plane area contained by the circle # •& = a, x= 0 Using the 
series for J 0> J l3 or otherwise, we find 

J J Q (k'uj) 'urd'cr = j J 1 (ka) ( 10 ) 

Hence f 

= rbJt(k)JlW f’ , - (11) 

where the constant factor has been chosen so as to make the total flux 
through the cncle equal to unity 

3°. Again, if the density of the sources, within the same cncle, vary 
as 1 /v / (u 2 — 'ot 2 ), we have to deal with the integral { 

Jo (i«r) ® J o J o (ka Slr i &) sm = SI ~^ , (12) 

where the evaluation is effected by substituting the senes form of J 0 , and 
treating each term separately. Hence 

* - dkC J - <*»> ~ ssf “- 1 * <*-> ““ t . 

.. .(] 3 ) 

if the constant factor be determined by the same condition as before § 

It is a known theorem of Electrostatics that the assumed law of density 
makes constant over the circular area. It may be shewn independently 

* The former is due to Lipschitz, Welle, t lvi p 189 (1859) , see Gray and Mathews, p 72 
The latter follows by differentiation with lespect to , zzr and mtegiation with respect to a 

t Of H Weber, Grelle , t. lxxv p 88 , Heme, tup 180 

$ The formula (12) has been given by various writers, see Kayleigh, Sc Papers, t in p 98, 
Hobson, Pioc Loud Math Soc , t xxv p 71 (1898) 

§ Cf H. Weber, Welle, t lxxv (1873), Heme, t n p 192 
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that 


Jo (kus) sm ha ^ = h t, or sm" 1 — , 
0 IC us 


f JiQ^) 

I 0 


sm ha 


dk ^ a—sji^a 1 — 'us 2 ) 
k us 


, or 
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according as us The formulae (13) therefore express the flow of a liquid 
through a circular aperture m a thin plane rigid wall Another solution will 
be obtained m Art 108. The corresponding problem m two dimensions was 
solved m Art 66, 1° 


4° Let us next suppose that when x = 0, we have cf> = G V(a 2 - us 2 ) 
for'srca, and </> = 0 for us>a We find 

fa r)jn 

J (( (l^) V (« 2 - ® 2 ) = a l ( i^a sm $-) sm ^ cos 2 MS- = ct 3 fa (/,•«), 

• -(15) 

provided ifo (£) = 4 f 1 — + s — ^ = — 8111 ^ 

r Y Vb ' tr^ 2. 5 T 2. 4 5 V ,i fdf £ 


( 10 ) 


Hence, by (2), ^ - 0 j ^ e~ ta Jfkfa dk ( 17 ) 

This gives, for x = 0, 

dk 


/d<b\ f°° /-00 

\(k‘ J ( r G J 0 J ;) sm X **“ ^ J ^ ' (& w ) sm /ra J/c, 


(18) 


aftei a partial integration. The value of the former integral is given m (14), 
and that of the latter can bo deduced from it by differentiation with respect 
to ra- Hence 

“(a t)r^ G ’ or 0 ( £ 


it 


. . a 

! sm 1 - — .. — . . 

'sr \J{us 2 — (tf)i’ 


•(h)) 


according as w$(t. It follows that if < 7 = 2/tt . II, the formula (17) will 
relate to the motion of a thin circular disk with velocity TJ normal to its 
plane, in an infinite mass of liquid. The expression for the kinetic energy is 

2T = —p jf<f) ^dS= irpC* \J (a 2 — ct 2 ) 27rwdtv = j \ir i p(&C l , 

or 2T=? i pa' , U- (20) 

The effective addition to the inertia of the disk is theiefore 2/w (= -6866) 
times the mass of a spherical poition of the fluid, of the same radius. For 
another investigation of this question, see Art 108. 

* H. Weber, Crellc, t. lxxy , l>a>t Dip' -01., t. i. p 189 , Gray and Mathews, p 126. See 
also Proc, Lond Math Poe , t xxxiv j>. 282. 


9—2 
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Ellipsoidal Harmonics 

103 The method of Spherical Harmonics can also be adapted to the 
solution of the equation 

V 2 <£ = 0, ■ • (1) 

under boundary-conditions having relation to ellipsoids of revolution*. 

Beginning with the case where the ellipsoids are prolate, we write 
x = k cos 9 cosh r) = kp%, y — w cos “> z sin ®>] 

where or = k sin 9 smh r) = k( 1 — /**)* (£ a — 1)* 


• (2) 


The surfaces f = const ., p = const, aie confocal ellipsoids, and hyperboloids 
of two sheets, respectively, the common foci being the points (± k, 0, 0). The 
value of £ may range from 1 to oo , whilst p lies between ± 1 The coordinates 
yu, £ co form an orthogonal system, and the values of the linear elements 
Bsjssg, described by the point (x, y, z) when p, %, <o separately vary, are 

8 V = k Bp, Ssj = k )' = k (1 - p>)> (? 2 - l)i Bm. 


To expiess (1) m terms of our new variables we equate to zero the total 
flux across the walls of a volume element Ss^SsfiSu, and obtain 

£(£«*.)*+ &(£**) 

or, on substitution from (3), 


d_ 

dfju 


{<* 



+4i(r-i)^ 




f 2 - p 2 9 2 <£ 


ari (W)({*-i)0®* 


This may also be written 



+ 


1 d*(f> _ 3 

l-/i 2 9« 2 9? 




^ l-£ 2 9o> 2 


(4) 


104: If <j) be a finite function of /ju and go, from /-c = — 1 to /x = -H 1 and 
from co = 0 to « = 27 r, it may be expanded m a series of surface harmonics of 
integral orders, of the types given by Art. 86 (7), where the coefficients are 
functions of £; and it appears on substitution m (4) that each term of the 
expansion must satisfy the equation separately. Taking first the case of the 
zonal harmonic, we write 

<j> = P n (fi) Z, .( 5 ) 


* Heme, “IJeber emige Aufgaben, welche auf partielle Differentialgleichungen fuhren,” 

Crelle, t xxvi. p 185 (1843), and Kugelfunktionen , t n. Art. 38 See also Ferrers, c vi 
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and on substitution we find, in virtue of Art 84 (1), 

^{ (1 


• + ?i(n-h \)Z= 0, 


which is of the same foim as the equation referred to We thus obtain the 
solutions 

* = -P»0O P„(£), (7) 

and *=»*„(/ *).<2»<£), - - -(8) 

r x fit 

where Qn (?) — ( Oj ^ (f)} 2 (£ 2 — 1) 5 

-i?„ © ^ |±i - 2 r„ i *«<» - ■ 


( f-n - 1 (n + 1) (n. + 2) ,_ 3 

1 3 ... (2?i 4- 1) r 2(2w+3) 

(w+1) (n + 2) (w 4- 3) (a 4- 4) . n . B j , q s * 

+ 2 . 4 (2n+ 3) (2n +- 5) 4 )' ' ' K J 

The solution (T) is finite when £=1, and is therefore adapted to the 
space within ail ellipsoid of revolution, whilst (8) is infinite for f=l, but 
vanishes for £= oo, and is therefore appropriate to the external region. As 
particular cases of the formula (9) wc note 


Qo (S') = i log ^ 


<2i(0 = Klog|^-i, 


Q a (0=i-(3^-i) log|±|-^ 


The definite-integral form of Q n shews that 


1 

e*-r 


The corresponding expressions for the stream- function are readily found , 
thus, from the definition of Ait. 94, 

0<^> 1 0<jf> 3 d\}r 

dsg w 0$^ ’ d&n zsrdSg’ 

whence ^ •• (12) 




00 __ 

i 

30 

_ i 

0^ 




0S£ 

W 06V ’ 


■ST 

3V 


whence 


^ — 4 

Cfl 


3^ 

**(1 

-/* 9 ! 

0^> 

; 0V 

Thus, m 

the case of (7), wc 

have 






dty _ 

0/Lt 


dl ^ 0 .Pn M 





= 

- ^ (£ 
n(n-l- 1) ^ 

> -I \ % (?) 

' ' d£ 

df 

i/4 

(1- 




Fexrers, c. v : 

; Todhunter, c. vi 

, Foxsylh, 

A.xts, 

06 — 99. 
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whence 


^ = 


h . dP n (p) , yo .dF n (X) 

: (1 — ~~i7. (t"- 1 )- 


'n(» + l) v * dp vs *' dp 

The same result will follow of course from the second of equations (12) 

In the same way, the stream-function corresponding to (8) is 

h 


[CHAP. V 
.. .(13) 




(14) 


105 We can apply this to the case of an ovary ellipsoid moving parallel 
to its axis in an infinite mass of liquid The elliptic co-ordmatcs must be 
chosen so that the ellipsoid m question is a member of the confocal family, 
say that for which f = £ 0 Comparing with Ait 103 (2) we see that if a, c 
be the polar and equatorial radii, and e the eccentricity of the meridian 
section, we must have 

h = ae, £ 0 = 1/e , 1c (f 0 3 — 1)^ = c 
The surface condition is given by Art 97 (1), viz we must have 

yjr — — ^UJc- (1 — /x 2 ) (£ 2 — 1) + const , (1) 

for Hence putting n= 1 m Art 104 (14), and introducing an arbitrary 

multiplier A, we have 

r+i 


^=^/p(i~^)(r 2 -i) 4 log 




with the condition 

Co 


?o + l 


The corresponding formula for the velocity-potential is 


<j) = A/j, U? log 



.(2) 

1 + e 

= l '-^e ' ‘ 

••(3) 


(4) 


C+l 

?-l 

The kinetic energy, and thence the meitia-coefficient due to the fluid, 
may be readily calculated, if required, by the foimula (5) of Art 94. 


106 Leaving the case of symmetry, the solutions of V 2 <£ = 0 when 
<f> is a tesseral or sectorial harmonic in /x and co are found by a similat 
method to be of the types 


<P = Pn S ^).Pn S (^2}sco, . . . 

bill) 

(1) 

<fi = Pn (/x) . Q n s (£) 1 sco, . . 

sm j 

(2) 

where, as m Art 86, P n s (/x) — (1 — n Of) 

cfyx' 5 ' 

(3) 



104-106] Motion of an Ovary Ellipsoid 

whilst (to avoid linaginanes) we write 


and 


It may be shewn that 


iv(?)=(r j -i) is 


Qn°(Z) = (S' - l) iS 


d’PM 

dp ’ 

d*Qn( 0 

dp ‘ 






fn S (OY (P-1)’ 
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(4) 

( 6 ) 

.(6) 


1 p » / <p d>Qn s (£) dPn (X) n 8 ( < f\ ( N»+i ( ,l “h s) - 1 /*r\ 

whence WC)-^ ^ - Q»* (0 = (-)* +1 pZT r • -( 7 ) 


dZ 


(n — s) 1 p 


As examples we may take the case of an ovary ellipsoid moving parallel 
to an equatorial axis, say that of y, or lotating about this axis 

1°. In the former case, the surface-condition is 

ty = _ v^H. 

3? 3£ ’ 

for £= p, where V is the velocity of translation, or 

If— ’ r (r.^3y (1 -' 1 ' , ‘ C08 "' 

This is satisfied by putting n = 1, s = l, m (2), viz 
<f>= A (1 (p -1)4. log ^ 


COS 0), 


•(«) 


(y> 


the constant A being given by 


A. Ulog 


.(10) 


£<> h 1 _ p 2 2 1 _jj.Tr 

p-i p(r« 3 -i)i 

2". In the case of rotation about Oy, if il y be the angular velocity, we 
must have 

ip f dl , * 


for £ = f 0 or 


dcj>_ 


3? 


= m„ 


1 


ar 

Putting rc = 2, ,s = 1, in the formula (2) we find 


)jl (1 — /j?f sin ai (11) 

i i 

sin (i>, ..(12) 


?+1 -3- 1 


<* = (l - //)* (P - jir log ffj ~ r _ 1 

A being determined by comparison with (11). 
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107 When the ellipsoid is of the oblate or f planetary 5 form, the 

appropriate co-ordinates are given by 

x—k cos 6 sinh y = k /zf, y = ts cos co, z = w sin co, 

wheie w = k sin 6 cosh y — k (1 — (f 2 -f 1)K 

Here f may range from 0 to oo (or, in some applications from — oo through 
0 to + oo ), whilst fi lies between + 1 The quadrics f= const, = const 
are planetary ellipsoids, and hyperboloids of revolution of one sheet, all 
having the common focal circle x = 0, = k. As limiting forms we have the 

ellipsoid f = 0, which coincides with the portion of the plane x = 0 for which 
vr < k, and the hyperboloid fi = 0 coinciding with the remaining portion of 
this plane 

With the same notation as before we find 



k=&(y 

I + 
\ -e 

) 8* 


% 


-m 2 )H£ 2 + 1) J ; 







(2) 

and the equation 

of continuity becomes 




hi 

(1- 



}+ 

£ 2 + /* 2 
(i -/*»)(£* 

^ = 0 

+■ 1) 0a> 2 ’ 

- h' 



. i _3 2 i = _ 

1 — /x 2 3o) 2 

*1 


, 1 ^ /o\ 

+ ^ + 19^ - (,3) 


This is of the same form as Art 103 (4), with m place of £ and the like 
correspondence will run through the subsequent formulae 


and 

where 

and 


In the case of symmetry about the axis we have the solutions 

4>=P n O) . p n (f), 

?»(£”)> 




t n , n(n-l) 

4 2(2«-l) 4 


?n 


(O=Pn(0f 


n(n- 1) (n - 2) (» - 3) 

2 4(2n — l)(2n — 3) i ' 






?? 1 


'1 3 5 .. (2» + l) 


y-n-1 _ ( n + 1 )( ft +2) 

4 2 (2n +~ 3) 4 


, O 1 + 1 ) (n + 2) (n + 3) (n + 4) ^_ n _ B 
2 4(2n + 3)(2w + 5) 4 


(4) 

.(5) 


.( 6 ) 


•}. 0 ) 
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107-108] Formulae for Planetar y Ellipsoid 

the latter expansion being however convergent only when f > 1*. As before, 
the solution (4) is appropnate to the region included within an ellipsoid of 
the family £= const , and (5) to the external space. 


We note that p n ( ?) 


dq n (0 dp n (t) 


d? 


d? 


IX) £2 _j. 1 


.. ( 8 ) 


As particular cases of the formula (7) we have 

So (?) = cot" 1 ?, ft (?) = 1 - ? cot" 1 ?, 
ft (?) — i (0? 2 + 1) cot -1 ?— f?. 

The foimulae for the stream-function corresponding to (4) and (5) are 

( 9 ) 




and 


'\jf = 


& 


if 
i?» If) 


— (f 2 +l) 

w(ft+l) v J d/jb if 


.. .( 10 ) 


108 1° The simplest case of Art 107 (5) is when w = 0, viz. 

</> = A cot~ 3 f, (1) 

where f is supposed to range from — oo to + * The formula (10) of the 

last Art then assumes an indeterminate form, but we find by the method 
of Art 104, 

'vjr = Akju ( 2 ) 

This solution represents the flow of a liquid through a circular aperture m 
an infinite plane wall, viz the apertme is the portion of the plane yz for 
which 'sr < h The velocity at any point of the aperture (f = 0) is 

1 H ~ A 

U '57 0'C7 (fc‘ 2 — 3J 2 )* S 

since, when x = 0, k/j, = (A 3 — tsT 2 )* The velocity is therefore infinite at the 
edge. Compaie Art 102, 3°. 

2° Again, the motion due to a planetary ellipsoid (f=f 0 ) moving with 
velocity U parallel to its axis m an infinite mass of liquid is given by 

Cj> = Am (1 - ? cot- 1 ?), f = %Ak (1 - P? ) (?“ + 1) L ^ J - cot-' ? j- , . . .(3) 

where A = — k U — \ ~ cot -1 ? 0 | . 

Denoting the polar and equatorial radii by a and c, and the eccentricity 
of the meridian section by e, we have 

a = Afo, c = k (f 0 2 + J )* 6 « (f 0 2 + 


* The readei may easily adapt the demonstrations referred to m Art. 104 to the present case 
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In terms of these quantities 

A = — Uc — - (1 — 6 2 )* — ~ sin- 1 ej .... (4) 

The forms of the lines of motion, for equidistant values of are shewn 
below Cf Art 71, 3° 



The most interesting case is that of the circular disk, for which e = l, 
and A = 2Uc/tt The value of <£ given m (3) becomes equal to ± A/x, or 
± A (l - 'zb- 2 / c 2 )^, for the two sides of the disk, and the noimal velocity 
to + U. Hence the formula (4) of Art 44 gives 

2T=%pc'U\ ( 5 ) 

as m Art. 102 (20). 
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109 The solutions of the equation Art. 107 (3) in tesseral harmonics 


are 

</> = P„ s (» Pn S {Z) g°n} s "’ ' " ' 

(1) 

and 

4 b = P n s (n) q n *(Z) ^j*®, • • • 

- .(2) 

where 

Pn S (Z)=(Z> + l) isdSp ^,- 

• (3) 

and 

qnU.Z) = (Z i + lf dl ~p, 



-syOl+A' r s a) r dZ 

K } (»-«)> p ‘ l { ) if {p/(0} 2 (r a +D' '■ 

.. (4) 


These functions possess the property 


P* 




B (D 


dZ 


dpn (Z) n 
dz qn 


{Z)=(-y +i 


(n + s ) 1 1 

(»- *)!£* + 1 


.(5) 


We may apply these results as in Art 108 


1° For the motion of a planetaiy ellipsoid (f= £ 0 ) paiallel to the axis 
of y we have ?? = 1, 5 = 1, and thence 

cf> = A (1 - fj/f (£ J 4- 1 y - cot-* 1 cos oo, (6) 

with the condition |—= — , 

0£ 

for f = f 0 , V denoting the velocity of the solid This gives 

m 

In the case of the disk (f 0 = 0), we have A = 0, as we should expect 

2° Again, for a planetary ellipsoid rotating about the axis of y with 
angular velocity fl ?/J we have, putting n = 2, 5 = 1, 

$ = 4/U (1 - ^ (r j + l) 4 ^cot- 1 f-34-^ 1 jj sin ®, ...(3) 

with the surface condition 

d<fi _ n / dx dz\ 

dZ~~ v VdZ~ x dZl 

h“Cly . . 

— (fj+l)> 


....( 9 ) 
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For the circular disk (f 0 = 0) this gives 

•§7r A — — 1c 2 [ly (10) 

At the two surfaces of the disk we have 

</> = + 2Apb (1 — sin. co, ~ = + Ally (1 — /^ 2 ) i sm g>, 
and substituting m the formula 

2T = — p JJ 'ujd'&dco, 

we obtain 2T — -Jf pc 5 . Cl 2 y (11) 


110 In questions relating to ellipsoids with three unequal axes we may 
employ the more general type of Ellipsoidal Harmonics, usually known by the 
name of ‘Lame s Functions* ’ Without attempting a formal account of these 
functions, we will investigate some solutions of the equation 

V 2 4> = 0, (1) 

in ellipsoidal co-ordmates, which are analogous to spherical harmonics of the 
first and second orders, with a view to their hydrodynamical applications. 

It is convenient to prefix an investigation of the motion of a liquid 
contained m an ellipsoidal envelope, which can be treated at once by 
Cartesian methods 


Thus, when the envelope is m motion parallel to the axis of x with 
velocity 17, the enclosed fluid moves as a solid, and the velocity-potential is 
simply cj> = — Ux 


Next let us suppose that the envelope is rotating about a principal axis 
(say that of x) with angular velocity fl*,. The equation of the surface being 


the surface condition is 


x 2 y 2 z 2 

— + ~ , 
d 2 b 2 & 


1 , 


..( 2 ) 


xdcfr y d<f> z dcj> 
a f dx b 2 3 y c 2 3 z 


+ x y 


We therefore assume <j> = Ayz, which is evidently a solution of (1), and 
obtain, on determining the constant by the condition just written, 




<#>=- 


b 2 — c 2 
6 2 + c 3 


n x . yz. 


Hence, if the centie he moving with a velocity whose components arc 


* See, for example, Ferrers, Sphencal Ha) monies, c vi , W D Niven, “On Ellipsoidal 
Harmonics,’ 5 Phil, Tians , A. t clxxxn (1891); Pomeard, Figuies d’Jtlquilibre d'une Masse Fluide , 
Pans, 1902, c vi An outline of the theory is given by Wangerm, Ic ante , p 102 
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U, V, W and if fig., fl y , fl 2 be the angular velocities about the principal axes, 
we have by superposition* 


cj) = — Ux—Vy — Wz - 


b 2 — c 2 
b 2 + & 


„ c 2 - a 2 0 a 2 ~ 6 3 


(l z xy. . .(3) 


We may also include the case where the envelope is changing its form 
as well as position, but so as to remain ellipsoidal. If the axes are changing 
at the rates a, b, c, respectively, the general boundary condition, Art 10 (3), 
becomes 


o 3 c 3 


cl 2 dx b 2 3 y c 2 3# 


(4) 


which is satisfied f by 



• • (5) 


The equation (1) requires that 


a 

a 


be * 

+ 7 + ~ 

0 c 


. ( 6 ) 


which is m fact the condition which must be satisfied by the changing 
ellipsoidal surface m order that the enclosed volume ($? rabc) may be constant. 


Ill The solutions of the coi responding problems for an infinite mass 
of fluid bounded internally by an ellipsoid involve the use of a special system 
of orthogonal curvilinear co-ordinates 

If x , y, z be functions of three parameters X, /jl, v, such that the surfaces 

X = const, fj> = const, z> = const (1) 

are mutually orthogonal at their intersections, and if we write 



* This result appeals to have been published independently by Beltrami, Bjerknes, and 
Maxwell, m 1873 See Hicks, “ Report on Recent Progress m Hydrodynamics,” Brit Ass. Rep , 
1882 

f Bjerknes, “ Verallgememerung des Problems von den Bewegungen, welche m emer 
ruhenden unelastischen Flussigkeit die Bewegung ernes Ellipsoids hervorbringt, ” Gbttinger 
Nachrichten, 1873 
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the direction-cosines of the normals to the three surfaces which pass through 
(«, y z) will be 



h a - 
,h d\’ hl dx 


1 dx dy 

OfJb O/jL 






( 3 ) 


respectively It follows that the lengths of linear elements diawn m the 
directions of these normals will be 


3x/h 1} SfuJIu, &//A,. 


Hence if <j> be the velocity-potential of any flmd motion, the total flux 
into the lectangular space included between the six surfaces X ± p± 
v ± will be 


3 /\ d(f> S/6 8v 

fa\ J dx‘h~, J 3 



A 2 


3 <j) $V S\\ ^ 0 

3fi ho hj) dv 




8v 


It appears from Art 42 (3) that the same flux is expressed by V 2 <£ multiplied 
by the volume of the space, ».e by Hence* 



Equating this to zero, we obtain the general equation of continuity in 
orthogonal co-ordinates, of which particular cases have already been investi- 
gated in Arts 83, 103, 108 


The theory of triple orthogonal systems of surfaces is very attractive 
mathematically, and abounds m interesting and elegant formulae We may 
note that if X, /*, v be regarded as functions of x, y, z, the direction-cosines of 
the thiee lme-elements above considered can also be expressed in the forms 


/I 3X 

id\ 

1 3A\ 

(1 ht 

1 3 /x 1 0/A 

(i dv 

1 3v 1 dv\ 

• jij dx ’ 

K 3 y ’ 

A, dz) ’ 

\h 2 dx 9 

A 2 dy 9 h 2 3z ) 9 

\lhdx’ 

h s dy‘ hfdz) 


from which, and from (3), various inteiesting relations can be inferred The 
formulae already given aie, however, sufficient for our present purpose 

112 . In the applications to which we now proceed the triple orthogonal 
system consists of the confocal quadrics ° 


y 2 z 2 

a? + Q + W+6 + c 2 + 6 ~ 1 = ‘ • t 1 ) 

* The above method was given m a paper by W Thomson, “ On the Equations of Motion of 
Heat referred to Curvilinear Co-ordinates," Camb Math Journ , t iv (1843) [Math and Phv, 
Papei s, t i p 25] Eeferenoe may also be made to Jacobi, “ XJeber erne particular Losung der 
paitiellen Differentialgleicbung ,"Cielle,t xxxvi (1847) [ft'eike, t u p 198] 

The transformation of V 2 0 to general oithogonal co-ordinates was first effected by Lame “Sui 
les lois de lAqmhbre du flrnde 6th&d,” Journ de VlZcoh Polyt , t xiv (1834) See also from 
bW leb Gooi clonnees Cwvilignes, Pans, 1859, p. 22. ' 
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whose properties are explained m books on Solid Geometry. Through any 
given point (so, >/, z) there pass three surfaces of the system, corresponding 
to the three roots of (1), considered as a cubic in 8. If (as we shall for the 
most part suppose) a>b>c, one of these roots (A, say) will lie between oo 
and — c 2 , anothei (/i) between - c 2 and - b 2 , and the third (v) between - b 2 
and — a 2 The sui faces A, y, v are therefore ellipsoids, hyperboloids of one 
sheet, and hypeiboloids of two sheets, respectively 


It follows immediately from this definition of A, p, v, that 


x ' 2 , J f , _ (X - 0) (p - 8) (y - 8) 

a 2 + d' r 6 2 + 6»' r c J + 6» (a 2 + 0) (b‘ 2 + 8) (c- + 8)’ " ' { ) 

identically, for all values of 8 Hence multiplying by a 2 + 8, and afterwards 
putting 8 = — a. 2 , we obtain the first of the following equations . 


These give 


„, 2 _ (a 2 + X ) (« 2 + fj) ( a 2 + v) 

(a 2 —~b 2 ) (a 2 — c 2 ) ’ 

a = (& 2 + X) (b° + fj) (b 2 + v) 

J ( b 2 - c 2 ) (6 2 - a 2 ) 

a = ( c ~ + x ) (° 3 + Ip (c- 1 + v ) 

(c 2 — a 2 ) (c 2 — b' 2 ) 

— =1 — i * 

SA *a 3 + A’ 0A a & 2 + A’ 3A *c 2 + A ’ 


... . (3) 


...(4) 


aud thence, m the notation of Art 111 (2), 

1 _ i f so 2 y' 1 i z 2 ) / — \ 

V “ * ((a 2 + A) 2 + (b 2 + A) 2 + (?+xy f • • • • ( 5 ) 

If we diffeientiate (2) with lespect to 8 and afterwards put 8 - A, we deduce 
the first of the following three relations 


i.. 4 (a 2 + A)(l > 2 + A) (o 2 + A) ) 

1 (A-/*)(X-v) _ ’ 

2 _ ,, + /*) (& 2 -i /*) (c 2 + n) , n 

K -*^fr-yjG=vr~ ■ (6) 

i J = 4 , ( a ° + v ) (& 2 + y) {o‘ 2 + v) 

(v-X)(v-y) J 

The remaining iclations of the sets (3) and (6) have been written down from 
symmetry* 


* It will be noticed that 7q, h 2) are double the perpendiculars from the origin on the 
tangent planes to the three quadrics X, /q v. 
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Substituting in Art. Ill (4), we find* 
4 


V 2 <£ = - 


(fi -v)(v- X) (X - f) 


o - v) j(a 2 + X)i ( b 2 + Xf (c 2 + xy 


+ (v - X) \ (a 2 + fx)i ( b 2 + f)i (c 2 + m) 4 


4- (A — f) -j(a 2 + v)i ( b - + 1 >) 4 (c 2 + v)i 


l 

dX 

d 

0/X 






113 The particular solutions of the transformed equation V 2 <£ = 0 which 
first present themselves are those m which cj> is a function of one (only) of 
the variables X, fju, v Thus <j> may be a function of X alone, provided 

(a 2 + X)* ( b 2 + X)* (c 2 + X)* “ = const., 

whence = C J ... . (1) 

if A=={(a 2 + X)(& 2 + X)(c 2 4-X)}^, ... . (2) 

the additive constant which attaches to <fi being chosen so as to make <j> 
vanish for X = oo 


In this solution, which corresponds to cf> = A/r m spherical harmonics, 
the equipotential surfaces are the confocal ellipsoids, and the motion in the 
space external to any one of these (say that for which X = 0) is that due to a 
certain arrangement of simple sources over it. The velocity at any point is 
given by the formula 




. . ( 8 ) 


At a great distance from the origin the ellipsoids X become spheres of 
radius X^, and the velocity is therefore ultimately equal to 2 C/r 2 , where r 
denotes the distance from the origin Over any paiticular equipotential 
surface X, the velocity varies as the perpendicular from the centre on the 
tangent plane 

To find the distribution of sources over the surface X = 0 which would 
produce the actual motion m the external space, we substitute for <f> the 
value (1), m the formula (11) of Art 58, and for <// (which refers to the 
internal space) the constant value 



* Of Lam4, “Sur les surfaces isothermes dans les corps solides homogSnes en 6quilibre de 
temperature, 35 Liouville , t n (1887). 
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The formula referred to then gives, for the surface-density of the required 
distribution, 



( 5 ) 


The solution (1) may also be interpreted as representing the motion due 
to a change m the dimensions of the ellipsoid, such that the surface remains 
similar to itself, and retains the directions of its principal axes unchanged 
If we put 

a/a = b/b = c/c, = k, say, 
the surface-condition Art 110 (4) becomes 

— dcfrldn = \kh x , 

which is identical with (3), if we put G = \kabc 


A particular case of (5) is where the sources are distributed over the 
elliptic disk for which X = — c 2 , and therefore z 2 = 0 This is important in 
Electrostatics, but a more interesting application from the present point of 
view is to the flow through an elliptic aperture , viz if the plane xy be 
occupied by a thin rigid partition with the exception of the part included by 
the ellipse 


we have, putting c = 0 in the previous formulae, 

, ___ A [ x _ dX 

$ + Jo (tf + xf (b + xfx*’ 

where the upper limit is the positive root of 

x 2 if z 2 _ j 

a? + X b 2 + X X 


..( 6 ) 

CO 


and the negative or the positive sign is to be taken according as the point 
for which <f> is required lies on the positive or the negative side of the plane 
xy The two values of </> arc continuous at the aperture, where X = 0 As 
before, the velocity at a great distance is equal to 2 Ajr'\ nearly For points 
in the aperture the velocity may be found immediately from (6) and (7), thus 
we may put 


8n = z=X* 





2 AX* 
ab ’ 


approximately, since X is small, whence 

dn ab V 


x 2 y 2 \”* 
a? by 


( 8 ) 


This becomes infinite, as we should expect, at the edge. The particular case 
of a circular aperture has already been solved otherwise in Arts. 102, 108 
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114. We proceed to investigate the solution of V 2 ^> = 0, finite at infinity, 
which corresponds, for the space external to the ellipsoid, to the solution 
</>=& for the internal space Following the analogy of spherical harmonics 
we may assume for trial 


which gives 


<t> = xx, 

v ^ + i I- 0 ’ 


( 1 ) 

•( 2 ) 


and inquire whether this can be satisfied by making ^ equal to some function 
of X only On this supposition we shall have, by Art 111, 

^X 7. dx i 

dx ^dX h dX ’ 


and therefore, by Art 112 (4), (6), 


-?X = 4, + x )( ° 2 + x ) dx 

xdx (X — /a) (X. — v) d\ 


On substituting the value of V 2 ^ in terms of X, the equation (2) becomes 
{(<* a + X)i (6 2 + X)i (c* + X)i A J' 2 % = -(6 2 + X) (c 2 + X) 
which may be written 

HenCe X ~ C L. (« i + X)4(6 a ’+X)l(c 7 +X)i’ 

the arbitrary constant which presents itself m the second integration being 
chosen as before so as to make % vanish at infinity. 


The solution contained m (1) and (3) enables us to find the motion of a 
liquid, at rest at infinity, produced by the translation of a solid ellipsoid 
through it, parallel to a principal axis. The notation being as before, and 
the ellipsoid 


x 2 y 2 z 2 

— I- — -4- = i 

a 2 “^> c 2 x 


• w 


being supposed in motion parallel to x with velocity U, the surface- 
condition is 


0</> jj dx 

sx“ u dx > 


for X = 0 


.( 5 ) 


Let us write, for shortness, 
dX 


a 0 = abc 


l'(a-VkjA- A " **’/.' 


dX 


(S 2 + X)A’ 


7o 


= abc f° 
J 0 


dx 


(c 2 + A.) A ’ 


( 6 ) 
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114 ] Translation of an Ellipsoid 

where A = {(a 2 + X) (& 2 + A) (c 2 + X)}* , (7) 

it will be noticed that these quantities a 0 , /3 0 , 7 0 are purely numerical The 
conditions of our problem are satisfied by 

, n f°° dX 

♦‘H (* + 53a < 8 > 

piovided C= U. . .(9) 

2-«„ w 

The coriespondmg solution when the ellipsoid moves parallel to y or z 
can be written down from symmetry, and by superposition we derive the 
case where the ellipsoid has any motion of translation whatever*. 

At a great distance from the origin, the formula (8) becomes equivalent to 

4>=t<V> (10) 

which is the velocity-potential of a double source at the origin, of strength 
§7 t( 7, or 

I o 17 „ ^cU, 
l — a () 

compare Art 92 

The kinetic energy of the fluid is given by 

where l is the cosine of the angle which the normal to the surface makes 
with the axis of x. Since the latter integral is equal to the volume of the 
ellipsoid, we have 

2T= 2~a 0 ** ahG P U 2 0 - 1 ) 

The inertia-coefficient is therefoie equal to the fraction a 0 /(2 — a 0 ) of the 
mass displaced by the solid For the case of the sphere (a~b~ c) we find 
«o = f j this makes the fraction equal to in agreement with Art. 92 If 
we put & = c, we get the case of an ellipsoid of revolution, including (for a = 0) 
that of a circular disk The identification with the results obtained by the 
methods of Arts 105, 106, 108, 109 for these cases may be left to the reader 

* This problem was first solved by Green, “Researches on the Vibration of Pendulums m 
Fluid Media,” Tram 11 S ICdin , 1S33 [Math Papeis, p 315] The investigation is much 
shortened if we assume at once from the Theory of Attractions that (S) is a solution of VV = 0, 
being m fact (except for a constant factor) the ^-component of the attraction of a homogeneous 
ellipsoid at an external point. 


10 — 2 
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115 We next inquire whether the equation V 2 <£ = 0 can he satisfied by 

<t> = yzX> •• • • • (!) 

where % is a function of A only. This requires 

v>* + 2 |* + ?f«_o ...(2) 

A ydy z dz 

Now, from Art. 112 (4), (6), 


2 9% + 2 92i: = 
ydy z dz 


_2 + 

ftl ^3A s 3 aM 


= 4 


(a 2 + A) (o' 2 + A) (c 2 + A) ( 1 


(A — /a) (A — r) 

On substitution m (2) we find, by Art. 112 (7), 

• M- 


U 2 + A + 


1 

c 2 + X/ riX 


whence 


A log {(«• + X)* (W + X)* ( 0 = + X). —tfr x - ~- x , 

dX 


X 


1* 00 

-0 

J A 


(6 2 -f A) (c 2 + A) A ’ 
the second constant of integration being chosen as before 


(3) 


For a rigid ellipsoid rotating about the axis of x with angular velocity 


11®, the surface-condition is 


dcf) __ 


ax 


-a. 


dy 


dz' 


for X = 0 Assuming * 


<t> = Oyz J ^ 


SA * 3A. 


dX 


i \ ( b 2 + A) (c 2 + A) A ’ 
we find that the surface-condition (4) is satisfied, provided 


(4) 


(5) 


G 


or 


ctf> J c 3 

0 = 




' 1 , 1\ 7o zJk _ 
6 2 c 2 / abc (6 2 — c 2 ) 

(J 2 - c 2 ) 2 


■ abcO x . 


( 6 ) 


2(b 2 -c 2 ) + (b 2 + c 2 )(j3 0 -yf 

The formulae for the cases of rotation about y or z can be written down from 
symmetry f 

* The expression (5) differs only by a factor from 

y Tz~ Z Ty’ 

where <£> is the gravitation-potential of a uniform solid ellipsoid at an external point (x, y, z) 
Since V 2 $ = 0 it easily follows that the above is also a solution of the equation V 2 0 = O 

t The solution contained m (5) and (6) is due to Clebsch, “Ueber die Bewegung ernes 
Ellipsoides m emer tropfbaren Flussigkeit,” Grelle, tt In , lm (1856—7) 
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The formula for the kinetic energy is 

!T “- '-//+!-*» 

f 00 d\ f f 

if (l, m, n) denote the direction-cosines of the normal to the ellipsoid The 
latter integral 

= ffj (y 2 — z J ) dxdydz = j(b 2 — c~) $7 rabc 


Hence we find 

9/77 t __ (6 2 — C 2 ) 2 (r yo — /3 0 ) 

7 2 (6‘ 2 - c 2 ) + (6 2 4* c 2 ) (/3 0 — y 0 ) 


1 7 rabcp . ilj 


•00 


The two remaining types of ellipsoidal harmonic of the second order, finite at the origin, 
are given by the expression 


x l 


y‘L +- z f _i 

W + 6^#+6 ’ 


• (8) 


where 6 is either root of ~ + — + ^ - ft ■ ( 9 ) 

this being the condition that (8) should satisfy v 2 </> = 0 

The method of obtaining the corresponding solutions for the external spaco is explained 
m the treatise of Ferrers These solutions would enable us to express the motion produced 
m a surrounding liquid by variations m the lengths of the axes of an ellipsoid, subject to 
the condition of no variation of volume . 


<t/a+b/b + e/c = 0 . (30) 

We have already found, m Art 113, the solution for the case whore the ellipsoid expands 
(or contracts) remaining similar to itself , so that by superposition we could obtain the 
case of an nitei nal boundary changing its position and dimensions m any manner what- 
ever, subject only to the condition of remaining ellipsoidal This extension of the results 
arrived at by Green and Olebsch was fiist treated, though in a different manner from 
that here indicated, by Bjerknes* 

116 The investigations of this chapter have related almost entirely 
to the case of spherical or ellipsoidal boundaries It will be understood 
that solutions of the equation V 2 <£ = 0 can be carried out, on lines more 
or less similar, which are appropnatc to other forms of boundary The 
surface which comes next m interest, from the point of view of the present 
subject, is that of the anchoi-rmg, or ‘torus', this case has been very ably 
treated, by distinct methods, by Hicks, and Dyson f We may also refer to 
the analytically remarkable problem of the spherical bowl, which has been 
investigated by Basset j. 


* l c ante p. 141 

t Hicks, “On Toroidal Functions,” Phil Tunis., 1881, Dyson, “On the Potential of an 
Anchor-King,” Phil Tunis., 1893, see also 0. Neumann, l c ante p 126. 

X “On the Potential of an Electrified Spherical Bowl, &c.,” Proc. Lond Math . Soc t. xvi 
(1885), Hydrodynamics, t i p 149. 



CHAPTER VI. 


ON THE MOTION OF SOLIDS THROUGH A LIQUID 
DYNAMICAL THEORY. 


117 In this Chapter it is proposed to study the very interesting 
dynamical problem furnished by the motion of one or more solids in a 
fnctLonless liquid The development of this subject is due mainly to 
Thomson and Tait* and to Kirchhoff f . The cardinal feature of the methods 
followed by these writers consists m this, that the solids and the fluid 
are treated as forming one dynamical system, and thus the troublesome 
calculation of the effect of the fluid pressures on the surfaces of the solids 
is avoided 

To begin with the case of a single solid moving through an infinite mass 
of liquid, we will suppose in the first instance that the motion of the fluid is 
entirely due to that of the solid, and is therefore irrotational and acyclic 
Some special cases of this problem have been treated incidentally in the 
foiegoing pages, and it appeared that the whole effect of the fluid might be 
represented by an addition to the inertia of the solid The same result will 
be found to hold in general, provided we use the term ‘ inertia ’ in a somewhat 
extended sense. 

Under the circumstances supposed, the motion of the fluid is characterized 
by the existence of a single-valued velocity-potential <j> which, besides 
satisfying the equation of continuity 

V3( £ ==0 > .(i) 

fulfils the following conditions (1°) the value of -dfi/dn, where Sn denotes 
as usual an element of the normal at any point of the surface of the solid, 
drawn on the side of the fluid, must be equal to the velocity of the surface 
at that point normal to itself, and (2°) the differential coefficients defr/dx, 

to liters 1 FMlOSOphy ’ Alt 320 Sequent investigations by Lord Kelvin will be referred 

[»« 2 ’ ‘p at “ ““ ‘ Pm > 
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dcj>/dy, d<j>/dz must vanish at an infinite distance, m every direction, from the 
solid The latter condition is rendered necessary by the consideration that 
a finite velocity at infinity would imply an infinite kinetic energy, which 
could not he generated by finite forces acting for a finite time on the solid 
It is also the condition to which we are led by supposing the fluid to be 
enclosed within a fixed vessel infinitely large and infinitely distant, all round, 
from the moving body For on this supposition the space occupied by the 
fluid may be conceived as made up of tubes of flow which begin and end on 
the surface of the solid, so that the total flux across any area, finite or 
infinite, diawn m the fluid must be finite, and therefore the velocity at 
infinity zero 

It has been shewn in Art 41 that under the above conditions the motion 
of the fluid is determinate. 


118 In the fuither study of the problem it is convenient to follow the 
method introduced by Euler in the dynamics of rigid bodies, and to adopt a 
system of rectangular axes 0x } Oy, Oz fixed m the body, and moving with it. 
If the motion of the body at any instant be defined by the angular velocities 
p , q, r about, and the translational velocities u, v, w of the origin parallel 
to, the instantaneous positions of these axes*, we may write, after Kirchhoff, 

< f i> = 4- v<j>2 4- w<jE> 8 4- px 1 4- qxz 4- rxn, (2) 

where, as will appear immediately, <j> 1} </> 2 , %i> % 2 , %3 are certain functions 

of x, y, z determined solely by the configuration of the surface of the solid, 
relative to the co-ordinate axes In fact, if l, m, n denote the direction-cosines 
of the normal, drawn towards the fluid, at any point of this surface, the 
kmematical surface- condition is 


0</>_ 
dn ' 


*l(u + qz - 1 y) 4 - m (v 4 - rx - pz) 4 - n (w 4 -py - qx\ 


whence, substituting the value (2) of </>, we find 

_ ___ 


. Hi __ 7 

dn 7 dn 

dn~ ny mZ ’ dn 


m, 

= Iz — nXy 


=«, 

on 


.hot 

dn 


— mx — ly 


..(3) 


Since these functions must also satisfy (1), and have their derivatives zero at 
infinity, they are completely determinate, by Art. 41 f. 


* The symbols u , v, iv, jp, q , ? aic not at present required in their former meanings 
t Foi the particular case of an ellipsoidal surface, their values may be written down from 
the results of Arts 114, 115. 
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119 Now whatever the motion of the solid and fluid at any instant, it 
might have been generated instantaneously from rest by a properly adjusted 
impulsive ‘wrench' applied to the solid This wrench is m fact that which 
would be required to counteract the impulsive pressures p<j> on the suiface, 
and, m addition, to generate the actual momentum of the solid It is called 
by Lord Kelvin the ‘ impulse ’ of the system at the moment under con- 
sideration It is to be noted that the impulse, as thus defined, cannot be 
asserted to be equivalent to the total momentum of the system, which is 
indeed m the present problem indeterminate* We proceed to shew 
however that the impulse varies, m consequence of extraneous forces acting 
on the solid, m exactly the same way as the momentum of a finite dynamical 
system. 

Let us m the first instance consider any actual motion of a solid, from 
time t Q to time t 1} under any given forces applied to it, m a finite mass 
of liquid enclosed by a fixed envelope of any form. Let us imagine the 
motion to have been generated from rest, previously to the time t Q , by forces 
(whether continuous or impulsive) applied to the solid, and to be arrested, m 
like manner, by forces applied to the solid after the time t x . Since the 
momentum of the system is null both at the beginning and at the end of this 
process, the time-integrals of the forces applied to the solid, together with 
the time-integral of the pressures exerted on the fluid by the envelope, must 
form an equilibrating system The effect of these latter piessures may be 
calculated, by Art. 22, fiom the formula 

f+m a) 

A pressure uniform over the envelope has no resultant effect , hence, since 
is constant at the beginning and end, the only effective part of the integral 
pressure Jpdt is given by the term 

-\pStfdt (2) 

Let us now revert to the original form of our problem, and suppose the 
containing envelope to be infinitely large, and infinitely distant in every 
direction from the moving solid. It is easily seen by considering the 
arrangement of the tubes of flow (Art 36) that the fluid velocity q at a great 
distance r from an origin in the neighbourhood of the solid will ultimately 
be at mostf, of the order 1/r 1 2 , and the integral pressure (2) therefore of the 
order 1/r 4 . Since the surface-elements of the envelope are of the order r-’Sw 
where W is an elementary solid angle, the force- and couple-resultants of 
the integral pressure (2) will now both be null The same statement 


1 It* ’ th ® i att ® m P t t0 calculate it leads to ‘improper’ or ‘indeterminate’ integrals 

t It is really of the order l/r» when, as m the ease considered, the total flux outwards is zero 
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therefore holds with regard to the time-integral of the forces applied to’ 
the solid 

If we imagine the motion to have been started instantaneously at time 
t 0y and to be arrested instantaneously at time t lf the result at which we have 
arrived may be stated as follows * 

The ‘ impulse ’ of the motion (m Lord Kelvin’s sense) at time t x differs 
from the 4 impulse ’ at time t 0 by the time-integral of the extraneous forces 
acting on the solid during the interval t x — 

It will be noticed that the above reasoning is substantially unaltered 
when the single solid is replaced by a group of solids, which may moreover 
be flexible instead of rigid, and even when these solids are replaced by 
masses of liquid which are moving rotationally 


120 To express the above result analytically, let f, rj, £*, X, ja, v be the 
components of the force- and couple-constituents of the impulse, and let 
X, F, Z, L, M, N designate m the same manner the system of extraneous 
forces The whole variation of tj, f, X, y, v, due partly to the motion of the 
axes to which these quantities are referred, and partly to the action of the 
extraneous forces, is then given by the formulae f 




-jt=wy--vi; + rfj(,-~qv + L 3 
+p v _ r \ + jj£ 9 

dp ^ ^ 


...( 1 ) 


For at time tf-f 8t the moving axes make with their positions at time t 
angles whose cosines are 

(1, r8t, - q8t), (- r8t , 1, p8t), (q8t, -p8t, 1), 

lespectively Hence, resolving parallel to the new position of the axis of oo, 

% 4- 8% = £ 4- v r8t — £ ,q8t + X8t 

Again, taking moments about the new position of Ox, and remembering 
that 0 has been displaced through spaces u8t, v8t, w8t parallel to the 
axes, we find 

X -f 8X = X 4- v w8t — £ v8t + fx r8t — v.q8t + L8t 

These, with the similar results which can be written down from symmetry, 
give the equations (1) 


* ® lr W Thomson, 1 c ante p 30 The form oi the argument given above was kindly- 
suggested to the author by Piof Larmor 

+ Of Hayward, “On a Dnect Method of Estimating Velocities, Accelerations, and all 
similar Quantities, with respect to Axes moveable m any manner m space” Camb Turns , 
t x (1856) 



154 


Motion of Solids through a Liquid [chap, yi 

When no extraneous forces act, we verify at once that these equations 
have the integrals 

£ 2 + ? 7 2 -f f 2 = const., + + v£ = const , .. ..(2) 

which express that the magnitudes of the force- and couple-resultants of the 
impulse are constant 


121 It remains to express tj, X 3 v m terms of n, v, w , p , q , r. In 
the first place let T denote the kinetic energy of the fluid, so that 

st ~ <-/M^ « 

where the integration extends ovei the surface of the moving solid. 
Substituting the value of <f> from Art. 118 (2), we get 

2T = Am 2 + Bt) 2 + Cw* + 2A'vw + 2B 'wu + 2C'uv 


+ Pj>- + Q q s + Rr 2 4- 2P 'qr + 2QVp + 2R 'pq 


+ 2 p (F u + Gv 4- Hw) 4- 2 q (F'u 4- G'v + H'w) 4- 2r (F "u 4- G"v 4- H"w), 

•• • -( 2 ) 

where the 21 coefficients A, B, C, &e. are certain constants determined by 
the form and position of the surface relative to the co-ordinate axes Thus, 
for example, 


A = ~pjl& d -t d8 = P jj<t> ddS > 

A ' mM ~ ip IK^dt + ^) dS 


y 


( 3 ) 


= p 




’ = - p fjxi dS = p jjxi Oy - mz ) ds, 


the transformations depending on Art 118 (3) and on a particular case of 
Green s Theorem (Art 44 (2)) These expressions for the coefficients were 
given by Kirchhoff. 


The actual values of the coefficients m the expression for 2T have been found in the 
preceding chapter for the case of the ellipsoid, viz we have from Arts 114, 115 


A= 


a o 

2-a 0 


^ 7rpabc , 


p _ jl (6 2 — c 2 ) 2 (yp — ffo) 

5 2 (6 2 - c 2 ) + (6 2 + <?) Vo) 


S Trpabc , 


• G) 
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with similar expressions for B, C, Q, R The remaining coefficients, as will appear pre- 
sently, m this case all vanish We note that 


A _ -D 2 (fl Q — /3 q) 

(2 -a 0 )(2-ft>) 


\ Trpabc , 


so that if a>5>c, then A<B<C, as might have been anticipated 


(5) 


The formulae for an ellipsoid of revolution may be deduced by putting b-c, they may 
also be obtained independently by the method of Arts 104—109 Thus for a circular disk 
(a = 0, b—c) we have 

A, B, C-V 3 , 0, 0, P, Q, E=0, \\ P c* (6) 


The kinetic energy, Tj say, of the solid alone is given by an expression of 
the form 


2T X = m (u 2 + v 2 4 v/ 2 ) 


+ p i P 2 + Qi f + Ity* 2 4 2T l 'qr + 2Q x 'rp 4 2R x 'pq 
+ 2m {a (vr — wq) 4 ft (wp — ur) 4 y (uq ~ vp)} (7) 

Hence the total energy T-f T lt of the system, which we shall denote by T, is 
given by an expression of the same geneial form as (2), say 

2T = Au 2 4 Bv 2 4 Gw 1 4 2 A'vw 4 2B'wu 4 2 G'uv 


4- Pp 2 4 Qq 2 + Rf 1 4- 2 P'qr 4- 2 Q'rp 4- 2j R' pq 
+ 2p (Fu 4 -Gv + Hw) 4 2 q (. F'u 4- G'v + H'w) 4- 2 r (F"u 4 G"v 4 II" w), 

( 3 ) 

where the coefficients are printed in uniform type, although six of them have 
of course the same values as in (2) 


122 The values of the several components of the impulse in terms of 
the velocities u, v, w, p , q , r can now be found by a well-known dynamical 
method* Let a system of indefinitely great forces (X, 7, Z } L , AT, N) act 
for an indefinitely short time r on the solid, so as to change the impulse from 
(?> V > \ v) to (£4 rj 4 Stj } f 4 X 4 SX, /a 4 8/jl, v 4 Sv). The work 

done by the force X, viz 

| Xudt, 

J 0 

lies between uj Xdt and uA Xdt, 

J 0 Jo' 

where u x and u 2 are the greatest and least values of u during the time t, 
le it lies between ufit- and u 2 8% If we now introduce the supposition that 
$V> 8\, S/X) are infinitely small, u x and u 2 aie each equal to u, and 

the work done is u8£ In the same way we may calculate the work done by 
the remaining foices and couples The total result must be equal to the 

* See Thomson and Tait, Natural Philosophy, Ait 313, or Maxwell, Electricity and 
Magnetism, Part iv , c v 
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increment of the kinetic energy, whence 
u 8 % -f vSv) 4 w 8 £ 4pSA -l- qS/n 4* rSv 

d T 


zm dT dr. _^dT. , dT . , dr. 

= ST = — Su 4 — Sv 4 ^ Sw 4 ^ Sp 4 ^ Sq • 


du 


dv 


d w 


dr 


[chap. VI 


Sr. 


(i) 


Now if the velocities be all altered in any given ratio, the impulses will 
he altered in the same ratio. If then we take 


Su _ ^ __ __ Bp __ Sq ___ Sr __ ^ 

u v iu p q r 3 


it will follow that h 4 =^ = ¥=- = ^ = - = Jfc 

Substituting in (1), we find 
u% + w> 7 + w£ +p\ + gyr. + rv 


= M 


3Z 1 3T , 0T dT 

K I" V 75 h W 5 h p s h 

dtt on ow op 


dT dT 
^ dq+ r dr 


= 22 ’, 


.... ( 2 ) 


since T is a homogeneous quadratic function Now performing the arbitrary 
variation S on the first and last members of (2), and omitting terms which 
cancel by (1), we find 


%Su + 7 ]dv + £Sw + XSp + pdq + vSr = dT 

Since the variations du, dv, Sw, dp, dq, Sr are all independent, this gives the 
lequired formulae 


£ V , K = 


dT 

du’ 


dT 

dv’ 


dT 

dw’ 


\ P, 


dT 
dp ’ 


dT 

dq’ 


dT 

dr 


(3) 


It may be noted that since %, v, £, .. are linear functions of u, v, w, ... , 
the latter quantities may also be expressed as linear functions of the former, 
and thence T may be regarded as a homogeneous quadratic function of 
£ V , %> \ P , v. When expressed m this manner we may denote it by T\ 
The equation (1) then gives at once 

ud% + vdrj + wd% 4- pd\ + qdfi + rdv 


_dT' dT' ^r dr .dr , sr s 
~W^ + d^ v+ d%^ + ^\ Bx+ d^ S/i+ “07 ^ 


whence u, v,w = 


dr dr dr 


dr dr d r 


d% ’ dv’ dr p,q,r - d\’ ^7 


(4) 


These formulae are m a sense reciprocal to (3). 


We can utilize this last result to obtain, when no extraneous forces act, 
another integral of the equations of motion, m addition to those found m 
Art 120 Thus 
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dT 

dt 


.?££+ , +*£& , 

' dt + " +- -+ ax dt + - + " 


= U — 


dX 


dt + - + - ■+p di + - • + •••> 


which vanishes identically, by Art. 120 (1) Hence we have the equation 
of energy 

T = const (5) 


123 If in the formulae (3) we put, in the notation of Art 121, 

T= T + Tj, 

it is known from the dynamics of rigid bodies that the terms in T L lepresent 
the linear and angular momentum of the solid by itself. Hence the remaining 
terms, involving T, must represent the system of impulsive pressures exerted 
by the surface of the solid on the fluid, m the supposed instantaneous 
generation of the motion from lest 

This is easily verified For example, the ^-component of the above 
system of impulsive pressures is 

jjfitpldS = — ^ dS 

3rp 

= Au + C'v + B'w + Fp + F 'q -f F"r = g-, (6) 

by the formulae of Arts 118, 121. In the same way, the moment of the 
impulsive pressures about Ox is 


J pcf> (ny - ms) dS = - p Jj<f>^&dS 


= Fu+Gv + Hw + Pp + R'q + Q V = 


dT 

dp 


(?) 


124 


The equations of motion may now be written * 




d d T 

dT 

dr 




dtda ~ 

:r dv 

® dw 

+ X, 



d dT 

dr 

dr 




dt dv ~ 

:p dw 

V du 

+ Y, 



d dT 

dr 

dr 

-f z, 



dtdw 

® du 

~ p Tv 

d 

dr 

di 

dr 

dr 

dT 

di 

dp 

= W r- - 

dv 

v dw 

+ r^~ 
dq 

9. 

d 

d t 

dr 

dr 

, a r 

dr 

dt 

dq 

U dw 

w ~~ 

du 

+p di- 

r dp 

d 

di 

dr 

dr 

dr 

dT 

dt 

dr 

V du 

dv 

+q dp~ 

1 

oj>| 
SO 1 


\ 


y 


! 

/ 


( 1 ) 


* See Kirchhoft, Ic ante p 150, also Sir W Thomson, “Hydrokmetic Solutions and Obser 
vations,” Phil Mag , Nov. 1871 [reprinted m Baltimore Lectures , Cambridge, 1904, p 584] 
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If m these we write r=T + T 1; and isolate the terms due to T, 
we obtain expressions for the forces exerted on the moving solid by the 
pressure of the surrounding fluid , thus the total component (X, say) of the 
fluid pressure parallel to x is 


cZ 0T ST_ 0T 
dt du dv ® dw ’ 


( 2 ) 


and the moment (L) of the same pressures about x is* 


L = — 


d 3T , 0T ST 

dtdf + W di J~ V dw + r 


dT_ 0T 
dq ^ dr 


( 3 ) 


Foi example, if the solid be constrained to move with a constant velocity 
(it, v, w), without rotation, we have 


Ii, M, N = w 


9T 


X, Y, Z = 0, 

0T 3T 


0T 


dv dw ’ 


“ dw W du 


3T 0T 

v du u dv • 


(4) 


where 2T = Am 2 + Br 2 + Cw 2 + 2A'vw + 2B 'wu + 20' uv 

The fluid piessuies thus reduce to a couple, which moreover vanishes if 


8T 0T 0T 

du U ~dv V ~fa> W ’ 


i.e provided the velocity («, v, w) be m the direction of one of the princinal 
axes of the ellipsoid F P 

Ax 2 + By 2 + Cz 1 + 2A’yz + 2B'zx + 2C 'xy = const .... (5) 

Hence, as was first pomted out by Kirchhoff, there are, for any solid, 
three mutually perpendicular directions of permanent translation , that is 
to say, if the solid be set in motion parallel to one of these, without 
rotation, and left to itself, it will continue to move in this manner It 
is evident that these directions are determined solely by the configuration 
of the surface of the body It must be observed however that the impulse 
necessary to produce one of these permanent translations does not m general 
reduce to a single force , thus if the axes of co-ordinates be chosen, for 
simplicity, parallel to the three directions in question, so that A', B', G' = 0, 
we have, corresponding to the motion u alone, 

t y, Z = Au, 0, 0, A, y, v = Fu, F'w, F"u, 
so that the impulse consists of a wrench of pitch F/A 

With the same choice of axes, the components of the couple which is the 


* The forms of these expressions being known, it is not difficult to verify them by direct 
calculation from the pressure-equation, Art 20 (4) See a paper “ On the Forces experienced by 
a Solid moving through a Liquid,” Quart. Joum xix (1883). 
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equivalent of the fluid pressures on the solid, m the case of any uniform 
translation (it, v, w), are 


L, M, N=(B — C) VW, (C-A) IVU, (A-B) uv. 
Hence if m" the ellipsoid 


( 6 ) 


A ® 2 + B y 1 + Cz 2 = const , 


(?) 


we draw a ladius-vector r in the direction of the velocity (u, v, w) and erect 
the perpendicular h from the centre on the tangent plane at the extremity 
of r, the plane of the couple is that of h and r, its magnitude is proportional 
to sm(h, r)jh, and its tendency is to turn the solid in the direction from h to 
r ^us ^ hhe direction of (-it, v, w) diffeis but slightly from that of the 
of x, the tendency of the couple is to dimmish the deviation when A is the 


greatest, and to increase it when A is the least, of the three quantities A, B, C, 
whilst if A is intermediate to B and C the tendency depends on the position 
of r relative to the circular sections of the above ellipsoid It appears then 
that of the three permanent translations one only is thoroughly stable, viz. 
that corresponding to the greatest of the three coefficients A, B, C For 
example, the only stable direction of translation of an ellipsoid is that of its 
least axis ; see Art. 121 * 


125. The above, although the simplest, are not the only steady motions 
of which the body is capable, under the action of no extraneous forces. The 
instantaneous motion of the body at any instant consists, by a well-known 
theorem of Kinematics, of a twist about a certain screw; and the condition 
that this motion should be permanent is that it should not affect the 
configuration of the impulse (which is fixed m space) relatively to the body, 
-this requires that the axes of the sciew and of the corresponding impulsive 
wrench should coincide. Since the general equations of a straight line 
involve four independent constants, this gives four linear relations to be 
satisfied by the five ratios u : v w q r. Theie exists then for every 
body, under the circumstances here considered, a smgly-infimto system of 
possible steady motions 


The steady motions next in importance to the three permanent translations are those 
in which the impulse reduces to a couple The equations (]) of Art. 120 show that we 
may have f, rj, (= 0, and X, fi, v constant, provided 


\/p=lj./q = v/r, =1, say (]) 

If the axes of eo-oi dinatos have the special directions referred to in tho preceding Art , the 
conditions f, jj, f=(> give us at once u, v, w m terms of p, q, r, viz 


FppF'q+F"r 
A ' 


.. _ Gp±G’q+ 0"r 


Hp+F'q+II"r 

C 


* The physical eause of this tendency of a flat shaped body to set itself broadside-on to the 
relative motion is clearly indicated in the diagram on p 80 A number of interesting practical 
illustrations are given by Thomson and Tait, Ait 325. 
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Substituting these values m the expressions for X, /x, v obtained from Art 122 (3), we find 


provided 

the coefficients m 


00 3 © 30 

dq’ dr ’ 

20 (p, q, r)-^p* + ^q*+1&r*+2Wqr+2<®ip + 21& , pq> 
this expression being determined by formulae of the types 

G'G" H’K" 

~B O' 


. P El-E 

A B 


E! a w -p> F ' F " 
' G ’ 43 - A 


( 3 ) 

( 4 ) 


(5) 


These formulae hold for any case in which the force-constituent of the impulse is zero 
Introducing the conditions (1) of steady motion, the ratios p q r are to be determined 
from the three equations 

U'p + <% + > ...( 6 ) 

<&. 'p-\-Wq + IvJ’-lr J 

The form of these shews that the line whose direction-ratios are p q r must be parallel 
to one of the principal axes of the ellipsoid 

0(a?, 3 ) = const . (7) 

There are therefore three permanent screw-motions such that the corresponding impulsive 
wrench m each case reduces to a couple only. The axes of these three screws are mutually 
at right angles, but do not in general intersect 

It may now be shewn that m all cases where the impulse reduces to a couple only, the 
motion can be completely determined It is convenient, letammg the same directions of 
the axes, to change the origin Now the ongin may be transferred to any point (#, y, z) 
by writing 

u+ry — qz 9 v +pz -rv, iv-\-qx -py, 

for w, v , w respectively The coefficient of 2 vr in the expression for the kinetic energy, Art. 
121 (8), becomes -Bx+G f/ , that of 2 wq becomes Cx+H and so on Hence if we take 



the coefficients in the transformed expression for 2 T will satisfy the relations 

G l-E E-El E'-l 

~B ~ C' C~ A ’ A ~ B 


If we denote the values of these 
formulae (2) may be written 

u— - 


pairs of equal quantities by «, y respectively, the 

( 10 ) 


0^ 
dp ’ 


0 ^ 0^ 
w=z ~~dF’ 


where 


F 


G' 


2 *(P, i,r) = -^p % + ^q l + 


E" 


-Q- r 2 + 2aqr -f 2 firp + 2 ypq 


( 11 ) 


The motion of the body at any instant may be conceived as made up of two parts ; viz a 
motion of translation equal to that of the origin, and one of rotation about an instantane- 
ous axis passing through the origin Since £, rj, £—0 the latter pait is to be determined 
by the equations 

d\ da . dv 

dt =rtl - qv > dt =pv ~ rX ' 
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which express that the vector (X, ;u, v) is constant in magnitude and has a fixed direction 
m space Substituting from (3), 

d_ 3©_ 3©_ 0e 

dt dp r dq ^ dr 5 

d 00 00 00 

dt dq ^ dr ? dp 5 

d 8© 0© 00 

dt dr~~y dp ^ dq 

These are identical m form with the equations of motion of a rigid body about a fixed 
point, so that we may make use of Pomsot’s well-known solution of the latter problem 
The angular motion of the body is obtained by making the ellipsoid ^7), which is fixed in 
the body, roll on a plane 

A# + fiy -f vz a* const , 

which is fixed m space, with an angular volocity proportional to the length 01 of the 
radius vector drawn from the origin to the point of contact I The representation of the 
actual motion is then completed by impressing on the whole system of rolling ellipsoid 
and plane a velocity of translation whoso components are given by (10) This velocity is 
m the direction of the normal OM to the tangent plane of the quadric 

... . . (13) 

at the point P whore 01 moots it, and is equal to 

f 3 

OPUS * angular vclocit y of body . ... (14) 

When 0/does not meet tho quadric (13), but the conjugate quadric obtained by changing 
the sign of e, the sense of the volocity (14) is reversed* 

4 

126 . The pioblem of the integration of the equations of motion of a solid 
in the general case has engaged the attention of several mathematicians, but, 
as might bo anticipated from the complexity of the question, the physical 
meaning of the results is not easily grasped f 

In what follows we shall in the first place inquire what simplifications 
occur in the foi inula for the kinetic energy, for special classes of solids, and 
then proceed to investigate one or two particular problems of considerable 
inteiest which can be treated without difficult mathematics 

Tho general expiession for the kinetic energy contains, as wo have seen, 
twenty-one coefficients, but by the choice of special directions for the 
eo-ordmate axes, and a special oxigm, these can be reduced to fifteen J 

* The substance of this Ait is taken from a paper, “ On the Fiee Motion of a Solid through 
an Infinite Mass of Liquid,” Pioc Load Math Soc., t vm (1877) Similar results were 
•obtained independently by Craig, “The Motion of a Solid in a Fluid,” Amen Journ of Math , 
t n (1879), 

I* For refeiences see Wien, Lehrbuch d llydiodynamih , Leipzig, 1900, p 164 

* 0f Clebsch > “Ueber die Bewegung ernes Korpeis m emer Flussigkeit,” Math Ann , t m 
p 238 (1870) This paper deals with the ‘recipio cal’ form of the dynamical equations, obtained by 
.substituting from Art 122 (4) m Art 120 (1) 
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The most symmetrical way of writing the general expression is 

2T= Aii? 4 Bv 2 4 Gw 2 4 2 A'vw + 2 B'wu 4 2(7 'uv 
4 Pp 2 4 Qq 2 4 Rr 2 4 2P'gr 4 2QVp 4 2i? / pg 
4 2Lup 4 2Mvq 4 2 Nwr 
4 2j F (vr 4 wq) 4 26? (wp 4 ur) 4 2 H (uq 4 vp) 

4 2 P' (vr — wg) 4 26?' (wp — tor) 4 2 H' (uq — vjt>) (1) 

It has been seen that we may choose the directions of the axes so that 
A', B', G' = 0, and it may easily be verified that by displacing the origin we 
can further make F', G\ H' — O We shall hencefoiward suppose these 
simplifications to have been made 

1° If the solid has a plane of symmetry, it is evident from the con- 
figuration of the relative stieam-lmes that a translation normal to this plane 
must be one of the permanent translations of Art 124 If we take this 
plane as that of xy, it is further evident that the energy of the motion must 
be unaltered if we reverse the signs of w, p, q This requires that P', Q\ 
L i M, AT, S should vanish The three screws of Art 125 are now puie 
rotations, but their axes do not m general intersect 

2° If the body has a second plane of symmetry, at right angles to the 
foim er one, we may take this as the plane xz We find that in this case 
R1 and G must also vanish, so that 

2 T= A u 2 4 Bv 2 4 Gw 2 4 Pp 2 4 Qq * 4 Rr 2 4 2 F (vr 4 wq) . . . (2) 

The axis of x is the axis of one of the permanent rotations, and those of the 
other two intersect it at right angles, though not necessarily m the same point 

3° If the body has a third plane of symmetry, say that of yz, at right 
angles to the two former ones, we have 

2T= Au! 2 + Bv 2 + Cw‘ 2 + Pp 2 4 Qq 2j rRr 2 (3) 

4° Returning to (2°), we note that in the case of a solid of revolution 
about Ox, the expiession for 2 T must be unaltered when we wnte v, q , — w, — r 
for w, r, v , q, respectively, since this is equivalent to rotating the axes of y, £ 
through a right angle Hence B=G, Q = R, F=0 , and therefoie 

2 T - Au 2 4 B (v 2 4 w 2 ) 4 Pp 2 4 Q (q 2 4 r 2 ) (4) 

The same reduction obtains m some other cases, for example when the 
solid is a right prism whose section is any regular polygon* This is seen at, 
once from the consideiation that, the axis of x coinciding with the axis of the 
prism, it is impossible to assign any uniquely symmetrical directions to the 
axes of y and z 


See Larmoi, “ On Hydrokmetic Symmetry,” Qumt Joum xx (1885) 
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5° If, in the last case, the form of the solid be similarly related to each 
of the co-ordinate planes (for example a sphere, or a cube), the expression (3) 
takes the form 

22 T = A (iP + v* + w s ) + P(pHf/ + r s ) . . (5) 

This again may he extended, for a like reason, to other cases, for example 
any regular polyhedron Such a body is practically for the present purpose 
‘isotropic,’ and its motion will be exactly that of a sphere under similar- 
conditions 

G° We may next consider another class of cases. Let us suppose that 
the body has a soit of skew symmetry about a certain axis (say that of x), 
viz that it is identical with itself turned through two right angles about this 
axis, but has not necessanly a plane of symmetry*. The expression for 21 F 
must be unaltered when we change the signs of v, w, q, r, so that the 
coefficients Q', It', G, H must all vanish. Wc have then 

2 T=Au* + Bv- + Gw 3 + Pp- + + Rr 1 + 2 P'qr 

4- 2 Lup + 2Mvq + 2 Nwr + 2 F ( vr + wq) (6) 

The axis of x is one of the directions of permanent translation ; and is also 
the axis of one of the three screws of Art 125, the pitch being -LjA. The 
axes of the two remaining screws mtersect it at right angles, but not in 
general m the same point. 

7° If, fuither, the body be identical with itself turned through one 
right angle about the above axis, the expression (6) must be unaltered when 
v, q, -w, -r are written for w, r, v, q, respectively This requires that 
B — G, Q = R , P'= 0, M = iV, F= 0 Hence f 

2T = Au- + B ( v 3 + w 2 ) + Pp- + Q (r/ + r 2 ) + 2 Imp + 2 M (yq + wr). . .(7) 

The form of this expression is unaltered when the axes of y, z are turned 
in their own plane through any angle The body is therefore said to possess 
hehcoidal symmetry about the axis of x 

8°. If the body possess the same properties of skew symmetry about an 
axis intersecting the former one at right angles, we must evidently have 

2T = A (yp + +iF) + P (p a + f + + 2 L (pu + qv + rw ) . . ,(8) 

Any direction is now one of permanent translation, and any line drawn 
through the origin is the axis of a sciow of the kind considered m Art 125, 
of pitch —LfA The form of (8) is unaltered by any change in the directions 
of the axes of co-ordinates The solid is therefore m this case said to be 
‘ helicoidally isotropic ’ 

A two-bladed sorew-propellei of a ship is an example of a body of this kind 

1 This result admits of the same kmd of generalization as (4), e g. it applies to a body 
shaped like a screw-propeller with thee symmetrically-disposed blades. 


11—2 
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127 For the case of a solid of revolution, or of any other foim to which 
the formula 

2 T = Au 2 -f B (v 2 + w 2 ) + Pp 2 + Q 4- r 2 ) . (1) 

applies, the complete integration of the equations of motion was effected by 
Kirch hoff * m terms of elliptic functions 

The particular case where the solid moves without rotation about its axis, 
and with this axis always in one plane, admits of very simple treatment^, 
and the results are very interesting 

If the fixed plane m question be that of xy we have p, q,w — 0, so that 
the equations of motion, Art 124 (1), reduce to 

at at 

dr r • - (2 > 

Qf t =(A-B)uv ) 

Let x, y be the co-ordinates of the moving origin relative to fixed axes m 
the plane (xy) m which the axis of the solid moves, the axis of x coinciding 
with the line of the lesultant impulse (I, say) of the motion, and let 9 be the 
angle which the line Ox (fixed m the solid) makes with x We have then 

Au—I cos0, Bv — ~I sm 0, r = 9 

The first two of equations (2) merely express the fixity of the direction of the 
impulse m space , the third gives 

A JR 

Q6 + — jjg / 2 sin 6 cos 9 = 0 . . . (3) 


We may suppose, without loss of generality, that A >B If we write 
20 = ^, (3) becomes 

* + S1Q ^ =0 > • ( 4 ) 


which is the equation of motion of the common pendulum Hence the 
angular motion of the body is that of a c quadrantal pendulum/ %e a body 
whose motion follows the same law m legard to a quadrant as the oidmary 
pendulum does m regard to a half-circumference When 6 has been 
determined fiom (3) and the initial conditions, x, y are to be found from 
the equations 


I 


x = u cos 9 — v sm 6 — 4- cos 2 6 + ~ sm 3 9, 


y = u sin 6 + v cos 9 = ^ sm 6 cos 9 = j 0, 


(5) 


* l c ante p 150 

t See Thomson and Tait, Natvial Philosophy , Art 322; G-reenhill, “On the Motion of a 
Cylinder through a Frictionless Liquid under no Forces,” Mess of Math, t ix (1880) 
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the latter of which gives 


j-ji. 


■ m 


as is otherwise obvious, the additive constant being zero since the axis of x 
is taken to be coincident with, and not merely parallel to, the line of the 
impulse I 

Let us first suppose that the body makes complete revolutions, m which 
case the first integial of (3) is of the form 

6 2 = a 2 (1 — Jc 2 sm 2 0), (7) 

where ^ ® “L ... (8) 

ABQ gt v 7 

Hence, reckoning t from the position 0 = 0, we have 

d8 


cot 




i = F(k,9), 


.(9) 


o (1 — k 2 sm 2 0)* 

m the usual notation of elliptic integrals. If we eliminate t between (5) and 
(7), and then integrate with respect to 9, we find 




y = 


: (1 — Jc 2 sm- 6)-, 


( 10 ) 


the origin of x being taken to correspond to the position 0 = 0. The path 
can then be traced, m any particular case, by means of Legendre’s Tables 
Sec the curve marked I on the next page 

If, on the other hand, the solid does not make a complete revolution, but 
oscillates through an angle a on each side of the position 0=0, the proper 
form of the first integral of (3) is 



0 2 = co 2 (l . . 

V sm 2 a/ 

(ii) 

where 

ABQ co 2 

sm £ZB T 2 

(12) 

If we put 

sin 8 = sm a sm 


this gives 

\1/' 2 = (l - sm 2 a sm 2 yJr), 

r sin 2 a v T 7 


whence 

= jP(sma, yfr) .. .. 
sm a T 

. .(13) 


Transforming to ^ as independent variable, m (5), and integrating, we find 

... .(14) 


x = “-j sm a . F (sm a, ^[r) — ~ cosec a . E (sm a, ^), ^ 


Qco 


-t- 
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The path of the point 0 is now a smuous curve crossing the line of the 
impulse at intervals of time equal to a half-period of the angular motion. 
This is illustrated by the curves III and IY of the figure 



There remains a critical case between the two preceding, where the solid 
just makes a half-revolution, 6 having as asymptotic limits the two values 
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± ]‘7r. This case may be obtained by putting Jc = 1 in (7), or 

a=|irm (11) , 

and we find 



0 = 00 cos 


• (15) 

cot = log tan Qt r + \6)> 


■ (16) 

x=-^log tan (^tt + \6) - ~~ sm 6, j 
Qco n 

y = ~y cos 6 } 

* 

..(IV) 


See the curve II of the figuic* - 

It is to be observed that the above investigation is not restricted to 
the case of a solid of revolution , it. applies equally well to a body with 
two perpendicular planes of symmetry, moving paiallel to one of these 
planes, provided the origin bo properly chosen If the plane m question be 
that of xy } then on transferring the origin to the point (Fj B, 0, 0) the last 
term m the formula (2) of Art 126 disappears, and the equations of motion 
take the form (2) above On the other hand, if the motion be parallel to zx 
we must transfer the origin to the point (— F/C, 0, 0) 

The results of this Article, with the accompanying diagrams, serve to 
exemplify the statements made near the end of Art. 124. Thus the curve IV 
illustrates, with exaggerated amplitude, the case of a slightly disturbed stable 
steady motion parallel to an axis of permanent translation. The case of 
a slightly disturbed unstable steady motion would be represented by a curve 
contiguous to II, on one side or the other, according to the nature of the 
diatuibanco 

128. The mere question of the stability of the motion of a body paiallel 
to an axis of symmetry may of course be more simply treated by approximate 
methods Thus, in the case of a body with three planes of symmetry, as in 
Art 126, 3°, slightly disturbed from a state of steady motion parallel to oc, we 
find, writing u = u 0 +u' } and assuming n\ v> tv , p, q 9 r to be all small, 

A du jy dv j d'W . 

A dt =0 ’ B dt = - Av ’ °dt =A%<1 ’ 



* In order to bring out the peculiar features of the motion, tlio eurvos have been drawn for 
the somewhat extreme case of A =51}. In the case of an infinitely thin disk, without inertia of 
its own, we should have A /B — co, the cuives would then have cusps where they meet the 
axis of y It appears from (5) that x has always the same sign, so that loops cannot occur in 
any case 

In the vanous cases figured the body is pi ejected always with the same impulse, but with 
different degrees of rotation In the curve I, the maximum angular velocity is J2 times what 
it is m the critical case II, whilst the curves III and IV lepresent oscillations of amplitude 45° 
and 18° respectively. 



168 


[CHAP. VI 


Motion of Solids through a Liquid 


Hence 


B 


fry A(A-B) 
dt* + B 


u 0 2 v = 0, 


with a similar equation for r, and 


G 


d 2 w 

dt? 


A (A - G) 

Q 


u<?w = 0, 


..( 2 ) 


with a similar equation for q. The motion is therefore stable only when A 
is the greatest of the three quantities A, B, C. 


It is evident from ordinary Dynamics that the stability of a body moving parallel to an 
axis of symmetry will be increased, or its instability (as the case may be) will be diminished, 
by communicating to it a rotation about this axis This question has been examined by 
Greenhill* 


Thus, m the case of a solid of revolution slightly disturbed from a state of motion m 
which % and p are constant and the remaining velocities aie zero, if we neglect squares 
and products of small quantities the first and fourth of equations (1) of Art 124 give 

du/dt = 0, dp I dt — 0, 

whence u=u 0 , . .... *(3) 

say, where u 0 , p Q are constants. The remaining equations then take, on substitution from 
Art 126 (3), the forms 

J3 (^-Po w )=~Mr, B (~ t +p a v^=Au l) q, . (4) 

Q^ t -‘r{P-Q)Ptf = Q < ^-(P-Q)p l> q=(A-B)v, u v (5) 

If we assume that v, w, q , r vary as e 7<rt , and eliminate their ratios, we find 

^±(P-2Q)Po^-{(P-Q)K+^(A-B)u^=0 . (0) 

The condition that the roots of this should be real is that 


should be positive. This is always satisfied when A >Z?, and can be satisfied m any case 
by giving a sufficiently great value to p 0 

This example illustrates the steadiness of flight which is given to an elongated projeetilo 
by rifling. 


129 In the investigation of Art 125 the term 'steady’ was used to 
characterize modes of motion in which the ' instantaneous screw ’ preserved 
a constant relation to the moving solid In the case of a solid of revolution, 
however, we may conveniently use the teim in a somewhat wider sense, 
extending it to motions m which the vectors representing the velocities 
of translation and rotation are of constant magnitude, and make constant 
angles with the axis of symmetry and with each other, although their relation 
to points of the solid not on the axis may continually vary 

Fluid Motion between Confocal Elliptic Cylmdeis, <fce ” Quart Jown. Math , t xvi (1879) 
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The conditions to be satisfied m this case are most easily obtained from the equations 
of motion of Art 124, which become, on substitution from Art 126 (4), 

A^=B{rv- q w\ Pj=0, 

B^—Bpw-Am, ~(A—B)uw—(P~Q)pr> / • (!) 

B^—Aqu-Bpv, Q ^ = (A — B)uv+(P—Q)pq j 

It appears thaty? is m any case constant, and that g' 2 -f-r i will also be constant provided 

vjq—iojr, —k, say . , . (2) 

This makes du/dt= 0, and v*+w 2 = const It follows that l will also be constant; and it 
only remains to satisfy the equations 

TcB = {JcBp - Au) i , P “ B ) *u+(.P-Q)P) r 


These will be consistent provided 

kB {(A - B) ku + {P-Q)p}+Q QcBp - Au) = 0 , 

. u kBP /«\ 

whence - = -rj+ — ttuTI — W\ • W 

p AQ - k z B (A - B) 

Hence by variation of k we obtain an infinite number of possible modes of steady motion, 
of the land above defined In each of these the instantaneous axis of rotation and the 
direction of translation of the origin are in one plane with the axis of the solid. It is 
easily seen that the origin describes a helix about the line of the impulse 


These results are due to Kirchhoff 


130 The only case of a body possessing hehcoidal property, where 
simple results can be obtained, is that of the f isotropic helicoid J defined by 
Art 126 (8) Let 0 be the centre of the body, and let us take as axes of 
co-ordinates at any instant a line Ox parallel to the axis of the impulse, 
a line Oy drawn outwards fiom this axis, and a line Oz perpendicular to the 
plane of the two foimer If I and K denote the force- and couple-constituents 
of the impulse, we have 

Au + Lp=- £ =/, Av +Lq = 7} = 0, Aw + Lr=£= 0, ] , 

Pp + Lu = A = K, Pq-\~Lv — p = 0, Pr + Lw = v = Im, ] 

where isr denotes the distance of 0 from the axis of the impulse. 


Since AP — L 2 =|= 0, the second and fifth of these equations shew that v = 0, 
q= Q. Hence is constant throughout the motion, and the remaining 
quantities are also constant; m particular 


PI- LK 
AP — L 2 ’ 


LI & 

AP - L 2 ' 


w — 


( 2 ) 
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The origin 0 therefore describes a helix about the axis of the impulse, 
of pitch 

K~P 

I L' 

This example is due to Lord Kelvin*. 


131 Before leaving this part of the subject we remaik that the 
preceding theory applies, with obvious modifications, to the acyclic motion 
of a liquid occupying a cavity m a moving solid If the origin be taken at 
the centre of inertia of the liquid, the formula for the kinetic energy of the 
fluid motion is of the type 

2T = m (u 1 + v 2 -I- w 2 ) + 3? 'p 2 -f Q q 2 4- R r 2 +• 2P 'qo 4- 2Q 'rp 4- 2R 'pq (1) 

For the kinetic energy is equal to that of the whole fluid mass (m), supposed 
concentrated at its centre of inertia and moving with this point, together with 
the kinetic energy of the motion relative to the centre of inertia The latter 
part of the energy is easily proved by the method of Arts. 118, 121 to be 
a homogeneous quadratic function of p, q, r 

Hence the fluid may be replaced by a solid of the same mass, having the 
same centie of inertia, piovided the pnncipal axes and moments of inertia be 
properly assigned 


The values of the coefficients m (1), for the case of an ellipsoidal cavity, may be calcu- 
lated fiom Art 110 Thus, if the axes of x , y, z coincide with the principal axes of the 
ellipsoid, we find 




Q, 


(6 2 -C 2 ) 2 

V + c* ’ 


1m 


(c 2 - a 2 ) 2 
c 2 + a 2 5 


~a 2 4& 2 ’ 


F, Q', R' = 0 


Case of a Perforated Solid 

132 If the moving solid have one or more apertures or perforations, so 
that the space external to it is multiply-connected, the fluid may have 
a motion independent of that of the solid, viz a cyclic motion m which the 
circulations m the several irreducible circuits which can be drawn through 
the apertures may have any given constant values. We will briefly indicate 
how the foregoing methods may be adapted to this case 

t G wite p 157 It is there pointed out that a solid of the kind here m question may be 
constructed by attaching vanes to a spheie, at the middle points of twelve quadrantal arcs drawn 
so as to divide the suiface into octants The vanes aie to be perpendicular to the surface, and 
are to be inclined at angles of 45° to the lespective arcs Prof. Larmor [l c ante p 162) gives 
another example “ If we take a regular tetrahedron (or other regular solid), and replace the 
edges by skew bevel faces placed m such wise that when looked at from any cornei they all slope 
the same way, we have an example of an isotropic helicoid ” 

Por some furthei investigations m the present connection see a papei by Miss Fawcett, “ On 
the Motion of Solids m a Liquid ” Quait. Jomn Math , t xxvi (1893) 
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Let k, k, k", ... be the circulations m the various circuits, and let So-, So-', 
Ser" . be elements of the corresponding barriers, drawn as in Ait 48 
Further, let l, m, n denote the direction-cosines of the normal, drawn towards 
the fluid at any point of the surface of the solid, or drawn on the positive 
side at any pomt of a barrier The velocity-potential is then of the form 

+ fa) 

where <f> = ufa + vfa + wfa + pxi + 9lX^ + r X^ 

fa = fCto + K to + tc" to" + . 

The functions fa, fa, fa, % 1? % 2 , % 8 are determined by the same conditions as 
m Ait 118 To determine co , we have the conditions (1°) that it must 
satisfy V 2 o) = 0 at all points of the fluid , (2°) that its derivatives must vanish 
at infinity, (3°) that dcojdn must = 0 at the suiface of the solid, and (4°) that 
<o must be a cyclic function, diminishing by unity whenever the point to which 
it refers completes a circuit cutting the first barrier once (only) m the positive 
direction, and recovering its original value whenever the point completes a 
circuit not cutting this barrier It appears from Art 52 that these conditions 
determine to save as to an additive constant In like manner the remaining 
functions go', to", ... are determined 

By the formula (5) of Art 55, twice the kinetic energy of the fluid is 
equal to 

“ + ^ 3 + ^ 

-px fa)d<r- pfc' JJ~(<f> + fa)dcr'- (2) 

Since the cyclic constants of </> are zero, and since dfa/dn vanishes at the 
surface of the solid, we have, by Art 54 (4), 

if d i dS+K \!tn da + fl It da> + • "//*! n dS= ° 

Hence (2) reduces to 

- P If fn dS ~ P K iffo da ~ da '~‘ • ’ (3) 

Substituting the values of fa fa from (1) we find that the kinetic energy 
of the fluid is equal to 

T + K, (4) 

where T is a homogeneous quadratic function of u, v, w, p, q , r, of the form 
defined by Ait 121 (2) (3), and 

2 K = (/c, k) a : 2 + {tc , tc) tc' 2 + . . . -{-2 (tc, tc') tctc + . . . , ... . (5) 
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where, for example, 



The identity of the diffeient forms of (*, k) follows from Art. 54 (4). 

Hence the total energy of fluid and solid is given by 

T = ® + K, ( 7 ) 

where ® is a homogeneous quadratic function of u, v, w, p, q, r of the same 
form as Art 121 (8), and K is defined by (5) and (6) above. 


133 The 'impulse ’ of the motion now consists partly of impulsive forces 
applied to the solid, and partly of impulsive pressures pic, pic , pic", . applied 
uniformly (as explained m Art. 54) over the several membranes which are 
supposed for a moment to occupy the positions of the barriers Let us 
denote by % 1} rj 1} §i, X l5 /^, v 1 the components of the extraneous impulse 
applied to the solid. Expressing that the ^-component of the momentum of 
the solid is equal to the similar component of the total impulse acting on it, 
we have 

= fi — p Jj* (<f> + <f> 0 ) IdS 


= [J(u<f> i+ ..+j% + ... + *« + .. ) d ^ds 

= * ' - ST + P* if “ Tn dS ' + & // ' »' ^ ' dS - + • • ■ , 


( 1 ) 


where, as before, T x denotes the kinetic energy of the solid, and T that part 
of the energy of the fluid which is independent of the cyclic motion Again, 
considering the angular momentum of the solid about the axis of x, 

g^= \ ~ p Jf(<f> + (j> 0 ) ( ny - mz ) dS 
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Hence, smce ® = T + T, , we have 


. m 

Xl= d p~P K ll m 


9% i 

0il 


AS' 




dn 
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( 3 ) 


By virtue of Lord Kelvin’s extension of Green’s theorem, already referred 
to, these may be written m the alternative forms 

0® 


? i= i^ + p K JJ^ da+ p*ifit da ' + --’ 
p \IJ~£ d ° + p K 'f{ 8 d x t d(r ' + - 


x 1= f* + 

dp 




Adding to these the terms due to the impulsive pressures applied to the 
harriers, we have, finally, for the components of the total impulse of the 
motion*, 

t y 3 ® i t 3 ® r 9 ® , y ' 


3v 


3w 


. 3® . . 3® , 3® , 

X ’ ^ * = 0^ +X °’ 0^ + ^ 0 ’ '0F +Z/| ” 


(5) 


where, for example, 


£> = pie 


fl( i+ it) d<r+ p K 'JK i+ i£) dcr ' + -- * 


ny — ?U5 + da + ptc' JJ ^ny - mz 4- 


9%i 

3n 


do - 4** i 


(«) 


It is evident that the constants f 0 , t/ 0 , f 0 , \ 0 , /x () , v () are the components 
of the impulse of the cyclic fluid motion which would letnam if the solid 
were, by forces applied to it alone, biought to rest 

By the argument of Ait 119, the total impulse is subject to the same 
laws as the momentum of a finite dynamical system. Hei ce the equations 
of motion of the solid are obtained by substituting from (5) m the equations 
(1) of Ait 120+ 


134 As a simple example we may take the case of an annular solid of 
revolution If the axis of x coincide with that of the img, wo sec by 
reasoning of the same land as in Art. 126, 4° that if the situation of the 
origin on this axis be properly chosen we may write 

2 T = Au* + B(v* + w 1 ) h- Pf + Q (c/ + r*) -f (*, K ) tc\ (1) 

Hence £, 77, f = Au 4- £ 0 , Bv, Bw , X, p, v~Pp t Qq } Qv ... .(2) 

* Of Sir W Thomson, Ic ante p 157 

t This conclusion may be verified by direct calculation hom the pressure-formula of Art 20 , 
see Bryan, “ Hydrodynamical Proof of the Equations of Motion of a Perforated Solid, 

Phil Mag , May, 1893 
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Substituting m the equations of Art 120, we find dpjdt = 0, or p = const , 
as is otherwise obvious Let us suppose that the ring is slightly disturbed 
from a state of motion m which v, w, p, q, r. are zero, le a steady 
motion parallel to the axis In the beginning of the disturbed motion 
v, w, p, q, r will be small quantities whose products we may neglect The 
first of the equations referred to then gives du/dt = 0, or u = const, and the 
remaining equations become 

B^ = -(Au + Z 0 )r, Q d l = -{(A- B) u + £„} w, ' 

, , (3) 

(Au+ttq, Q |= {(A-B)u + ^}v J 

Eliminating r 9 we find 

= + ^ — B) u + f 0 } v (4) 

Exactly the same equation is satisfied by w. It is therefore necessary and 
sufficient for stability that the coefficient of v on the right-hand side of (4) 
should be negative , and the time of a small oscillation, when this condition 
is satisfied, is* 

( 5 ) 

We may also notice another case of steady motion of the ring, viz where the impulse 
reduces to a couple about a diametei It is easily seen that the equations of motion aie 
satisfied by £, 77 , X, /a= 0, and v constant , in which case 

u — ~ £0 M 5 r ~ const 

The ring then rotates about an axis m the plane yz parallel to that of at a distance ujr 
from itt 

Equation of Motion m Generalized Co-ordinates 

135 When we have more than one moving solid, or when the fluid is 
bounded, wholly or m part, by fixed walls, we may have recourse to Lagrange’s 
method of ‘generalized co-ordinates ’ This was first applied to hydrodynamical 
problems by Thomson and Taifj: 

In any dynamical system whatever, if £, rj, £ aie the Cartesian co-ordinates 
at time t of any particle m, and X, 7, Z the components of the total force 
acting on it, we have of course 

m|j = X, mij=Y, m%= Z (1) 

* Sir W Thomson, l c ante p. 157. 

t For farther investigations on this subject we lefer to papers by Basset, “ On the Motion 
of a Ring m an Infinite Liquid,” Proc Gamb Phil. Soc , t vi (1887), and Miss Fawcett le ante 
p 170 

X Natural JPhilo&cyliy (1st ed ), Oxford, 1867, Ait 831 


bq 

(Au + £ 0 ) {(-d — B) u + £ 0 



Generalized Co-ordinates 


m 
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Now let £+A£ ?; + Atj, f+Af be the co-ordinates of the same particle, at 
time m any arbitrary motion of the system differing infinitely little fiom 
the actual motion, and let us form the equation 

2m (£Af + v&V + gAf ) = 2 (XAf + FAt? + ZL£\ . (2) 

where the summation 2 embraces all the particles of the system This 
follows at once from the equations (1), and includes these, on account of the 
arbitraiy character of the vanations Af, A??, A£ Its chief advantages, how- 
evei, consist m the extensive elimination of internal forces which, by imposing 
suitable restrictions on the values of A£, A rj, A£ wc are able to effect, and in 
the facilities which it affoids for transformation of co-ordmates. It is to be 
noticed that 

dt A ^ = dt^ +A ^~Tt =A ^ &c ’ &c ’ 


so that the symbols d and A aie commutative 

The systems ordinarily contemplated m Analytical Dynamics are of 
finite freedom, % e the position of every particle is completely determined 
when we know the values of a finite number of independent variables or 
‘generalized co-ordmates’ q u q 2 , ... q n , so that, for example, 


9f 


3| 

% 


£ = + £7 & + ••• + 5T 






(3) 


The kinetic energy can then be expressed as a homogeneous quadiatic 
function of the 'generalized velocity-components ’ q lt . . q n , thus 


2T = J.n2i 2 + 4- . . + 2A r2 q x q 2 + . . .... (4) 

where 



A iit — 2m 


3f 

(3* dq h 


+ h dr > + 

d<h dq K 


a? an 

dq r d q». 

■ -.(5) 


The quantities A,,, A, h arc called the * inertia-coofficienis’ of the system, 
they are m general functions of the co-ordmatcs q l} q 2 , . q n 


Again, wc have 


where 


2 (XA£ + YAvj + ZAt;) = Q t Aq } + Q..Aq. 2 + . . . + Q n Aq ll: 



.( 6 ) 

■(0 


The quantities Q, aie called the ‘generalized components of force’ 
case of a conservative system we have 


Q, = - 


dV 

dq r 


In the 


( 8 ) 
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Also, from (3) and (5), 


or 


= {A xx q x 4- A X2 q 2 4- . 

4 - A xn q n ) A q x 


4- ( Ac tl q x 4- A 22 #2 + 

4- A^qn) A q 2 


4* 

4- (A nl q x 4- A m q 2 4- 

4 " A nn q n } A q n 


dT . dT . 

— 5 — A qi -\- ~ — Aq% + 
dqi 7 * 

a t . 

+ a q n Aqn ’ ■ 

(9) 

= pAq 1 +p,Aq.+ 

+ p n Aq n> 

(10) 

dT 

P ‘ dq r 

... 

. (11) 


wheie 


The quantities p r are called the 'generalized components of momentum’ of 
the system When T is expressed as m (4) as a homogeneous quadiatic 
function of q l} q 2 , q n , we have 

2T —p 1 q 1 +p 2 q 2 + ~hp lh q 7 i (12) 

Since (j-Ag + qAr) + £A£) = ^ 2m (f, A£ + yArj 4- £A£) - AT, ..(13) 

the transformation of ( 2 ) to generalized co-oidmates is easily completed by 
substitution from (9) and ( 6 ) The variations Aq t of the velocities cancel , 
and, equating coefficients of the independent variations A q 7 of the co-oidmates, 
we obtain n equations of the type* 


ddT _dT _ n 
dt dq> dq r ^ 
Fiona (12) and (14) we derive 
dT 

= =Pi?i + 2>i?i + jp a g a +p a gj + 

fdT 


(14) 


-&+«■)»+ 


dq. 


4 “ PnQn 4 " Pntfn 

+ Qa) ?« + ■ + + Q„) q n 


dq n 


, dT d T d T 

+ d^ qi + m q > + ■ + dqj» 

dr . . 

_ 4 . Q 1 gr 1 -f Q 2 q 2 4- . . 4- Q n q n , 


whence 


dT 


fa “ Ql?l + Qs?* + 
or, in the case of a conservative system 

d 


Qnqn 


(T+ V) = 0 , 


(15) 

(16) 


dt 

which is the equation of energy 

4 This summary of Lagrange's proof is introduced merely to facilitate refeience to the 
■various steps, m the hydrodynamical investigation of the next Art A proof by direct transforma- 
tion of co-ordinates, not Involving the method of ‘ vanations,’ has been given by Hamilton {Phil 
Turns , 1885, p 96), Jacobi, Beitrand, and Thomson and Tait, see also Whittaker, Analytical 
Dynamics , Cambridge, 1904, p 83 
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177 


If we multiply (2) by St, and mtegiate between the limits % and t u we 
find, having regard to (13), 


f‘ {A2 T + 2 (XA£ + FAi; + XA?)} 

J fa 




2m (£A£ + 97 A?? + £A£) 


(17) 


If we now introduce the additional condition that m the varied motion 
the initial and final positions shall be respectively the same for each particle 
as m the actual motion, the quantities A£, A 97, A£ will vanish at both limits, 
and the equation reduces to 

P 1 {AT + 2 (ZAf + YA V + ZA%)} dt = 0, (18) 

or, for a conservative system *, 


A f tl (T-~ V)dt = 0 (10) 

Jt {) 

In words, if the actual motion of the system between any two configura- 
tions through which it passes be compared with any slightly varied motion, 
between the same configurations, which the system is (by the application of 
suitable forces) made to execute m the same time , the time-integral of the 
‘kinetic potential* -f 1 F— T is stationary 

In terms of generalized co-oidmales, the equation (18) takes the form 
f (AT + Q\Aqi + Q% Aq<i + • *+■ Qn&dn) dt — 0 ... (20) 

Jt, 


This embraces the whole dynamics of the system m a mathematically 
compact form From it Lagrange’s equations can immediately be deduced ; 
cf. Art 139. 


136 Proceeding now to the hydrodynamical problem, let q 1} q. iy ... q )h 
be a system of generalized co-ordinates which serve to specify the configuration 
of the solids We will suppose, for the piesent, that the motion of the fluid 
is entirely due to that of the solids, and is therefore lrrotational and acyclic 

In this case the velocity-potential at any instant will be of the form 

= Tfa + q$± + . • . (0 

where fa, fa, . . are determined m a manner analogous to that of Ait 118. 
The formula for the kinetic encigy of the fluid is then 

2T = — p dS = A u (tf + A,,o(/ a 2 + + 2A r //,g, + . . , . . .(2) 

* Su W B Hamilton, “ On a Goneial Method m Dynamics,” Phil. Tunis., 1834, 1835 
i The name was introduced by v I-Ielmlioltz, “Die physikalische Bodeutung dos Prmcips dei 
klemsten Wnkmig,” Cielle , t c. p 137 (1886) [Ges Ahh t m. p. 203] Whittaker, Analytical 
Dynamics , p 38, reverses the sign 


L 


12 
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the integrations extending over the instantaneous positions of the bounding 
surfaces of the fluid. The identity of the two forms of A rs follows from 
Green’s Theorem The coefficients A rr , A„ will in general be functions of 
the co-ordinates q u q „ ... q n - 

If we add to (2) twice the kinetic energy, T„ of the solids themselves, we 
get an expression of the same form, with altered coefficients, say 

2 T= A^q? + A w qi + + 2 A^q, + (4) 

It remains to shew that, although our system is one of infinite freedom, 
the equations of motion of the solids can, under the circumstances pre- 
supposed, be obtained by substituting this value of T m the Lagrangian 
equations, Art 135 (14) We are not at liberty to assume this without 
further examination, for the positions of the various particles of the fluid arc 
not determined by the instantaneous values q x , q^, ... q n of the co-ordinates 
of the solids For instance, if the solids, after performing various evolutions, 
return each to its original position, the individual particles of the fluid will 
m general be found to be finitely displaced* 

Going back to the general formula (2) of Art 135, let us suppose that in 
the vaiied motion, to which the symbol A refers, the solids undergo no 
change of size or shape, and that the fluid remains incompressible, and has, 
at the boundaries, the same displacement m the direction of the normal as 
the solids with which it is in contact It is known that under these 
conditions the terms due to the internal reactions of the solids will disappear 
from the sum 

2 (XA£ + 7A V + ZAK) 


The terms due to the mutual pressures of the fluid elements are equivalent to 
- /// (1 4f +| A ’ + & Af ) 

or J Jp (ZA£ + mAu + nAf) dS+j jjp ^ dm dydz, 

where the former integral extends over the bounding surfaces, and Z, m, n 
denote the direction-cosmes of the normal, drawn towards the fluid. The 
volume-integral vanishes by the condition of incompressibility 


d% 3 y 3 z 


0 ) 


* As a simple example, take the case of a circular disk which is made to move, without 
rotation, so that its centre describes a lectangle two of whose sides aio noimal to its plane, and 
examine the displacements of a particle initially m contact with the disk at its centre 
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136] Application to Hydrodynamics 

The surface-integral vanishes at a fixed boundary, where 

l A£ + m A ? 7 4 - n A f = 0 , 

and m the case of a moving solid it is cancelled by the terms due to the 
piessure exerted by the fluid on the solid Hence the symbols X, Y } Z may 
be taken to refer only to the extraneous forces acting on the system, and we 
may write 

% (XA£ + YAy + ZAO = Q,Aq, + Q.Aq,, + ... + Q n Aq n , . . . (6) 
where Q u Q.,, . Q n denote the generalized components of extraneous force 

The varied motion of the fluid has still a high degree of generality. We 
will now fuither limit it by supposing that while the solids are, by suitable 
foices applied to them, made to execute an arbitrary motion, the fluid is left 
to take its own course m consequence of this. The varied motion of the 
fluid may accordingly bo taken to be mutational, m which case the varied 
kinetic energy T + AT of the system will be the same function of the 
varied co-ordinates q r 4- Aq , , and the varied velocities q r + Aq r , that the actual 
energy T is of q r and q, . 

Again, considering the particles of the fluid alone, we shall have, on the 
same supposition, 

%m (£A£ + rjAr) + AO = — p JJJ Ax + ^ Ay + ^ A jgj dxdydz 
= p fj<f> (IA% + mAy + nAO dS, 

whore use has again been made of the condition (5) of incompressibility. By 
the kmematical condition to be satisfied at the boundaries, we have 

1 A^ + ~ ^ A ?1 - ^ Aq, - . . . - ^ A q n , 

and therefore 

lm (£A£ + v Ar, + AO = ~P ff </> Agi + ^ Aq, + . . . + ^ A g„) dd 

= 4- A u q 2 -f . 4- A ln q n ) Ay x 4- ( A 21 g 1 + A ^q 2 4- ... 4- A*^) A q 2 4- . . . 

+ (A ? n2i 4- A m q ti 4* . + A m q n ) A q n 

3T 3T 3T 

~kA' + dA h+ - + 8 ?» a ' Z “ m 

ty (1), (2), (3) above If we add the terms due to the solids, we find that 
the relation (9) of Art 135 still holds, and the deduction of Lagrange’s 
equations 

ddT dT_ 

dtdq, d W 

then proceeds exactly as before* 

* Tins investigation was bnctiy indicated in the last edition 


12 — 2 



180 Motion of Solids through a Liquid [chap, vi 

As m Art 135, these equations lead to 

^ = Qi2i + Q 22a + • • • + Q n q> i, 

or, m the case of a conservative system, 

T+V= const (9) 


137 As a first application of the foregoing theory we may take an 
example given by Thomson and Tait* where a sphere is supposed to move 
m a liquid which is limited only by an infinite plane wall 

Taking, for simplicity, the case where the centre moves in a piano 
perpendicular to that of the wall, let us specify its position at time t by 
rectangular co-ordinates x, y in this plane, of which y denotes distance from 
the wall. We have 

2T=AV+By\ . ...(1) 

where A and B are functions of y only, it being plain that the term xy 
cannot occur, since the energy must remain unaltered when the sign of x is 
reversed The values of A, B can be written down fiom the results of 
Arts 98, 99, viz if m denote the mass of the sphere, and a its radius, 
we have 

I 

A=m + fwpa 3 (l+&^), B = m + ^pa i (l + . (2) 

approximately, if y be great m comparison with a. j 


The equations of motion give 


(dA . dB 


• . (••!) 


where X , Y are the components of extraneous force, supposed to act on the 
sphere m a line through the centre 


If theie he no extraneous force, and if the sphere be projected in a 
direction normal to the wall, we have oc =■ 0, and 


JBy 2 = const . (4) 

Since JB diminishes as y increases, the sphere experiences an acceleration 
from the wall. 

Again, if the spheie be constrained to move m a line parallel to the wall, 
we have y = 0, and the necessary constraining force is 

r — w 


* L c ante p. 174 
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136 - 138 ] Mutual Influence of Two Spheres 

Since dA/dy is negative, the sphere appears to be attracted by the wall. The 
reason of this is easily seen by reducing the problem to one of steady motion. 
The fluid velocity will evidently be greater, and the pressure therefore less, 
on the side of the sphere next the wall than on the further side, see 
Art 23 

The above investigation will also apply to the case of two spheres 
projected m an unlimited mass of fluid, m such a way that the plane y = 0 
is a plane of symmetry m all respects 


138 . Let us next take the case of two spheres moving m the line 
of centies 


The kmematical part of this problem has been treated m Art 98 If wo now denote 
by x, y the distances of the centres of the spheres A, B fiom some hxed origin 0 m the line 
joining them, we have 

%T— Log 1 - 2 Mxy -f Ny\ (1) 

where the coefficients Z, X/, N are functions of y - x, or c, the distance between tho 

centres Hence the equations of motion are 

d , r , fdL * * dM . dJV A v \ 

Jt (Lv-m+i [ d -« 2 - 2 - d - =X, 

' »( 2 ) 

dp if , AT \ 1 f dL n dfyf m dJY A JT 

* (- J 

where X, Y are the forces acting on tho spheres along tho lino of centres If the radii a, b 
are both small compared with c, wo havo, by Art 98 (15), keeping only the most important 
terms, 

a '\y\ 

X = m-H^7rpa :} , J/=2 tt/) — j- , N =*m' 7rpb\ .(3) 


approximately, whore m, m' are the masses of tho two spheres, 
approximation 


dL A dM . aW 
do =0 ’ dc = -^-C<-’ 



Hence to this order of 


If each sphere be constrained to move with constant velocity, tho force which must bo 
applied to A to maintain its motion is 


X* 


dM p . dM a a'W , 
i „y(y- x )-- dc ^= 6 ttp -j-yK 


do 


■ (4) 


This tends towards X, and depends only on the velocity of B Tho spheres therefore 
appear to repel one another , and it is to bo noticed that tho apparent forces are not equal 
and opposite unloss x= ±y 

Again, if each sphere make small pei iodic oscillations about a mean position, the period 
being the same for each, tho moan values of tho first terms m (2) will be zero, and the 
spheres therefore will appear to act on one another with forces equal to 

( 6 ) 


where [xy] denotes the mean value of xy . If x f y differ m phase by loss than a quarter- 
period, this force is one of repulsion, if by more than a quarter-period it is one of attraction 
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Next, let B perform small periodic oscillations, while A is held at rest The mean force 
hich must be applied to A to prevent it from moving is 




dN 

dc 


l> 2 ], 


(6) 


here [y 2 ] denotes the mean square of the velocity of B To the above order of approxx- 
ation dNjdc is zero , on reference to Art. 98 we find that the most important term m it 
- I’iTTpaPVic 1 , so that the force exerted on A is attractive, and equal to 

(if AG 

( 7 ) 


This result comes under a general principle enunciated by Lord Kelvin If we have 
vo bodies immersed m a fluid, one of which (A) performs small vibrations while the other 
?) is held at rest, the fluid velocity at the surface of B will on the whole be greater on the 
de nearer A than on that which is more remote Hence the average pressure on the 
rmer side will be less than that on the latter, so that B will experience on the wholo an 
fraction towards A As practical illustrations of this principle we may cite the apparent 
fraction of a delicately-suspended card by a vibrating tunmg-fork, and other similar 

lenomena studied experimentally by Guthrie* and explained in the above manner by 
ora Kelvin + J 


Modification of Lagrange’s Equations in the case of Cyclic Motion 

139 We return to the investigations of Art 135, with the view of 
faptang them to the case where the fluid has cyclic irrotational motion 
irough channels m the moving solids, or (it may be) in an enclosing 
;ssel, independently of the motion due to the solids themselves 

Let us imagine barrier-surfaces to be drawn across the several apertures 
i the case of channels m a containing vessel we shall suppose these ideal 
irfaces to be fixed m space, and m the case of channels m a moving solid 
e shall suppose them to be fixed relatively to the solid Let •£" 

3 the fluxes at time t across, and relative to, the several barriers, Lnd’let 

%’ X > be the time-mtegrals of these fluxes, reckoned from some 
bitrary epoch, these quantities determining (therefore) the volumes of 
lid which have up to the time t crossed the respective barners It will 
'Pear that the analogy with a dynamical system of finite freedom is still 
nserved, provided the quantities % , .. be reckoned as generalized 

-ordinates of the system, in addition to those (q u q 2 , .. q n) which specify 
e positions of the moving solids It is obvious already that the absolute 
lues of x, X> X > _• • Wl11 not enter into the expression for the kinetic 
ergy, but only their rates of variation. 


I ‘‘On A PP lo ^b causal by Vibxatwn,” Pro c Boy Sac, t xix (1869) [PHI Mag, Nov 1870] 
+ Rep » mt of Paper s on Electrostatics, &o , Art 741 For references to further investigations, 
b experimental and theoretical, by Bjerknes and others, on the mutual influence of oscillating 
teres in a fluid, see Hieks, “Report on Recent Researches in Hydrodynamics,” Brit. Ass Rep 
PP j Love, Encycl d. math. Wiss , t. iv. (2) pp 111 3 112 ' 
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Cyclic Motion 


In the first place, we may shew that the motion of the fluid, m any given 
configuration of the solids, is completely determined by the instantaneous 
values of q l9 q 2) ... q n , %, x> X"> * ^oi ^ t ^ iere were two m °des of 
irrotational motion consistent with these values, then, m the motion which 
is the difference of these, the boundaries of the fluid would be at rest, and 
the flux across each barrier would be zero The formula (5) of Art 55 shews 
that under these conditions the kinetic energy must vanish 

It follows that the velocity-potential can be expressed m the form 

= qi<pi + 22^2 + •• + + x'^' + ( 1 ) 

Here fa is the velocity-potential of a motion in which q T alone varies and 
the flux across each barnei is accordingly zero. Again 11 is the velocity- 
potential of a motion m which the solids are all at rest, whilst the flux 
through the fiist aperture is unity, and that through every other aperture is 
zero It is to be observed that fa, fa 2> ... fa l} XI, XI', . . are m general all of 
them cyclic functions, which may however be treated as single-valued, on the 
conventions of Art 50 


The kinetic energy of the fluid is given by the expression 


2T = 


* (• r 

> 

J J J 


9<AY 

faj 


+ 


dfa 


(st) } dwdydz, 


( 2 ) 


where the integral is taken over the region occupied by the fluid at the 
instant under consideration If wc substitute from (I) we obtain T as a 
homogeneous quadratic function of q 1} q 2) . q n , ... with coefficients 

which depend on the instantaneous configuration of the solids, and are there- 
fore functions of q x , g 2 , . q n only Moreover, we find, by Art 63 (1), 

0T . f[f(d<f> 3X1 d<f> 3X1 dcj> 3X1) 

I JJ\d a dx dy 3 y 3 z dz\ ^ 


d X 


[f L 3X1 [[dd, , [[da , , 

= — p hp do — pfc « dcr — p/c - dcr- 

JJ dn r JJ an r JJ dn 


where k, aie the cyclic constants of <£, and the first surface-integral is 

to be taken over the surfaces of the solids, and the remaining ones over the 
several barriers By the conditions which determine XI, this gives the first 
equation of the system 


3T 3T 


( 3 ) 


These shew that p/c, pic ', . . are to be regarded as the generalized components 
of momentum corresponding to the velocity-components respectively. 

We have recourse to the general Hamiltonian formula* (17) of Art 135, 


* It is possible to arrange an investigation on the Lagiangian plan, parallel to that of 
Art 186, but the proof of the formulae corresponding to (5) below involves some rather delicate 
considerations. 
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We will suppose that the varied motion of the solids is subject only to the 
condition that the initial and final configurations are to he the same as m 
the actual motion , also that the %mtial position of each particle of the fluid 
is the same m the two motions. The expression 

'hm (f A£ -f tjAt) 4 £A£) 

will accordingly vanish at time t 0} hut not m general at time t 1} m the 
absence of further restrictions 

We will now suppose that the varied motion of the fluid is irrotational, 
and accordingly determined by the instantaneous values of the varied 
generalized co-ordinates and velocities Considering the particles of the 
fluid alone, we have 

(£A£ 4 yAy 4 £A£) = — p JJJ i A£ 4- At; 4~~ A dxdydz 
= (lAg-i-mAy 4 nA£) dS + p/cJJ (lAg 4 mArj 4 nA%) da 

+ pK / JJ(lAg~hmAy + 7iA£)da / + , . ...(4) 

where l, m, n are the direction-cosmes of the normal to an element of the 
bounding surface, drawn towaids the fluid, or (as the case may be) of the 
normal to an element of a barrier, drawn m the direction in which the 
corresponding circulation is estimated 

At time we shall have 

IA% 4 - mArj 4 nA£ — 0 , 

at the surfaces of the solids, as well as at the fixed boundaries. Again, 
if AB represent one of the barriers in its position 
at time t l9 and if A'B' represent the locus at the 
same instant, m the varied motion, of those particles 
which m the actual motion occupy the position AB, 
the volume included between AB and A'B ' will be 
equal to the corresponding A^, whence 

J | + mA 7j 4- nA%) da = A^, 

Jj'(lA£ 4 mAt) 4 nAf) da = A%, 

The varied circulations are, from instant to instant, still at our disposal 
We may suppose them to be so adjusted as to make A^, A^', . vanish at 
time t,. The right-hand member of Art 135 (17) will accordingly vanish, 
and if we further suppose that the extraneous forces do on the whole no 
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work when the boundary of the fluid is at rest, whatever relative displace- 
ments be given to the parts of the fluid, the formula reduces to 


rti 

{AT + Q x Aq x + Qz&q* + ■ ■ + Q»Ag„) dt = 0 

J t n 


•• ( 6 ) 


From this Lagrange’s equations follow by a known process We have 

dT A dT . dT . 

A2 1 = 5 - A^H-j— Aq 2 + . + 5 — A q n 

dq 1 1 dq, 1 dq u a 


dT . dr . / 

% * % •• 

dr . ay . , dr . 

+ d qi ^ + dq 2 Aq * + + ^ Aqn 


•CO 


Hence, by a partial integration, and remembering that by hypothesis 
Aq u Aq 2 , . A q n , A%, Af, ... vanish at the limits t 0 , t u we find 


ffddT dT n \ (ddT 
Jt, \[dtd qi dq x "y qi + \dtdq 2 


8 T 

dq a 


Q*) 


, /ddT dT n \ . ddT . ddT . . , Jx A 

+ • ^ ® n l Aqn + dtdx Ax + dtdx' Ax+ ~ r dt ~° 


\dtdq n dq„ 


( 8 ) 

Since the values of Aq 1} A q 2} .. Aq n , A%, A%', ... within the range of 
integration are still arbitrary, their coefficients must separately vanish. 
We thus obtain n equations of the type 



d dr 

dt dq r 

dq r ' 

( 9 ) 

together with 

d - dT - = o 

dtd x u ’ 

dtdf ' 

(10) 


140 Equations of the types (9) and (10) present themselves m various 
problems of ordinary Dynamics, eg m questions relating to gyrostats, where 
the co-ordinates . , whose absolute values do not affect the kinetic or 

the potential energy of the system, are the angular co-ordinates of the 
gyrostats relative to their frames. The general theory of such systems has 
been treated by Routh*, Thomson and Taitf, and other writers 


* On the Stability of a Given State of Motion (Adams Prize Essay), London, 1877, Advanced 
j Rigid Dynamics, 5th ed , London, 1892 

+ Natural 'Philosophy, 2nd ed , Art 319 (1879). See also von Helmholtz, “Prmoipien der 
Statik monocyclischer Systeme,” Gielle, t xcvn (1884) [ Ges Abh , t m. p 179], Larmor, 
“ On the Direct Application of the Principle of Least Action to the Dynamics of Solid and Fluid 
Systems,” Pioc. Lond Math. Soc , t xv (1884), Lamb, Ait. “Dynamics, Analytical,” Encyc. 
Brit , t xxvii p 566 (1902) , Whittaker, Analytical Dynamics , c. m 
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We have seen that 


dT dT 

h~ p ‘’ V"'” 1 ' 


( 11 ) 


and the integration of ( 10 ) shews that the quantities tc, k , . are constants 
with regard to the time, as is otherwise known (Art. 50). Let us write 


R=T- P kx~ pie'x'- (12) 

The equations (11), when written in full, determine x> X< ••• as linear functions 
of k, k, ... and q u q 2 , ... q n , and by substitution in (12) we can express R as 
a homogeneous quadratic function of the same quantities, with coefficients 
which of course in general involve the co-ordinates q lt q 2 , . . q n On this 
supposition we have, performing the arbitrary variation A on both sides of 
( 12 ), and omitting terms which cancel by ( 11 ), 


dR, 

dq 1 


A ji + 



, dR A 

+ w-Ak 
OfC 




= 0 ^ Agi+ ■ ■ +g— A^- 1 - .-px A*- , ..(13) 

where, for brevity, only one teim of each kind is exhibited Hence we obtain 
2 n equations of the types 



dR _ dT 
dq r ~ dq r : 

dR_dT 
’ dq r dq, ’ 

(14) 

together with 

dR 

jr- p * 

dR 

S d = -PX’ 

(15) 

Hence the equations ( 9 ) 

may be written 



d dR 
dt dq r 

- dR -o 

dq r -*" • 

.(16) 


where the velocities • corresponding to the ‘ignored’ co-ordinates 

X, x> •• h ave now been eliminated* 


141 . In order to shew more explicitly the nature of the modification 
introduced by the cyclic motions into the dynamical equations, we proceed as 
follows 


If we substitute m ( 12 ) from (15), we obtain 


rp r> / dR , dR 

T=R - u t k +k m + 


.(17) 


Now, remembering the composition of R, we may write for a moment 

= -®m + -Ri,! + R 0 ,2, . . .. '(18) 

where A 2j0 is a homogeneous quadratic function of q u q 2l q n , R, h , i S a 


* This investigation is due to Booth, lo , of Whittaker, Analytical Dynamics, Ait 38 



140-141] Ignoration of Co-ordinates 18 V 

homogeneous quadratic function of k, k\ , and R hl is bilinear m these two 
sets of variables. Hence (17) takes the form 

T= — i?o,2) . (19) 

or, as we shall henceforth write it, 

T = ® + E, (20) 

where ® and K are homogeneous quadratic functions of q lt q 2 , q n> and of 
k, k', , respectively. It follows also from (18) that 

R = '®-K-p 1 q 1 -p i q t - ..-fi n q n , (21) 

where 8 U /3 2 , . . are linear functions of k, rc', , say 

fii = ai^ + ctqV + , 

/?2 ^ CL%fC CL<± K . . , 
fin == <X n fC + CL n tc + ... 

The meaning of the coefficients a (in the hydrodynamical problem) appears 
from (15) and (21) We find 

3 K . x 

?% = 0^ + «i?i + «2?2 + • • • + «nj», ) 

, dK , 

P%= 0^ + ai9 ri + a 2 g 2 + .. + a n g n , 




which shew that a r is the contribution to the flux of matter across the first 
barrier due to unit rate of variation of the co-ordinate q ry and so on 

If we now substitute from (21) in the equations (16) we obtain the general 
equations of motion of a ‘gyrostatic system/ m the form* 


d 3 ® 3 ® 

di 3 q 1 dqi 

d 3 ® 

dt 3 q 2 dq< 2 


+ (1; 2)g a 4-(l, 3)g 3 + ... +■(!, n)q n + -^ = Q li 
+ (2, 1) ?i 4- (2, 3) q A + . H- (2, n) q n + — = Q 2 , 


d 3® 3® , . / . , 

dtd£~W* + (n ’ } qi + (n ’ )q 2 + (% } g '‘ + 


where 


(r, s) = 


9 §> _ djf 

dq, 3 q, 


d K . 

+ 3S»~ < H 

(24) 

(25) 


It is important to notice that (r, $) = — ( 5 , r), and (r, r) = 0. 


* These equations were first given m a paper by S 11 W Thomson, “On the Motion of Rigid 
Solids m a Liquid circulating irrotationally through perforations in them or m a Fixed Solid, ” 
Phil Mag., May 1873. See also C. Neumann, Hydrodynamische Untersuchungen (1883). 
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If in the equations of motion of a fully-specified system of finite freedom 
(Art 135 (14)) we reverse the sign of the time-element St, the equations are 
unaltered The motion is therefore reversible , that is to say, if as the system 
is passing through any assigned configuration the velocities q lt q 2 , ... q n be 
all reversed, it will (if the forces be always the same m the same configuration) 
retrace its former path It is important to observe that this statement does 
not in general hold of a gyrostatic system, thus, the teims m (24) which are 
linear in q u q 2 , . q n change sign with Bt, whilst the others do not. Hence, 

m the present application, the motion of the solids is not reversible, unless 
indeed we imagine the circulations k, k', . to be reversed simultaneously 
with the velocities q lt q. 2 , . q n * 

If we multiply the equations (24) by q u q 2 , .., q n m order, and add, we 
find, by an obvious adaptation of the method of Art 135, 

+ A') = Q 1 g 1 + Q. 2 q a + +Q n q n , (26) 

or, if the system be conservative, 

® + K + V= const . .(27) 


142 The results of Art 141 may be applied to find the conditions of 
equilibrium of a system of solids surrounded by a liquid m cyclic motion 
This problem of * Kineto-Statics/ as it may be termed, is however more 
naturally treated by a simpler process. 

The value of cf> under the present circumstances can be expressed in the 
alternative forms 

$ = X n + X&' + .. , .... . .( 1 ) 

</> = KCO + KCO + , . (2) 

and the kinetic energy can accordingly be obtained as a homogeneous quad- 
ratic function either of x , X, •, or of with coefficients which are in 

each case functions of the co-ordmates q lt q 2 , . q n which specify the con- 

figuration of the solids These two expressions for the energy may be 
distinguished by the symbols T 0 and K, respectively Again, by Art 55 (5) 
we have a third formula 


2T = P kx + pk'x'+ . (3) 

The investigation at the beginning of Art 139, shortened by the omission 
of the terms involving q u g,, . q n , shews that 




(4) 


* Just as the motion of the axis of a top cannot be reversed unless 


we i averse the spin 
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Again, the explicit formula for K is 

2 ir= “^f/l t d<r - pK iI 8 dn da '~- 

= (/c, fc) k? 4 - ( V , tc) k 2 4 - . . . 4 - 2 (k 3 fc) kk! + . . , 


where 


(/c,/c)=-pff d £dr, (k, /c') = -p fj d £- dr = - pff d £ da', . 


and so on Hence 

a k 

d/c 

We thus obtain 


= (k, k) k + («,«') k' + = — p JJ 


d(f> 

dn 


dcr. 


PX = 


dK 

d/c ’ 


PX 


,J)K 

' d/c'’ 


• • (5) 
. ...( 6 ) 


..(7) 


Again, writing T 0 4--ST for 2T m (3), and performing a variation A on both 
sides of the lesultmg identity, we find, on omitting terms which cancel m 
virtue of (4) and (7)*, 


dT 0 dK 

dq* 


( 8 ) 


This completes the requisite analytical formulaef. 

If we now imagine the solids to be guided from rest m the configuration 
(?u ? 2 j • • qn) to rest m an adjacent configuration 


(?i + A q 1 , q 2 4- A q 2) q n 4- A q A ), 

the work required is Q t Aq 2 4- Q 2 Aq 2 4- . 4- Q tl Aq tl) 

where Qj, Q 2 , . Q n are the components of extraneous force which have to be 
applied to neutralize the pressures of the fluid on the solids This must 
be equal to the inclement A K of the kinetic energy, calculated on the 
supposition that the circulations k, a/, . are constant Hence 


o- d J£ 

Qr ~dq, ’ 


( 9 ) 


The forces representing the pressures of the fluid on the solids (when these 
arc held at rest) arc obtained by reversing the signs, viz. they arc given by 

dK 


q;=- 




( 10 ) 


the solids therefore tend to move so that the kinetic energy of the cyclic 
motion diminishes. 


* It would be sufficient to assume eithei (4) or (7), the process then loads to an independent 
proof of the other set of formulae 

t It may be noted that the function Ii of Ait. 140 now reduces to - K 
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( 11 ) 

143 A simple application of the equations (24) of Ait 141 is to the case 
of a sphere moving m a liquid which circulates motationally m a cyclic space 
with fixed boundaries 
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In virtue of (8) we have, also, 




fTo 

dq, 


If the radius a, say, of the sphere be small compared with its least distance from the 
fixed boundary, the formula (20) of Art 141 becomes 

2T=m (x' 2 +y 2 +^)+/i', (!) 

where x, y, z are the co-ordinates of the centre, and m denotes the mass of the sphere to- 
gether with half that of the fluid displaced by it , see Art 92 To find K, the energy of 
the cyclic motion when the sphere is held at rest in its actual position, we note that if we 
equate x, y, z to the components «, v, w, respectively, of the fluid velocity which would 
obtain at the point (.*, y, z ) if the sphere were absent, and at the same time put 
m=2?rpa 3 , the resulting energy will be piactically the same as that of the fluid when 
filling the region, whence 


2irpa J (u 2 -\-v-+ id 2 ) +K— const , 

or /i”= const — W, (2) 

where TF=27 t pa* (u^+v^+vfi) (3) 

Again the coefficients a l: a 2 , a 3 of Ait 141 (22) denote the fluxes across the first barrier, 
when the sphere moves with unit velocity parallel to x, y, z, respectively If we denote by 
Q the flux across this barrier duo to a unit simple-source at (x, y, z), then remembormg the 
equivalence of a moving sphere to a double-source (Art 92), we have 


i , da . 

«l> °2> as = t« 3 gj, i 


■. 012 , „ 012 


• (4) 


so that the quantities denoted by (2, 3), (3, 1), (1, 2) m Art 141 (24) vanish identically 
The equations therefore reduce m the present ease to 


jxlm=X+ , m 


dw 


mz=Z+ 


dw 


.. (5) 


where JL, Y, Z are the components of extraneous force applied to the sphere 

When X, Y , , Z= 0, the sphere tends to move towards places where the undisturbed 
velocity of the fluid is greatest 


Tor example, m the case of cyclic motion round a fixed circular cylinder (Arts 27, 64) 
the fluid velocity varies inversely as the distance from the axis. The sphere will therefore 
move as if under the action of a force towards this axis varying inversely as the cube of 
the distance The projection of its path on a plane perpendicular to the axis will therefore 
be a Cotes’ spiral* 


144 . We may also notice one or two problems of Kineto-Statics, in 
illustration of the theory of Art 142. 


* Cf Sir W. Thomson, l c ante p 187 
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Examples 


It will be shewn m Art 153 that the energy Ii of the cyclic fluid motion is propor- 
tional to the energy of a system of electric current-sheets coincident with the fixed 
boundaries, the current-lines being orthogonal to the stream-lines of the fluid. 

The electromagnetic forces between conductors carrying these currents are proportional* 
to the expressions on the right-hand of Art 142 (10) with the signs reversed Hence m 
the hydrodynamical problem the forces on the solids aie opposite to those which obtain m 
the electrical analogue In the particular case where the fixed solids reduce to infinitely 
thin cores, round which the fluid circulates, the current-sheets m question are practically 
equivalent to a system of electnc currents flowing m the cores, regarded as wires, with 
strengths «, k, respectively For example, two thin circular rings, having a common 
axis, will repel or attract one another according as the fluid circulates m the same or in 
opposite directions through themt. This might have been foreseen of course from the 
principle of Art 23 


Another intei estmg case is that of a number of open tubes, so narrow as not sensibly 
to impede the motion of the fluid outside them If streams be established through the 
tubes, then as icgards the external space the extremities will act as sources and sinks 
The energy due to any distribution of positive or negative sources m 2 , . is given, so 
far as it depends on the relative configuration of these, by the integral 

-s .//*&*$ <0> 

taken over a system of small closed surfaces surrounding m l5 w 2 , . . respectively If 
4*21 ^ )0 velocity-potentials duo to the several sources, the part of this expression 


which is due to the simultaneous presence of m v m 2 is 



»?+*>£)•** ■ ■ 

■ ■ (7) 

which is by Green’s Theorem equal to 





(8) 


Since the sui face-integral of dfa/dn is aero over each of the closed surfaces except the 
one surrounding w 2) wo may ultimately confine the integration to this, and so obtain 

-P<l>iJJ •• •• . ( 9 ) 

Since the value of cj> x at m 2 is whore r 12 denotes the distance between m t and m 2 , 

we obtain, for the part of the kinetic energy which varies with the relative positions of the 
sources, the expiession 


P ^ ^2 

4tt ? 12 


( 10 ) 


Tho quantities . are in tlio proseut problem equal to tbo fluxes xo> Xo'> • across 

the sections of the respective tubes, so that (10) corresponds to tho form 'J\ of the kinetic 


* Maxwell, Electricity and Magnetism , Art 573 

f The theorem of this paragraph was given by Kirchhoil, l c ante p 52 See also Sir W 
Thomson, “ On the Forces experienced by Solids immersed m a Moving Liquid,” JProc , R S. 
Edvn , 1870 [Reprint, Art xli ] , Boltzmann, “ CJeber die Druckkrafte welche auf Binge wxrksam 
sind cl 10 m bewegte Flussigkeit tauchen,” Cielle, t. lxxm (1871) 
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energy The force apparently exerted by m x on m 2 , tending to increase r 12 , is theicfore, 
by Art 142(11), 

p d p ?n l ?}i 2 

TCh l2 % i l2 ~~ 4tt’ r 12 2 

Hence two sources of like sign attract, and two of unlike sign repel, with forces varying 
inversely as the square of the distance* This result, again, is easily seen to be m accord- 
ance with general principles It also follows independently from the electric analogy, the 
tubes corresponding to Ampere’s 4 solenoids 5 

We here take leave of this branch of our subject To avoid, as far as may 
be, the suspicion of vagueness which sometimes attaches to the use of 
‘ generalized co-ordinates , 5 an attempt has been made m this Chapter to put 
the question on as definite a basis as possible, even at the expense of some 
degree of prolixity m the methods. 

To some writers f the matter has presented itself as a much simpler one 
The problems are brought at one stroke under the sway of the ordinary 
formulae of Dynamics by the imagined introduction of an infinite number of 
e ignored co-ordinates , 5 which would specify the configuration of the various 
particles of the fluid The corresponding components of momentum are 
assumed all to vanish, with the exception (m the case of a cyclic region > 
of those which are represented by the cnculations through the several 
apertures 

From a physical point of view it is difficult to refuse assent to such 
a generalization, especially when it has formed the starting-point of all the 
development of this part of the subject; but it is at least legitimate, and 
from the hydrodynamical standpoint even desirable, that it should be 
verified & posteriori by independent, if more pedestrian, methods 

Whichever procedure be accepted, the result is that the systems con- 
templated in this Chapter are found to comport themselves (so far as the 
'palpable 5 co-ordinates q lf q 2 , ... q n are concerned) exactly like oidmary 
systems of finite freedom The furthei development of the general theory 
belongs to Analytical Dynamics, and must accordingly be sought for m books 
and memoirs devoted to that subject It may be worth while, however, to 
remark that the hydrodynamical systems afford extremely interesting and 
beautiful illustrations of the Principle of Least Action, the Reciprocal 
Theorems of von Helmholtz, and other general dynamical theories 

* SirW Thomson, Ic, 

+ See Thomson and Tait, and Larmoi, ll cit. ante p 185. 
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VORTEX MOTION. 

145 Our investigations have thus far been confined for the most part 
to the case of irrotational motion. We now proceed to the study of 
rotational or 'vortex’ motion This subject was first investigated by von 
Helmholtz*, other and simpler proofs of some of his theorems were after- 
wards given by Lord Kelvin in the paper on vortex motion already cited m 
Chapter hi 

We shall, throughout this Chapter, use the symbols £, ij, £ to denote, as 
m Chap in , the components of the instantaneous angular velocity of a fluid 
element, viz 



A lme drawn from point to point so that its direction is everywhere 
that of the instantaneous axis of rotation of the fluid is called a 'vortex-lme.* 
The differential equations of the system of vortex-lmes are 

dx _dy __dz 

7~T~? * (2) 

If through every point of a small closed curve we draw the corresponding 
vortex-lme, we mark out a tube, which we call a ‘ vortex-tube.’ The fluid 
contained within such a tube constitutes what is called a ' vortex-filament,’ 
or simply a ‘vortex’ 

Let ABC, A'B'C' be any two circuits drawn on the surface of a vortex- 
tube and embracing it, and let A A' be a connecting line 
also drawn on the surface Let us apply the theorem 
of Art 82 to the circuit ABCAA'C'B'A'A and the part 
of the surface of the tube bounded by it. Since 

If; - 1 “ 7717] + = 0 

at every point of this surface, the lme-mtegral 

/ (udx + vdy + wdz), 

* “IJeber Integrale der hydrodynamischen G-leiclrangen welche den Wirbelbewegungen 
entsprechen,” Cielle, t. lv (1858) [Ges, Abh , i, i p. 101] 
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taken round the circuit, must vanish, le in the notation of Art. 31 
I (ABC A) + 1 (A A') + 1 (A'C'B'A') + I (A' A) = 0, 
which reduces to I (ABC A) = I (A BC A) 

Hence the circulation is the same in all circuits embracing the same vortex- 
tube 

Again, it appears from Art 31 that the cnculation round the boundary 
of any cross-section of the tube, made normal to its length, is 2 coa, where 
^ _ (£2 + ?? 2 _(- £2)1 is the angular velocity of the fluid, and <r the infinitely 

small area of the section 


Combining these results we see that the product of the angular velocity 
into the cross-section is the same at all points of a vortex. The doubled 
product is conveniently taken as a measure of the ‘ strength 1 of the vortex * 

The foregoing proof is due to Lord Kelvin ; the theorem itself was first 
given by von Helmholtz, as a deduction fiom the relation 


dx dy dz 


= 0 , 


( 3 ) 


which follows at once from the values of f, y, f given by (1). In fact writing, 
m Art 42 (1), £ y, K foi U, V, W, respectively, we find 

J!(l£ + m V + nt)dS = 0, (4) 

where the integration extends over any closed surface lying wholly in the 
fluid Applying this to the closed surface formed by two cross-sections of a 
vortex-tube and the part of the walls intercepted between them, we find 
Mjo-j = m,<r 2 , where a 1 , w 2 denote the angular velocities at the sections ay, cr a , 
respectively 

Lord Kelvin’s proof shews that the theorem is true even when £, y, f are 
discontinuous (in which case there may be an abrupt bend at some point of a 
vortex), provided only that u, v, w are continuous 


An important consequence of the above theorem is that a vortex-hne 
cannot begin or end at any point m the interior of the fluid Any vortex- 
hnes which exist must either form closed curves, or else traverse the fluid, 
beginning and ending on its boundaries Compare Ai t 36 

The theorem of Art 32 (5) may now be enunciated as follows . The 
circulation in any circuit is equal to the sum of the strengths of all the 
vortices which it embraces 


146 It was proved in Art 33 that m a perfect fluid whose density 
is either uniform or a function of the pressure only, and which is subject 

* There is here a divergence from pievalent usage , but the circulation round a vortex would 
seem to be the most natuial measure of its intensity. 
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to forces haying a single-valued potential, the cuculation m any circuit 
moving with the fluid is constant 

Applying this theorem to a circuit embracing a vortex-tube we find that 
the strength of any vortex is constant 

If we take at any instant a surface composed wholly of vortex-lines, 
the circulation in any circuit drawn on it is zero, by Art 32, for we have 
l% + my + n£=0 at every point of the surface The preceding Art shews 
that if the surface be now supposed to move with the fluid, the circulation 
will always be zeio m any circuit drawn on it, and therefore the surface will 
always consist of vortex-lmes Again, considering two such surfaces, it is 
plain that their intersection must always be a vortex-lme, whence we derive 
the theorem that the vortex-lmes move with the fluid. 

This remarkable theorem was first given by von Helmholtz for the case 
of incompressibility , the preceding proof, by Lord Kelvin, shews that it 
holds for all fluids subject to the conditions above stated. 

The theorem that the circulation m any circuit moving with the fluid is 
invariable constitutes the sole and sufficient appeal to Dynamics which it 
is necessary to make m the investigations of this Chapter It is based on 
the hypothesis of a continuous distribution of pressure, and (conversely) 
implies this For if m any problem we have discovered functions u, v, w of 
cc, y, z, t, which satisfy the kinematical conditions, then, if this solution is 
to be also dynamically possible, the relation of the pressures about two 
moving particles A, B must be given by the foimula (2) of Art 33, viz. 

" fdv I s DC S 

J ^ A = ~ BiJ A ( u d ce + '»dy + wdz) ... . ( 1 ) 

It is therefore necessary and sufficient that the expression on the right hand 
should be the same for all paths of integration (moving with the fluid) which 
can be drawn from A to B This is secured if, and only if, the assumed 
values of u, v, w make the vortex-lmes move with the fluid, and also make 
the strength of every vortex constant with respect to the time 

It is easily seen that the argument is m no way impaired if the assumed 
values of u, v, w make £, y, £ discontinuous at cei tain surfaces, provided 
only that u, v, w are themselves everywhere continuous 

On account of thoir historical intei est, ouo or two independent proofs of the prooodmg 
theorems may he briefly indicated, and tlioir mutual relations pointed out 

Of these perhaps the most conclusive is based upon a slight generalization of some 
equations given originally by Cauchy in the introduction to his great memoir on Waves* 
and employed by him to demonstrate Lagrange’s velocity-potential theorem 


* l c ante p 15 


13 — 2 



Vortex Motion [chap, yii 

3 equations (2) of Art 15, yield, on elimination of the function x by cross-diffei entia- 


3 u dsc 3 u dx dv dy dv dy dw 3 z dw dz __ 3 w 0 dv 0 

db do do 3 b "** 3 b dc do 3 b 3 b dc do 3 b ~ 3 b do 5 


u, v, w have been written m place of dv/dt, dy/d t, dzjdt, respectively), with two 
itrical equations If in these equations we replace the differential coefficients of 
with respect to a, b , c, by their values m terms of differential coefficients of the 
uantities with respect to x, y, z, we obtain 


t 8 (y> ?) 

f 2 ( b , c) 


+v 


3(z, x ) , 3(a,ff) __ \ 

3(6, 0(6, 


s 


2 (y , ») 

3 (o, a) 


+ 7 


3 (.*, m) 

3 (c, a) 


+£ 


3 (*,y) 

0 (c, a) 170 ’ 


> 3 (y, g) 

6 3 (a, 6) 


3 (*, 

3 (a, 


+c 


3 y) 

3 (a, b)~ 


J 


( 2 ) 


multiply these by 3tf/3a, 3^/35, 3^/3c, m order, and add, then, taking account of 
grangian equation of continuity (Art 14 (1)) we deduce the first of the following 
ymmetncal equations 

f _fo <^ + 7o Co 
P po 3a Po 36 Po ’ 

2 = &§£ + 2!o ?^ + £>?? 

P Po 3a Po 36 Po ’ 

jT = £o 3£ + 7o3_£ , & 9? 

P Po 3a ^ po 36 ^ po 3c 

he particular case of an incompressible fluid (p=p 0 ) these differ only m the use of 
ation £, t), C from the equations given by Cauchy They shew at once that if the 
values j 0 , ifo, fo of the component rotations vanish for any particle of the fluid, then 
- e always zero for that particle This constitutes m fact Cauchy’s proof of Lagrange’s 



nterpret (3) m the general case, let us take at time zJ=0 a linear element coincident 
vortex-line, say 

ba, 86, 8c=€^, *22, e Ca, 

Po Po Po 

‘ is infinitesimal If we suppose this element to move with the fluid, the equations 
v that its projections on the co-ordinate axes at any other time will be given by 

dx, by, 8z=e e- , e-, 

P P P 

element will still form part of a vortex-lme, and its length (8s, say) will vary as 
.ere a> is the resultant angular velocity But if o- be the cross-section of a vortex- 
t having 8s as axis, the product pads is constant with regard to the time Hence 
sngth 2 cocr of the vortex is constant* 

proof given originally by von Helmholtz depends on a system of three equations 

e Nanson, Mess of Math , t m p 120 (1874), Kirchhoff, Mechamk , c xv (1876), 
Math and Phys . Papers, t n p 47 (1888) 


Helmholtz Theorem 
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winch, when generalized so as to apply to any fluid in which p is a function of p only, 
become* 


D_ f(\ | fa , 2 \ 

\py p 0# p 0^/ p 0a ’ 

?£ , 

Bt\p) p 0& ”p 0y p dz 5 / 
Bt \pj pda. ? p 9y p dz J 


(4) 


These may be obtained as follows The dynamical equations of Art 6 may be written, 
when a force-potential & exists, in the forms 




0y 


da? 


provided 


g--2^ + 2^=- ¥> 
® i ;=2 W ,+2^=-?| v 
x'=J^+J2 2 +Q, 


(5) 


• ( 6 ) 


and £ 2 =w 2 + , y 2 4‘W 2 . From the second and third of these we obtain, eliminating x' by 
cross-differentiation, 


, d£ d£ (drj d A du .du . , 

fdv dw\ 
i^3y + 3 7/ 


Eemembering the relation || ; + ^ ~ = 0, 

• • 

(7) 

and the equation of continuity 



Dp (du dv ,dw\ 

DJ +p \di + dy + Tzr°' * 


(8) 


wo easily deduce the first of equations (4) 

To interpret these equations wo take, at time £, a linear element whose projections on 
the co-ordinate axos are 


to, to, dz = e^ , £~, 

p 4 p p 


.(9) 


whore e is infinitesimal If this clement be supposed to move with the fluid, the rate at 
which to is increasing is equal to the difference of the values of u at the two ends, whence 


Zjto _ | 7] du ( du 

Bt € p di v € p dy € p dz* 

It follows, by (4), that 



Von Helmholtz concludes that if the relations (9) hold at time t, they will hold at time 
t+dt, and so on, continually. The inference is, however, not quite rigorous, it is m fact 


Nanson, l c. 
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open to tlie criticisms which Stokes* directed against various defective proofs of Lagrange’s 
velocity-potential theorem f. 

By way of establishing a connection with Loid Kelvin's investigation we may notice 
that the equations (2) express that the circulation is constant m each of three infinitely 
small circuits initially perpendicular, respectively, to the three co-ordinate axes Taking, 
for example, the circuit which initially bounded the rectangle dbdo, and denoting by A, B 6 
the areas of its projections at time t on the co-ordinate planes, we have 


me, 

d{b,c) 




so that the first of the equations referred to is equivalent! to 

U+vB+CO-&Sbto. 


C d(b/e) Bb8c ’ 


( 11 ) 


147.^ It is easily seen by the same kind of argument as m Art 41 that 
no continuous irrotational motion is possible in an incompressible fluid filling 
infinite space, and subject to the condition that the velocity vanishes at 
infinity This leads at once to the following theorem . 

The motion of a fluid which fills infinite space, and is at rest at infinity, 
is determinate when we know the values of the expansion ( 0 , say) and of the 
component angular velocities f, 17 , £ at all points of the region. 

lor, if possible, let there be two sets of values, u u v u w u and u 2 , v 2 , w 2 , 
of the component velocities, each satisfying the equations 


du dv_ 3 w_ a 
3 x 3 t( dz~ ’ 


( 1 ) 


Sw dv_ du 3 w . 

3 y 3 z dz~dx~ 2v ’ 


= c,y 

dx d y 


■ • ( 2 ) 


throughout infinite space, and vanishing at infinity. The quantities 

u' = Uj — u 2) V ~V 1 — V 2 , w' = IU X — w 2) 


will satisfy ( 1 ) and ( 2 ) with 6, 7 }, £ = 0, and will vanish at infinity Hence, 

in virtue of the result above stated, they will everywhere vanish, and there 
is only one possible motion satisfying the given conditions 


* l c. ante p 15 

t 14 , m fJ. be mentioned that, m the case of an incompressible fluid, equations somewhat 
simUai to (4) had been established by Lagrange, Mis, cell Taw , 1 . 11 (1760) [Oeuvies, t i p 442] 
The author is indebted for this reference, and for the above remark on von Helmholtz’ invest! 

0M 64U1Tal6ni t0 th0se glven by La e r “g 0 obtained 
theorem 3 * 7 by Stokes > lc ’ and made basis of a rigorous proof of the velocity-potential 

J Nanson, Mess, of Math , t. vn p 182 (1878) A similar interpretation of von Helmholtz’ 
equations was given by the author of this work m the Mess of Math., t vu. p 41 (1877) 

Finally it may be noted that another proof of Lagrange’s theorem, based on elementary 
dynamical principles, without special reference to the hydrokmetic equations, was indicated by 
Stokes, Garni Trans , t. vm [Math and Phys Papers, t i p 113], and carried out by Lord 
Kelvin m his paper on Vortex Motion. 
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In the same way we can shew that the motion of a fluid occupying any 
limited simply-connected region is determinate when we know the values of 
the expansion, and of the component rotations, at every point of the region, 
and the value of the normal velocity at every point of the boundary In the 
case of a multiply-connected region we must add to the above data the values 
of the circulations m the several independent circuits of the legion 


148 If, m the case of infinite space, the quantities 0, 77, £ all vanish 

beyond some finite distance of the origin, the complete determination of 
to, v, w m terms of them can be effected as follows*. 


The component velocities due to the expansion can be written down at 
once from Art. 56 (1), it being evident that the expansion 0' m an element 
Sx'Sy'dz' is equivalent to a simple source of strength O'Sx'dy'Bz' Wo thus 
obtain 


u — — 


0<E> 
dx ’ 




■(1) 


where 


1 ffftf' 

*-*m*'w 


( 2 ) 


r denoting the distance between the point (x' y y', z') at which the volume- 
element of the integral is situate and the point (x, y, z) at which the values 
of to, v, w are required, viz. 

r = {(0 - x'y + {y - y'y + {z - z'Y}\ 

and the integration including all parts of space at which O' differs from zero. 

To find the velocities due to the vortices , we note that when there is no 
expansion, the flux across any two open surfaces bounded by the same curve 
as edge will be the same, and will therefore be determined solely by the 
configuration of the edge This suggests that the flux through any closed 
curve may be expiessed as a line-integral taken round the curve, say 

5(Fdx + Gdy + Hdz) (3) 

On this hypothesis we shall have, by the method of Art 31, 


u = dH_dG v= dF 


0 H 
dx * 


dy dz 3 dz 

To test the assumption, wo must have 

_0to;_0to 0 fdF . dG 

" dy dz 


iv- 


dG 

dx 


dF 

'dy' 


(4) 


2£ ! 


dx ( 0 ® dy dz 


■V'F, 


* The investigation which follows is substantially that given by Helmholtz. The kme- 
matioal problem m question was first solved, m a slightly different manner, by Stokes, “ On 
the Dynamical Theory of Difii action,” Gamb. Trims , t ix. (1849) [Math and Phys . Papers, t 11 
pp 254 ] 
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with two similar equations. The quantities F, G, H will in any case be 
indeterminate to the extent of three additive functions of the forms 

d Xl dx > d Xl d V> tyfi*, respectively , and we may, if we please, suppose y to 
be chosen so that 

dF d_G d_H_ 

dx dy dz ~ 

m which case F^F = 


.(5) 


■2£ V 2 (r = — 2y, V 2 .ff=_2f ... .(6) 

Particular solutions of these equations are obtained by equating F, G, H to 
the potentials of distributions of matter whose volume-densities are 
f/27T, respectively , thus 

g-s/JvW*'. ■ s '-s///?*'W 

... .(7) 

where the accents attached to £, y, £ are used to distinguish the values of 
these quantities at the point (af, y\ z') The integrations are to include, 
of course, all places where £, y, f differ from zero. 

Moreover, since d/dx r~ 1 = — d/dx' r -1 , the formulae (7) make 

?£?;) Mdy'dz' 

The nght-hand member vanishes, by the theorem of Art 42 (4), since 

dx dy ^ dz 

everywhere, whilst Jf + my + n£= 0 

f the surfaces of the vortices (where fc y, f may be discontinuous), and 
* y, £ vanish at infinity. Hence no additions to the values (7) of F, G, H 
are necessary in order that (5) may be satisfied. 

The complete solution of our problem is obtained by superposition of the 
results contained in (1) and (4), viz. 

S<E> 

u dx ’ 


dF dff dH 
dy + dz 


ox 


0$ 

V = - — + 

dy 

0$ 

W = -0J + 


m 

dG 

dy 

dz’ 

dF 

dH 

dz 

dx ’ 

d_G 

dF 

dx 

dy ’ j 


( 8 ) 


where 3>, F, G, H have the values given m (2) and (7). 

When the region occupied by the fluid is not unlimited, but is bounded 
(in whole or m part) by surfaces at which the normal velocity is given, and 
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when further (m the case of a cyclic region) the value of the circulation 
m each of the independent circuits is prescribed, the problem may by a 
similar analysis be reduced to one of irrotational motion, of the kind 
consideied m Chap ill, and there proved to be determinate This maybe 
left to the reader, with the remark that if the vortices traverse the region, 
beginning and ending on the boundary, it is convenient to imagine them 
continued beyond it, or along the boundary, m such a manner that they form 
re-entrant filaments, and to make the integrals (7) refer to the complete 
system of vortices thus obtained. On this understanding the condition (5) 
will still be satisfied 

There is an exact correspondence between the analytical relations above developed and 
those which obtain in the theory of Electro-magnetism If, in the equations (1) and (2) 
of Art 147, we write 

A P J P, <b r 

for u, % w, 6, 2£, 2 ^ 2 £ 

respectively, we obtain 

8a ^ 3y__ 

dx dg~*~ 

dy dp_ da 3y__ dft 3a __ 

dy dz dz docT^' dx dy^ ’ 

which are the fundamental relations of the theory referred to , viz. a, /3, y are the compo- 
nents of magnetic force, p, q, r those of electric current, and p is the volume-density of the 
imaginary magnetic matter by which any magnetization present m the field may be repre- 
sented* Hence, the vortex-filaments cox respond to electric circuits, the strengths of the 
vortices to the strengths of the currents m these circuits, sources and sinks to positivo and 
negative magnetic poles, and, finally, fluid velocity to magnetic force 1 

The analogy will of course extend to all results deduced from the fundamental relations , 
thus, m equations (8) <E> corresponds to the magnetic potential and F 0 Q, II to the com- 
ponents of 1 electro-magnetic momentum/ 



149 To interpret the result contained in Art. 148 (8), we may calculate 
the values of u, v, w due to an isolated re-entrant voitex-filament situate in an 
infinite mass of incompressible fluid which is at rest at infinity 

Since 0 = 0, we shall have <3> = 0. Again, to calculate the values of 
F, G, H, we may replace the volume-element Boc'By'Bz' by a'Bs', where Bs' is 
an element of the length of the filament, and a-' its cross-section. Also 


r =«■ 


,dx' 

dd’ 


ds” 


r = 


co 


dz’ 

ds' } 


* Of Maxwell, Elect*) icity and Magnetism, Ait 607. Tho companson has been simplified by 
the adoption of the ‘ rational’ system of electucal units advocated by Heaviside, Electrical layers, 
London, 1892, tip 199 

+ This analogy was first pointed out by Helmholtz , it has been extensively utilized by Lord 
Kelvin in his papers on Electrostatics and Magnetism (cited ante p 30). 
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where a' is the angular velocity of the fluid. Hence the formulae (7) of 
Art 148 become 


j7t K f dx 

F= ^J T' 


a=JL[ *£ 

4>ttJ r ’ 


H~- 

4t r] r 


... ,(i) 


where *, = 2 ®V, measures the strength of the vortex, and the integrals are 
to be taken along the whole length of the filament. 

Hence, by Art 148 (4), we have 


with similar results for w We thus find* 


u K ffdy' z-d dz y-y' \ ds ' 

4}7rJ \ds' r ds' r Jr 2 ’ 

v — — [(— x ~~ x ' dx z — z'\ ds ' 

47 rj\ds' r ds' r ) r 2 ’ f 

w=—[ y ~~ y ' - dy' y-A ds' 

4i7rJ\ds' r ds' r ) r 2 * , 


( 2 ) 


If A u, Av, Aw denote the parts of these expressions which involve the 
element 8s' of the filament, it appears that the resultant of Am, Av, Aw is 
perpendicular to the plane containing the direction of the vortex-line at 
( a >y> z ') and the line r, and that its sense is that m which the point (tv, y, z ) 
would be earned if it were attached to a rigid body rotating with the fluid 
element at (V, y’ , z') For the magnitude of the resultant we have 


{(Am) 2 + (Ad) 2 + (Aw) 2 ]* = — — * Ss ' 

4?r r 2 J 

where % is the angle which r makes with the vortex -line at 


( 3 ) 


« y\ J) 


With the change of symbols indicated m the preceding Art this result becomes identical 
witii the law of action of an electric current on a magnetic polef. 


Velocity -Potential due to a Vortex 

150 At points external to the vortices there exists a velocity-potential 
whose value may be obtained as follows Taking for shortness the case of a 
single re-entrant vortex, we have from the preceding Art., m the case of an 
incompressible fluid, 



* Tiiese are equivalent to the forms obtained by Stokes, l c. ante p 199 
f Arop&re, Theone mathimatique des phenomenes electio-dynamiques, Paris, 1826 
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By Stokes’ Theorem (Art 32 (6)) we can replace a lme-integral extending 
round a closed curve by a surface-integral taken over any surface bounded 
by that curve ; viz. we have, with a slight change of notation, 


/<■ 


?da/ + Qdy' + Bde')=JJ- 

P = 0, 


(dR dQ\ (dJP 922\ /3Q dP\) 

15? - a?) + " (§7 - a? J + " (» - ' 


0 _Ai 

^~dz'r } 


If we put 
we find 

dR^dQ^d^l 

dy' dz' 0a/ V’ dz' dx' dx'dy' r' ’ 

so that (1) may be written 
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» __0_1 
dy' r ’ 


dP dR 0 2 1 


u — 


4tt 


7 3 , 3 3 


dx' 


dy ’ 


dQ dP _ 8 2 1 

3a/ 3^ 0a/0^ ^ 

d 1 


dz'J da/ r 


dS' 


Hence, and by similar reasoning, we have, since djdx' r 1 = — djdx r 


u= — 


d (f> 
dx ’ 


v = — 


where 




47T 


d± 
dy* 

; 0 L 0 . 

* "H Wfc 5~> 4- W 


w = - 


dj>_ 

‘dz’ 


d\l 


dS'. 


•• -( 2 ) 


(3) 


'9a/ 1 1,17 3;?/' 1 '“dz'/r 

Here £, m, n denote the direction-cosines of the normal to the element hS' of 
a surface bounded by the vortex-filament. 

The formula (3) may be otherwise written 

f COS S' 




■ dS ', 


...(4) 


wheie & denotes the angle between r and the normal (I, m, n). Since 
co hBdS'jr 2, measuies the elementary solid angle subtended by SS' at (x, y, z) y 
we see that the velocity-potential at any point, due to a single re-entrant 
vortex, is equal to the product of k/^tt into the solid angle which a 
surface bounded by the vortex subtends at that point 

Since this solid angle changes by 47 t when the point in question describes 
a circuit embracing the voitex, we verify that the value of <jf> given by (4) is 
cyclic, the cyclic constant being k Cf. Art 145 

It may be noticed that the expression in (4) is equal to the flux (m the 
negative direction) through the aperture of the vortex, due to a pomt-source 
of strength k at the point (t v , y, z). 

Comparing (4) with Art 56 (4) we see that a vortex is, m a sense, 
equivalent to a uniform distribution of double sources over any surface 
bounded by it The axes of the double sources must be supposed to be 
everywhere normal to the surface, and the density of the distribution to be 
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equal to the strength of the voitex It is here assumed that the relation 
between the positive direction of the normal and the positive direction of 
the axis of the vortex-filament is of the ‘right-handed’ type. See Art 31 

Conversely, it may be shewn that any distribution of double sources over 
a closed surface, the axes being directed along the normals, may be replaced 
by a system of closed vortex-filaments lying in the surface* The same thing 
will appear independently from the investigation of the next Art 


Vortex-Sheets 

151 We have so far assumed u, v, u> to be continuous We may now 
shew how cases where surfaces of discontinuity present themselves may be 
brought within the scope of our theorems 

The case of a discontinuity m the normal velocity alone has already 
been treated m Art 58 If u, v, w denote the component velocities on one 
side and v! , v', w' those on the other, it was found that the circumstances 
could be represented by imagining a distribution of simple sources with 
surface-density ; 

l (a —u)~ j- m (v f — v) H- n (w' — w\ 

where l, m, n denote the direction-cosines of the normal drawn towards the 
side to which the accents refer 

Let us next consider the case where the tangential velocity (only) is 
discontinuous, so that * y> 

l (V ~u) 4- m (V — y)-f- n(w' — w)= 0 . .(1) 

We will suppose that the lines of relative motion, which are defined by the 
differential equations J 

dx _ dy _ dz 

u' — u v —v w' — w ’ • • • * (2) 

are traced on the surface, and that the system of orthogonal trajectories to 
these hues is also drawn Let PQ, P'Q' be linear elements drawn close to 
S ^y ,ce ’ on the two slcles > parallel to a line of the system (2), and let PP' 
and QQ' be normal to the suiface and infinitely small m comparison with PQ 

7' Circulatlon m the circuit P'Q'QP will then be equal to 

9.) where q, q ' denote the absolute velocities on the two sides. This 
IS the same as if the position of the surface were occupied by an infinitely 
thm stratum of vortices, the orthogonal trajectories above-mentioned being 
the vortex-lines, and the angular velocity a> and the (variable) thickness Sn 
ot the stratum being connected by the relation 

2a>Bn = q' — q. 

Cf Maxwell, Electricity and Magnetism, Arts. 485, 652 


...( 3 ) 
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The same result follows fiom a consideration of the discontinuities which 
occur m the values of u, v , w as detei mined by the foimulae (4) and (7) of 
Art 148, when we apply these to the case of a stratum of thickness Bn within 
which £, 7 1 £ are infinite, but so that ySn, £8n aie finite* 

It was shewn m Arts 147, 148 that any continuous motion of a fluid 
filling infinite space, and at rest at infinity, may be regarded as due to 
a suitable arrangement of sources and vortices distributed with finite density. 
We have now seen how by considerations of continuity we can pass to the 
case where the sources and vortices are distributed with infinite volume- 
density, but finite surface-density, over surfaces. In particular, we may take 
the case where the infinite fluid in question is incompressible, and is divided 
into two portions by a closed surface over which the normal velocity is 
continuous, but the tangential velocity discontinuous, as m Art, 58 (12). 
This is equivalent to a voitex-shcet, and we infer that every continuous 
uTotational motion, whether cyclic or not, of an incompressible substance 
occupying any region whatever, may be regarded as due to a ceitam 
distribution of vortices over the boundaries which separate it from the rest 
of infinite space In the case of a legion extending to infinity, the distri- 
bution is confined to the finite portion of the boundary, provided the fluid be 
at rest at infinity. 

This theorem is complementary to the results obtained m Art. 58. 


The foregoing conclusions may be illustrated by moans of the results of Art 91 Thus 
when a normal velocity was proscribed over the sphoie r=a, the values of the velocity- 
potential for the internal and external space wore found to be 


and 4 ) = 


i+l\r 


respectively Hence if 8e be tho angle which a linear clement drawn on the surface 
subtends at tho centre, the relative velocity estimated m the direction of this olomont 
will bo 

diS n 

n (/H- I) ?)e 


Tho resultant relative velocity m therefore tangential to the surfaoo, and perpendicular to 
the contour linos (#„= const ) of tho surface-harmonic A' ( , which are therefore tho vortox- 
lincs 


tor example, if wo have a tlnn spherical shell filled with and surrounded by liquid, 
moving as m Art 92 parallel to the axis of x, tho motion of tho fluid, whether internal or 
external, will he that duo to a system of vortices arranged m parallel circles on tho sphere, 
the strength of an elementary vortox being proportional to tho projection, on tho axis oix, 
of the breadth of tho corresponding zono of the surface 1 


* Helmholtz, l c ante p 193 

I* Tiie same statements hold also for an ellipsoidal shell moving parallel to one of its 
principal axes See Art 114. 
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Impulse and Energy of a Vortex- System 


152 . The following investigations relate to the case of a vortex-system 
of finite dimensions in an incompressible fluid which fills infinite space and 
is at rest at infinity. 

If X\ Y\ Z' be components of a distribution of impulsive force (m 
general cyclic) which would generate the actual motion ( u , v } w) instan- 
taneously from rest, we have by Art 12 (1) 


-y, 1 S'ST 

X ' -~- — =u, 
p dx 


r- 


1 dvr 
- = ^ 




1 dvr 


where vr is the impulsive pressure. The problem of finding X\ Y\ Z' } and 
vr, m terms of u, v, w, so as to satisfy these three equations, is to a certain 
extent indeterminate, but a sufficient solution for our purpose may be 
obtained as follows. 


Let us imagine a simply-connected surface S to be drawn enclosing 
all the vortices Over this surface, and through the external space, 
let us put 

' 8rsss />& * ( 2 ) 


where </> is the velocity-potential of the vortex-system, determined as m 
Art 150 Inside S let us take as the value of vr any single- valued function 
which is finite and continuous, coincides with (2) at S, and also satisfies the 
equation 


dvr 

dn 



... (3) 


at S } where Bn denotes as usual an element of the normal It follows from 
these conditions, which can evidently be satisfied m an infinite number of 
ways, that the space-derivatives dvr/dx, dvr/dy, dvr /dz will be continuous at the 
surface 8. The values of X', Y\ Z' are now given by the formulae (1); they 
vanish at the surface S, and at all external points 

The force- and couple-equivalents of the distribution (X' } Y' } Z f ) constitute 
the "impulse' of the voxtex-system. We are at present concerned only with 
the instantaneous state of the system, but it may be recalled that, when no 
extraneous forces act, this impulse is, by the argument of Art 119, constant 
m every respect 

Now, considering the matter inclosed within the surface S, we find, 
resolving parallel to x, 

jjjpX'dxdydz—p JJudxdydz - pfflcfrdS, (4) 

if Z, m, n be the direction -cosines of the inwardly-directed normal to an 
element SS of the surface Let us first take the case of a single vortex- 
filament of infinitely small section The fluid velocity being everywhere 
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finite and continuous, the parts of the volume-integral on the right-hand 
side of (4) which are due to the substance of the vortex itself may be 
neglected m comparison with those due to the remainder of the space 
included withm S. Hence we may write 


JJu dxdydz dxdydz = jjl<f>dS + /e JJldS', . (5) 


where <f> has the value given by Art 150 (4), k denoting the cyclic constant 
of (p, and &S' an element of any surface bounded by the vortex Sub- 
stituting m (4), we infer that the components of the impulse parallel to the 
co-ordinate axes are 

tcpjjjldS', /cpjjnidS', /cpjjndS' (6) 

Again, taking moments about Ox, 

JIf P 0 J z ' - Z V) dxdydz = p jjj(yw - zv) dxdydz - pjj(ny - mz) <pdS (7) 

For the same reason as before, we may substitute, for the volume-integral on 
the right-hand side, 

— JjJ(y ~~ - z dxdydz — JJ ( ny — mz) cpdS + k JJ {ny - mz) dS' . . (8) 

Hence, and by symmetry, we find, for the moments of the impulse about the 
co-ordinate axes, 


Kp ff {ny — mz) dS', Kpjj {lz — nx) dS', tcpj$ {mx — ly) dS' . . (9) 


The surface-integrals contained in (6) and (9) may be replaced by 
line-integrals taken along the vortex In the case of (6) it is obvious that 
the coefficients of tcp are the projections on the co-ordinate axes of any 
area bounded by the voitex, so that the components m question take 
the forms 




as'. 


( 10 ) 


For tho similar transformation of (9) we must have recourse to Stokes’ 
Theorem , wc obtain without difficulty the forms 



From (10) and (11) wo can derive by superposition the components of the 
force- and couple-resultants of any finite system of vortices Denoting these 
by P, Q, R, and L, M, N, respectively, we find, putting 

k = 2o/<7 / , 


,dx fc , 
'ds' = ^’ 


,dy' 

co w = y, 
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and replacing the volume-element a' 8s' by Sx'Sy'Szf, 

P = P JJJ(y5T— z v) dxdydz, L = p JJJ(y 2 + z 2 ) £ dxdydz, j 

Q — p ///( z% — #£) dxdydz , M = p JJJ (# 2 + $ 2 ) y dxdydz , - . .(12) 

R = P JifO^ “ y%) dxdydz , JSf = p j$j(x 2 + y 2 ) £ dxdydz , ^ 

where the accents have been dropped as no longed necessary* 

153 Let us next consider the energy of the vortex-system. It is easily 
proved that under the circumstances presupposed, and in the absence of 
extraneous forces, this energy will be constant. For if T be the energy 
of the fluid bounded by any closed surface $, we have, putting F=0 m 
Art. 11 (5), 

DT 

-j^r = jj(lu + mv + nw)pdS . ( 1 ) 

If the surface 8 enclose all the vortices, we may put 

• • • (2> 

and it easily follows from Art 150 (4) that at a great distance R from the 
vortices p will he finite, and lu + mv + nw of the order R~ 3 , whilst when the 
surface 8 is taken wholly at infinity, the elements 88 vary as R a Hence, 
ultimately, the right-hand side of (1) vanishes, and we have 

T = const (3) 

We proceed to investigate one or two important kmematical expressions 
for T, still confining ourselves, for simplicity, to the case where the fluid 
(supposed incompressible) extends to infinity, and is at rest there, all the 
vortices being within a finite distance of the origin. 

The first of these expressions is indicated by the electro-magnetic analogy 
pointed out in Art 148. Since 0=0, and therefore <£> = 0, we have 

= p JJ) (u- + v- + w-) dxdydz 



by Art 148 (4) The last member may be replaced by the sum of a surface- 
integral 

P JJ {F(prm - nv) + 0 (nu — lw)+H (Iv - mu)} dS, 
and a volume-integral 

'///W!-D + *(s-s) + *(s- g)}*** 

* These expressions weie given byJ J Thomson, On the Motion of Vortex Rings (Adams 
Prize Essay), London, 1883, pp 5, 6 
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At points of the infinitely distant boundary, F G, H are ultimately of the 
order it" 2 , and u, v, w of the order R~\ so that the siu face-integral vanishes, 
and we have 

T= p jjf (Fg + G V + HO dxdydz , (4) 

oi, substituting the values of F, G, H from Ait 148 (*7), 

T^^-JJJJJJ &L±1V'J- & dxdydz dx'dy'dz', ... (5) 

where each volume-integration extends over the whole space occupied by 
the vortices 

A slightly different form may be given to this expression as follows. 
Regarding the vortex-system as made up of filaments, let 8s, 8s' be elements 
of length of any two filaments, <r, <r' the conespondmg cross-sections, and 
co, co' the corresponding angular velocities. The elements of volume may be 
taken to be a 8s and cr'Ss', respectively, so that the expression following the 
integral signs m (5) is equivalent to 


cos 6 
r 


cocr8$ 


a/ cr'Ss', 


wheie € is the angle between 8s and 8s'. If we put 2 cocr = fc, 2 co / <t' = /c' ) 
we have 


T= ^2/ck' jl~dsd&', 


(G) 


where the double integral is to be taken along the axes of the filaments, 
and the summation % includes (once only) every pair of filaments which 
are piesent 


The factor of p m (6) is identical with the expression for the onergy of a system of 
elcctiic currents flowing along conductors coincident in position with the vortex-filaments, 
with strengths k, k', respectively* The above investigation is m fact merely an 
inversion of the argument given m treatises on Electro-magnetism, whereby it is proved 
that 

2u' J J 6 j j j (a 2 -t-ft 2 +y 2 ) dxdydz, 

i, i' denoting the strengths of the currents m the linear conductors whoso elements are 
denoted by bs, &>', and a , ft y the components of magnetic force at any point of tho field 

The theorem of this Art is purely kmematieal, and rests solely on the assumption that 
tho functions u, v, w satisfy tho equation of continuity, 

du dv dw __ 

dx dy^~ dz~~ 5 

throughout infinite space, and vanish at infinity It can therefore by an easy generaliza- 
tion be extended to a case considered in Art 143, where a liquid is supposed to circulate 


* The ‘rational 5 system of electrical units being understood, see ante , p. 201, 


L. 


14 
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irrotationally through apertures m fixed solids, the values of u, v, w being now taken to be 
zero at all points of space not occupied by the fluid The investigation of Art 151 shews 
that the distribution of velocity thus obtained may be regaided as due to a system of 
vortex-sheets coincident with the hounding surfaces The energy of this system will bo 
given by an obvious adaptation of the formula (3) above, and will therefoic be pioportional 
to that of the corresponding system of electric current -sheets This proves a statement 
made by anticipation m Art 144 

Under the circumstances stated at the beginning of Art 152, we have 
another useful expression for T , viz 

T= 2p JJJ {u (y£-*v) + v(z!;- #?) + w (xtj - y%)} dxdydz . . (7) 

To verify this, we take the right-hand member, and transform it by the 
process already so often employed, omitting the surface-integrals for the same 
reason as m the preceding Art The first of the three terms gLves 



Transforming the remaining terms m the same way, adding, and making use 
of the equation of continuity, we obtain 


p JfK u * +v 2 +w 2 +xu ^ + y v ^ + zw d £) dxd v dz > 

or, finally, on again transforming the last three ter ms , 

ip + v 2 + w 2 ) dxdydz. 

In the ease of a finite region the surface-integrals must he retained* 
This involves the addition to the right-hand side of (7) of the term 

P If {( lu + ' mv + w) (teu + yv+ zw) — i (lx + my + nz) dS, (8) 

where q* = v? 4- v 2 + wK This simplifies m the case of a fixed boundary 

The value of the expression (7) must be unaltered by any displacement 
of the origin of co-ordinates Hence we must have 


S]SW~w v )dxdydz = 0, SS!(w£-uO dxdydz = 0, - v%) dxdydz = 0 

( 9 ) 

These equations, which may easily be verified by partial integration, follow also from 
the consideration that the components of the impulse parallel to the co-ordinate axes must 
be constant Thus, taking first the case of a fluid enclosed in a fixed envelope of finite 
size, we have, m the notation of Art 152, 


dxdydz- p JJ tydS, 


( 10 ) 


* J. J Thomson, l c. 
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whence ^=p J JJ^dvdydz-p j jl ( - 1 dS 

= ~P J J J^dxdydz+2p JJ j(v£- wrfidxdydi- p J jl^-dS, (11) 

by Art 146 (5) The first and third terms of this cancel, since at the envelope we have 
x' — dtfi/dt Hence for any re-entrant system of vortices enclosed in a fixed vessel, we have 

dP 

fo^pNW-wridxdydz, . ( 12 ) 

with two smnlai equations It has been proved in Art 119 that if the containing vessel 
be infinitely large, and infinitely distant from the vortices, P is constant Tins gives the 
first of equations (9) 

Conversely from (9), established otherwise, we could infer the constancy of the com- 
ponents P, Q, R of the impulse* 


Rectilmear Vortices. 


154 When the motion is m two dimensions x, y we have w = 0, whilst 
u, v are functions of x, y> only Hence £=0, rj = 0, so that the vortex-lines 
are straight lines parallel to £ The theory then takes a very simple form 

The formulae (8) of Art 148 are now leplaced hy 


deb deb d^lr 

U dec dy ’ V dy^~ dx 9 

the functions </>, ^ being subject to the equations 

= — #, = .. 

where Vv 


..( 1 ) 

(2) 


dx 2 dif ’ 


and to the proper boundary-conditions 

In the case of an incompressible fluid, to which we will now confine our- 
selves, we have 

d^fr d'y/r 

*—-$■ £■ < 3 > 

where yfr is the stream-function of Art 59 It is known from the theory 
of Attractions that the solution of 

= (4) 

f being a given function of x, y , is 

1 


x/r: 


log rdx'dy' + xff 0 , 


.( 5 ) 


where % denotes the value of £ at the point (x r , y') } and r stands for 

{(cc-xy+(ij-yy}i. 

* Of J J. Thomson, Motion of Voitex Rings, p 5. 


14—2 
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The ‘ complementary function’ may be any solution of 

v^ 0 =o, (fi) 


it enables us to satisfy the boundary-conditions. 

In the case of an unlimited mass of liquid, at rest at infinity, \fr lt is con- 
stant The formulae (3) and (5) then give 


u = — 



yjzJL 

7 '- 


dx'dy, 



••O') 


Hence a vortex-filament whose co-oidinates are x' , y and whose strength is k 
contiibutes to the motion at (x, y) a velocity whose components are 


tc 

2tt 


*=lL, and 


K x — od 
2rrr r 2 


This velocity is perpendicular to the line joining the points (x, ?/), (x, yy'), 
and its amount is 

Let us calculate the integrals Jfiigdxdy, and jjv^dxdy, wheie the integra- 
tions include all portions of the plane xy for which £ does not vanish. We 
have 

J f 1 u^dxdy = ~T~ dxdydx'dy', 

where each double integration includes the sections of all the voitices Now, 
corresponding to any term 

£?' ~j— dxdydx'dy' 
of this result, we have another 

X dxdydx'dy'. 


and these two neutralize each other Hence, and by similar reasoning, 


fju£dxdy= 0, jjv£dxdy = Q ... # 

If as before we denote the strength of a vortex by these results may 
he written J 

2/ei£ = 0, 2/ew = 0 . ^9^ 

Since the strength of each vortex is constant with regard to the time, the 
equations (9) express that the point whose co-ordinates are 


x — 


%KX 

~27’ 


2/ = 


trey 
2/e J 


is fixed throughout the motion 


. .( 10 ) 
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This point, which coincides with the centre of inertia of a film of matter 
distributed over the plane xy with the surface-density f, may be called the 
f centre ’ of the system of vortices, and the straight line parallel to z of which 
it is the projection may be called the ‘axis’ of the system If Xa;= 0, the 
centie is at infinity, or else indeterminate 


155 Some interesting examples are furnished by the case of one or 
more isolated vortices of infinitely small section Thus 

1°. Let us suppose that we have only one vortex-filament present, and 
that the rotation f has the same sign throughout its infinitely small 
section Its centre, as just defined, will lie either withm the substance of 
the filament, or infinitely close to it Since this centre remains at rest, the 
filament as a whole will be stationary, though its parts may experience 
relative motions, and its centre will not necessarily he always m the same 
element of fluid Any particle at a finite distance r from the centre of the 
filament will describe a circle about the latter as axis, with constant velocity 
/c/ 27 tt The region external to the vortex is doubly-connected, and the 
circulation m any (simple) circuit embracing it is of course k, The 
irrotational motion of the surrounding fluid is the same as m Art 27 (2) 

2° Next suppose that we have two vortices, of strengths fc x tc 2 , respec- 
tively Let A, B be their centres, 0 the centre of the system The motion 
of each filament as a whole is entirely due to the other, and is theiefore 
always perpendicular to AB Hence the two filaments remain always at the 
same distance from one another, and rotate with constant angular velocity 
about 0 , which is fixed. This angular velocity is easily found, we have 
only to divide the velocity of A (say), viz /c 2 /(27t AB), by the distance AO, 
where 

AO = 

Kj + /C 2 

and so obtain 

If k u k 2 be of the same sign, ie if the directions of rotation m the two 
vortices be the same, 0 lies between A and B , but if the rotations be of 
opposite signs, 0 lies m AB, or BA, produced. 

If tf 1= = — k 2 , 0 is at infinity, but it is easily seen that A, B move with 
equal velocities tc^^ir . AB) at right angles to AB, which lemains fixed m 
direction Such a combination of two equal and opposite vortices may be 
called a ‘vortex-pair’ It is the two-dimensional analogue of a circular 
vortex-ring (Art 160), and exhibits many of the properties of the latter. 

The stream-lines of a vortex-paii form a system of coaxal circles, as shewn 
on p 68, the vortices being at the limiting points (± a, 0) To find the 
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relative stream-lin.es, we superpose a general velocity equal and opposite to 
that of the vortices, and obtain, for the relative stream-function 



( 1 ) 


in the notation of Art 64, 2° The annexed figure (which is turned through 
90° for convenience) shews a few of the lines The line ije = 0 consists partly 
of the axis of y, and partly of an oval surrounding both vortices 



It is plain that the particular portion of fluid enclosed within this oval 
accompanies the vortex-pair in its career, the motion at external points 
being exactly that which would be produced by a rigid cylinder having 
the same boundary, cf Art 71. The semi-axes of the oval are 2 09 m and 
1 73 a, approximately* 


A difficulty is sometimes felt, in this as m the analogous instance of a vortex-ring 
m understanding why the vortices should not be stationary If m the figure on p 68 
the filaments were replaced by solid cyhnders of small circular section, the latter might 
indeed remain at rest provided they were rigidly connected by some contrivance which 
did not interfere with the motion of the fluid, but in the absence of such a connection 
they would m the first instance be attracted towards one another, on the principle 
explained in Art 23 This attraction is however neutralized if we superpose a <mnoral 
ve ocity I of suitable amount in the direction opposite to the cyclic motion half-wav 
between the cylinders To find F, we remark that the fluid velocities at thHwo pits 
( -c, 0), where c is small, will be approximately equal in absolute magnitude, provided 

F+-A i_ = JL+JE v 

%7TC 4cTra 27 TC 4c7T(X 5 


Cf Sir W Thomson, “On Vortex Atoms,” Phil Maq (4) t xxxiv n 
Bieoke, Gott Naoh, , 1888, wheie paths of fluid particles are also delineated ’ 


and 
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where *. is the circulation Hence 

V=— 

Arra* 

which is exactly the velocity of translation of the vortex-pair, in the original form of the 
problem* 

Since the velocity of the fluid at all points of the plane of symmetry is 
wholly tangential, we may suppose this plane to form a rigid boundary of 
the fluid on either side of it, and so obtain the case of a single rectilinear 
vortex m the neighbourhood of a fixed plane wall to which it is parallel 
The filament moves parallel to the plane with the velocity /c/4nrh, where h is 
the distance from the wall. 

Again, since the stream-lines are circles, we can also derive the solution 
of the case where we have a single vortex -filament in a space bounded, either 
internally or externally, by a fixed circular cylinder 


Thus, in the figure, let EPD be the section of the cylinder, A the position of the vortex 
(supposed m this case external), and let B be the 1 image’ of A with respect to the cncle 
EPD, viz G being the centre, let 


GB GA = c 2 , 


where o is the radius of the circle Tf P be any point on 
the circle, we have 


AP 

BP 


AE_ 

"BE 


AD 

BD 


= const 



so that the circle occupies the position of a stream-line duo 

to a vortex-pair at A, B Since the motion of the vortex A would bo perpendicular to AB, 
it is plain that all the conditions of the problem will be satisfied if wo suppose A to 
describe a circle about the axis of the cylinder with the constant velocity 


K __ K GA 
2t r AB 27r(GA*-&y 


whore k denotes the strength of A 

In the same way a single vortex of strength k, situated inside a fixed circular cylinder, 
say at B, would describe a circle with constant velocity 

k GB 

2tt (tfi- GB*) * 

It is to be noticed, however f, that m the caso of the external vortex tlio motion is not 
completely determinate unless, m addition to the strength k, the value of the circulation 
m a circuit embracing the cylinder (but not the vortex) is proscribed In the above 
solution, this circulation is that due to the vortox-imago at B and is - k This may be 
annulled by the superposition of an additional vortex 4* at G, m which caso we have, for 
the velocity of A , 

k GA ^ _ ice* 

~ 2tt (CA*-e*') + 2V GA~~ 2 t7 OA (CU 2 -c‘ i ) 

For a prescribed circulation k' we must add to this the term k'/2i r GA 


* A more exact investigation is given by Hicks, “ On the Condition of Steady Motion of Two 
Cylinders in a Fluid,” Quart Journ Math , t. xvn p 194 (1881) 

+ F. A Tarleton, “Ona Problem m Voitex Motion,” Proc . R. I A December 12, 1892 
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3° If we have four parallel rectilinear vortices whose centres form a 
rectangle ABB' A', the strengths being k for the vortices A', B, and — k for the 
vortices A, B', it is evident that the centres will always form a rectangle 
Further, the various rotations having the dnections indicated m the figure, 



we see that the effect of the presence of the pair A, A' on B, B' is to separate 
them, and at the same time to dimmish their velocity perpendicular to the 
line joining them The planes which bisect AB, AA' at right angles may 
(either or both) be taken as fixed rigid boundaries We thus get the case 
where a pair of vortices, of equal and opposite strengths, move towards (or 
from) a plane wall, or where a single vortex moves m the angle between two 
perpendicular walls. 

If y be tbe co-ordinates of the vortex A lelative to the planes of symmetry wo 
readily find J 

x=. — K ^ K 

4?r yr 2 ’ 4^ x^’ ' * ( a ) 

where r 2 =x 2 +y 2 . By division we obtain the differential equation of the path, viz 

X 2 ^ y3 ~ u ’ 

whence a 2 ( x i — 4^2^ 

a being an arbitrary constant, or, transforming to polar co-ordinates, 

__ a 

r ~~sin20' ’ • (3) 


*y-yx=-, 

of force at the onsm tius is 
Vortex-Motion,” Quart , Town Math , t xv ( 1887 ) Grobli “Die 

W f elfade *’” 1877 JelllnuTIJZ 

see Hicks, But As, Rep l “ * Sp6 ° lal 

“ SonL ° f transf ° rmmg f> lane Problems m vortex-motion was given by South 

Some Apphcatrons of Conjugate Functions,” P,oc iond Math. So o , t xn. p 73 ( 1881) 
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156 When, as in the case of a vortex-pair, or a system of voitex-pairs, 
the algebraic sum of the strengths of all the vortices is zero, we may work 
out a theory of the ‘ impulse/ m two dimensions, analogous to that given m 
Arts 119, 152 for the case of a finite vortex-system The detailed exami- 
nation of this must be left to the reader. If P, Q denote the components of 
the impulse parallel to x and y, and N its moment about Oz, all reckoned per 
unit depth of the fluid parallel to z 9 it will be found that 

P = p HySdxdy, Q = - pJK dxdy> 

+ £dxdy 

For instance, m the case of a single vortex-pair, the strengths of the two 
vortices being + tc, and their distance apart c, the impulse is ko, m a line 
bisecting c at right angles 

The constancy of the impulse gives 

X/cx = const , 2/ey = const , 

Xfc ( x 2 + y 2 ) = const 

It may also be shewn that the energy of the motion m the present case 
is given by 

T = — pjjyfr^dxdy = — ^p'Z/c'^r . . .(3) 

When Xfc is not zero, the energy and the moment of the impulse are both 
infinite, as may be easily verified m the case of a single rectilinear voitex. 

The theory of a system of isolated rectilinear vortices has been put m a very elegant 
form by Kirchhoff * 

Denoting the positions of the centres of the respective vortices by (p v y x ), (a 2 , y 2 ), - 

and their strengths by k 15 k 2 , , it is evident from Art 154 that we may write 


dx x 

sir 

dy 1 

dW ) 

Kl ~dt~~ 

tyi ’ 

1 'dt 

" ’ 

dx 2 

dW 

dy 2 

dW 

dt 

2 ’ 

K2 dt 

\jr 

CO 

il 




where 


W= 


2t r 


SfC! kg log 


(*) 


if $ 12 denote the distance between the vortices k x , 

Since W depends only on the velaUm configuration of the vortices, its value is unaltered 
when r x , x 2 , . are increased by the same amount, whence SdW/d^—O, and, m the same 

way, 2dW/dy 1 =0 This gives the first two of equations (2), but the proof is not now 
limited to the case of 2 k = 0. The argument is in fact substantially the same as m 
Art 154 


Mechanik, c. xx 
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/ dx dy\ 

. 3JY 

3 If\ 

{ v dt + ^ y 

>- V " 



Again, we obtain from (4) 

2k 

or if ve introduce polar co-ordinates (r l5 0j), (r 2 , 0 2 )> for the several vortices, 

dr 3 W 

* Kr di = ~ 2 W • («) 

Since TF is unaltered by a rotation of the axes of co-oidmates m their own plane about the 
origin, we have 20 IF/30 = 0, whence 

2<r 2 — const, 

which agrees with the third of equations (2), but is free from the xestiiction there implied 
An additional integral of (4) is obtained as follows We have 


/ dy da \ / 0 IF , 9 IF\ 


„ 0 d8 „ dW 

2 *'dt =2 ’ w 


(8) 


If every r be increased m the ratio 1-f-e, where e is infinitesimal, the increment of IF is 
equal to 2 er d Wjdr But since the new configuration of the vortex-system is geometrically 
similar to the former one, the mutual distances ? 12 are altered m the same ratio 1-fc and 
therefore, from (5), the increment of IF is e/2 rr 2k x k 2 . Hence (8) may be written m the form 

_ n d8 1 

2 °* di = ^ 2K ' K * ■ • ( 9 ) 


157. The results of Art 155 are independent of the form of the sections 
of the vortices, so long as the dimensions of these sections arc small compared 
with tne mutual distances of the vortices themselves The simplest case 
is of course when the sections are circular, and it is of interest to inquire 
whether this form is stable. This question has been examined by Lord 
Kelvin* J 


YTien the disturbance is in two dimensions only, the calculations are very simple. Lot 
us suppose, as m Art 27, that the space within a circle »•=«, havmg the centre as origin 
is occupied by fluid having a uniform rotation and that this is surrounded by fluid 
moving irrotationally. If the motion be continuous at this circle we have, for r<a , 

i'=-i£(a 2 -i 2 ), , (!) 

while for r > a, *=-£<* log a/r . . (2) 

To examine the effect of a slight irrotational disturbance, we assume, for , <«, 


f = -ic (a 2 -7 2 )-M -cos (s8-crt\ 


and, for r>a, 


- {a 2 log - 


CL 8 

+ A fa cos ( s &-<rt), 


( 8 ) 


vat^m tW e f a1 ’ and " 18 t0 be det6rmined The constant A must have the same 
value m these two expressions, since the radial component of the velocity, -df/rde, must 


(1880) 


Sir W. Thomson, “ On the Vibrations of a Columnar Vortex,” Phil Mag (5), t x p 155 
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be continuous at tlie boundary of the vortex, for which r=a, approximately Assuming 
for the equation to this boundary 

r=a+a cos (sO — crt), . , (4) 

we have still to express that the tangential component (dyjr/dr) of the velocity is continuous 
This gives 

£? 4 -S ““ COS (s0 — crt) — £ s “ cos °"0 

Substituting from (4), and neglecting the square of a, we find 

■ ■ (5) 

So far the work is purely kmematical, the dynamical theorem that the vortex-lines move 
with the fluid shews that the normal velocity of a particle on the boundary must be equal 
to that of the boundary itself This condition gives 

3 ; 0 \|/' d\js dr 

dt id0 dr ?d& J 


where ? has the value (4), or 


A , . 

era = 8 — b 
a 


Sa 

a 


( 8 ) 


Eliminating the ratio A/a between (5) and (6) we find 

<r=(s-l)£ . . (7) 

Hence the disturbance represented by the plane harmonics in (3) consists of a system 
of corrugations travelling round the circumference of the vortex with an angular velocity 


<j s — 1 
s ~ s 


f * 


( 8 ) 


This is the angular velocity m space ; lelative to the rotating fluid the angular 
velocity is 



(9) 


the direction being opposite to that of the rotation 

When s = 2, the disturbed section is an ellipse which rotates about its centre with 
angular velocity 

The transverse and longitudinal oscillations of an isolated rectilinear vortex-filament 
have also been discussed by Lord Kelvin m the paper cited. 


158 The particular case of an elliptic disturbance can be solved without 
appioximation as follows* 

Let us suppose that the space within the ellipse 

t + (1) 

is occupied by liquid having a uniform rotation whilst the surrounding fluid is moving 


* Kirchhoff, Mechamk, c. xx p 261, Basset, Hydrodynamics , t. h. p. 41, 
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irrotationally It will appear that the conditions of the problem can all be satisfied if we 
imagine the elliptic boundary to rotate, without change of shape, with a constant angular 
velocity (n, say), to be determined 

The formula for the external space can be at once written down from Art 72 4° viz 
we have 7 7 

^ ~^n {a 4- b) 2 e ~ cos 2rj + , (2) 

where ft v now denote the elliptic co-ordinates of Art 71, 3°, and the cyclic constant, k has 
been put = %irab£ 

The value of ^ for the internal space has to satisfy 


v± + v±_ 2 , 

dx 2 + dy* g> 


with the boundary-condition ^ - ny . ~+ nx 

These conditions are both fulfilled by 


provided 


i'=£(Av 2 +£7/ 2 ), 

A + B= 1, Aa?-Bb 2 =^(a?-b 2 ) , 


(3) 

(4) 

(5) 

( 6 ) 


It remains to express that there is no tangential shpping at the boundary of the 
vortex , z e that the values of df/dg obtained from (2) and (5) there coincide Putting 

%=c cosh £ cos r),y=o sinh £ sin ij, where c=(a?-b 2 )\ differentiating, and equating coeffi- 
cients of cos 2 rj, we obtain the additional condition 

— \ii (a +b) 2 e~^= £a 2 (A — B) cosh £ sinh ft 
where £ is the parameter of the ellipse (1) This is equivalent to 

n a 2 — h 2 


A B 2£ ab 5 
since, at points of the ellipse, cosh £=a/c, sinh £=6/c 

ab 


and 


Combined with (6) this gives Aa= £&==-— 

a+b ’ 

2ab „ 


71 — - 


(7) 

( 8 ) 
(9) 


(a + 5) 2S> 

When a =b, this agrees with our foimer approximate result 

The component velocities x, y of a particle of the vortex relative to the principal axes 
of the ellipse are given by 


whence we find 


d\Lr 


y= 


dxjr 

dx 


-nx. 


X 'll 

-n'j , 
a b 


V x 

o a 


.( 10 ) 

Integrating, we find x = la cos (nt+ € ), y=kbs m(nt+e), . (H) 

where c are arbitrary constants, so that the relative paths of the particles are ellipses 
similar to the boundary of the vortex, described according to the harmonic law If a* y' 
be the co-ordmates relative to axes fixed m space, we find 
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%' —xco&nt — y &vsxnt—\h (a+5) cos (2?i£-he)+ \l (a — b) cos e, 
y f = v sin nt 4 -,?/ cos nt~ \l {a + b) sin (2nt + c) — {a — 6) sin «• 
The absolute paths are therefore circles described with angular velocity 2)i* 



159 It was pointed out m Art 80 that the motion of an incompressible 
fluid m a curved stratum of small but uniform thickness is completely defined 
by a stream-function so that any kmematical problem of this kind may be 
transfoimed by projection into one relating to a plane stratum. If, fuither, 
the projection be ‘ orthomoiphic/ the kinetic energy of corresponding portions 
of liquid, and the circulations m corresponding circuits, arc the same m the 
two motions The latter statement shews that vomces transform into vor- 
tices of equal strengths It follows at once from Art 145 that m the case of 
a closed simply-connected surface the algebraic sum of the strengths of all 
the vortices present is zero 

Let us apply this to motion m a spherical stratum The simplest case is 
that of a pair of isolated vortices situate at antipodal points, the stieam-lmes 
are then parallel small cncles, the velocity varying inversely as the radius 
of the circle For a vortex -pair situate at any two points A , B , the stream- 
lines are coaxal circles as m Art 80 It is easily found by the method of 
stereographic projection that the velocity at any point P is the resultant of 
two velocities fc^rra. cot and tc^ira cot perpendicular respectively to 
the great-circle arcs AP , BP , where 0 1} 9 2 denote the lengths of these arcs, 
a the radius of the sphere, and + tc the strengths of the vortices The centre*]* 
(see Art 154) of either vortex moves perpendicular to AB with a velocity 
/c/ina cot \AB The two voiticcs therefore desenbe parallel and equal small 
circles, remaining at a constant distance from each other 


. Circular Vortices 

160 . Let us next take the case wheic all the vortices present in the 
liquid (supposed unlimited as beioie) arc circulai, having the axis of x as a 
common axis Let ^ denote the distance of any point P from this axis, v the 
velocity m the direction of *cr, and co the angular velocity of the fluid at P. 
It is evident that u, v , co are functions of x, m only 

* For further reseaichcs in this connection see Hill, “ On the Motion of Fluid pait of which 
is moving lotationally and part motationally,” Phil Tians 1884, Love, “On the Stability of 
certain Vortex Motions,” Pioc Lond Math Soc , t xxv. p 18 (1893), 

t To pievent possible misconception it may be remarked that the centres of corresponding 
vortices are not necessarily corresponding points. The paths of these centres are theiefore not 
m general projective. 
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Under these circumstances there exists a stream-function \Jr, defined as in 
Art 94, viz we have 


1 8\[r ^ 1 3^/r 

ZT dz T ’ Z T dx ’ 


a) 


whence 


2co 


_ 0u ___ 9w _ 1 /0^r d 2 yfr 1 df' 

dx 0ST ST \dx 2 0ST 2 ST 3 ST, 


( 2 ) 


It is easily seen from the expressions (7) of Art 148 that the vector 
(F, G, H) will under the present conditions be everywhere perpendicular to 
the axis of x and the radius sr If we denote its magnitude by S, the flux 
through the circle (x 9 sr) will be 2ttz?S, whence 


^ = — s tS . (3) 

To find the value of ^ at (x, sr) due to a single vortex-filament of cir- 
culation /e, whose co-ordinates are x\ sr', we note that that element which 
makes an angle 8 with the direction of S may be denoted by zr'SO, and there- 
fore by Art. 149 (1) 

~ tfsrsr' f 27r cos 8 , - 

t = = — <M. . . . .(« 

where r = {(a? - off 4- ct 2 + sr /2 - 2stst' cos 0}l . . .(5) 

If we denote by r ly r 2 the least and greatest distances, lespectively, of the 
point P from the voitex, viz 


n 2 = (x - xj + (sr - sr') 2 , r 2 2 = (x - a/) 2 + (sr + sr') 2 , . (6) 

we have r 2 = rf cos 2 ^0 + r 2 2 sm 2 J 0, 4 stst' cos 8 4- r 2 2 — 2r 2 , , . . . (7) 

and therefore 




87T 


(V] 2 + r 2 5 




o V(^i 2 cos 2 \8 + r 2 2 sm 2 \8) 

— 2 f Aj(r 1 2 cos 2 ^9+r 2 2 sm 2: kd)d8 
Jo 


.( 8 ) 


The integrals are of the types met with m the theory of the ‘ anthmctico- 
geometucal mean.’* In the ordinary, less symmetrical, notation of ‘com- 
plete' elliptic integrals we have 


provided 


7 0 -J T 1 4sTST / 

r 2 2 ( x — x'Y + (sr -f sr) 2 


( 9 ) 

( 10 ) 


The value of at any assigned point can therefore be computed with the 
help of Legendre’s tables 


See Cayley, Elliptic Functions, Cambridge, 1876, c xm 
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160] 

A neater expiession may be obtained by 
formation ’ * , thus 
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means of ‘ Landen’s trans- 


t == -£ rr ( r i + r 2 ) {-^ (A.) - E x (X,)}, . ( 11 ) 


provided 




7 o 

r 2 + i\ 


( 12 ) 


To verify this, let AB be a straight line divided at P into two segments PA, PB of 
lengths > j, r. 2 , respectively , and describe the circle oi\AB as diameter 0 being the centre, 
and Q any point on the circumference, let the angles QGA, QPA be denoted by 6, 3, respec- 
tively, and draw ON perpendicular to QP If P ( we have 


» 2 = ? cos 2 | d 4- ?* 2 2 sin 2 £ 9, i83=OQ88 cos CQN=QN80 

nrt cos0 OQ „„„ OQ QN 

r i c i CO 

and therefore 

coH888_ rin 83 PQ83 83 QN83 PN83 
01. --- CO C(i -CO ^-— r + -— 

Hence 

j 1^- -*-£ QNd3, ,(14) 
j*PNd3 = CP f\o<i$d3=0 


(13) 



since 

Now 

if 


QN= V(<7<2 2 - CP 2 sin 2 3)=i (r x + r a ) V(1 - X 2 sin 2 S), 


X=^ = ^ 


The formula (14) may therefore bo written 

i (' 2 - »-i) /' «*»-» {^1 (X) - A) (X)], 


(15) 

(16) 

..(17) 


which brings (4) into the required form (11) 


The forms of the stream-lines coi responding to equidistant values of yfr are 
shewn on the next page They are traced by a method devised by Maxwell, 
to whom the formula (11) is also duef 

Expressions for the velocity-potential and the stream-function can also be 
obtained m the form of definite integrals involving Bessel’s Functions. 

Thus, supposing the vortex to occupy the position of the circle x = 0, 
™ = a, it is evident that the portions of the positive side of the plane x= 0 
which lie within and without this circle constitute two distinct equipotential 

* See Cayley, l c 

t Electncity and Magnetism , Arts 704, 705 See also Mmchm, Phil Mag (5), t. xxxv. 
(1893), Nagaoka, Phil Mag (6), t. vi. (1903) 
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and therefore, in accordance with Art 100 (5), 

p CO 

^ = — \tcam I e~ kx J x (km) J ! (ka) dk (19) 

J 0 

These formulae relate of course to the region x > 0*. 

It was shewn m Art 150 that the value of </> is that due to a system of 
double-sources distributed with uniform density k over the interior of the 
circle The values of <fi and ^ for a uniform distribution of simple sources 
over the same area have been given m Ait 102 (11) The above formulae 
(18) and (19) can thence be derived by differentiating with lespect to x, and 
adjusting the constant factorf. 


161 The energy of any system of circular vortices having the axis of x 
as a common axis, is 


T = 7 rp JJ (it 2 4 - v 2 ) mdxdm = n rp JJ ^ v — a dxdm 

= — 2rrp J J \jrcodxdm = — 7rp2/c^, . 


( 1 ) 


by a partial integration, the integrated terms vanishing at the limits We 
have heie used k to denote the strength 2ooSxSm of an elementary vortex- 
filament 


Again the formula (7) of Ait 153 becomes | 

T = 4urp If (mu — xv) mcodxdy = 27 Tp^fcm (mu — xv) . (2) 

The impulse of the system obviously reduces to a force along Ox 
By Art 152 (12), 

P = p JJ (y£ — zrj) dxdydz — 2irp JJ m~co dxdm = 7 rpX/cm- (3) 

If we introduce two symbols x Q) sr 0 defined by the equations 


x 0 = 


X/cm 2 x 
Xicm- J 


2 Km 1 


• (4) 


these determine a circle whose position evidently depends on the strengths 
and the configuration of the vortices, and not on the position of the origin on 
the axis of symmetry. It may be called the ‘ circular axis ; of the whole 
system of vortex-rings 


* The foimula tor \j/ occurs in Basset, lltjd) odynamics, t n p 93. See also Nagaoka, l c 
t Other expressions for <fi and \p can be obtained m teims of zonal sphencal hairaomcs. 
Thus the value of <f> is given in Thomson and Tait, Ait 546, and that of i p can be deduced by 
the foimulae (11), (12) of Art 95 ante The elliptic-mtegial foims aie liowevei the most useful 
for puiposes of interpretation 

t At any point in the piano z = 0 we have y = m, £=0, v) = Q, £=w, v = v , the rest follows by 
symmetry 


L 


15 
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Since k is constant for each vortex, the constancy of the impulse shews, 
by (3) and (4), that the circular axis remains constant m radius. To find its 
motion parallel to x, we have, from (4), 

2/c . -sto 2 . = 2 ~ 4- 22 /cmx ^ = 2 /cm (mu + 2xv). .(5) 

at at at w 

With the help of (2) this can be put m the form 

2 k m 0 2 ^~=^-~+82/c(x — x 0 )mv, .( 6 ) 

where the added term vanishes, since 2 rcmv =0 on account of the constancy 
of the mean radius (m 0 ). 


162 Let us now consider, m particular, the case of an isolated vortex- 
ring the dimensions of whose cioss-section are small compared with the 
radius (m 0 ) It has been shewn that 






?*i + r 2 ) a)'dx'dm\ 


• 0 ) 


where r 1} r 2 aie defined by Art 160 (6). For points (x, m) m or near the 
substance of the vortex, the ratio rj/r 2 is small, and the modulus (A) of the 
elliptic integrals is accoidmgly nearly equal to unity We then have 

^W = 4log^, = .... (2) 


approximately*, where X denotes the complementary modulus, viz 


or X/ 2 = 4rj [r 2 , nearly 


X 2 = 1 — 


X = 


4<r 

(r, + r,/f ’ 


( 3 ) 


Hence at points within the substance of the vortex the value of is of 
the order /e-ra- 0 logw 0 /e, where e is a small linear magnitude comparable with 
the dimensions of the section The velocity at the same point, depending 
(Ait 94) on the differential coefficients of i/r, will be of the order /c/e 

We can now estimate the magnitude of the velocity dx 0 /dt of translation 
of the vortex-ring By Art. 161 (1), T is of the order p/c-zr 0 log® 0 /e, and v is, 
as we have seen, of the order ic/e , whilst x - x„ is of course of the order e 
Hence the second term on the right-hand side of the formula (6) of the 
preceding Art is, in the present case, small compared with the first, and the 
velocity of translation of the ring is of the order */«•„ log zr 0 /e, and approxi- 
mately constant. 


See Cayley, Elliptic Functions, Arts 72, 77, and Maxwell ( l c ). 
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An isolated vortex-ring moves then, without sensible change of size, 
parallel to its rectilinear axis with nearly constant velocity This velocity 
is small compared with that of the fluid m the immediate neighbourhood of 
the circular axis, but may be greater or less than £a?/®t 0 , the velocity of the 
fluid at the centre of the ring, with which it agrees m direction. 


For the case of a circular section more definite results can bo obtained as follows If 
we neglect the variations of m and a> ovei the section, the foimulae (1) and (2) give 

yjr= - - m 0 J /(log dx' dm', 

or, if we introduce polar co-ordinates (s, x ) m the plane of the section, 

^="®o J o J # f^~~^j s ' ds ’ d x\ • (4)- 

wheie a is the radius of the section Now 


f 27r r** j 

I ^ log r^x' = J o log {s 2 + s ' 2 - 2 ss f cos (x - x)Y d*', 

and this definite integral is known to be equal to 2tt log s', or 2?r logs, according as s'^s 
Hence, for points within the section, 

\js=~2com 0 J ^log - 2^ s' ds ' - 2com 0 J (log ^-° - 2^ s'ds' 

= - CO |log ^ j (5) 

The only vanablo part of this is the term -J<our 0 6‘ 2 , this shews that to oiu order of 
ovimation the sti cam-lines within the section are concentric cnclcs, the velocity at a 
distance s from the centre being cos Substituting m Art 161 (1) we find 


T_ 

4rrp 


= -£a> 


^sdsdx = 


8rr 



The last term in Art 161 (6) is equivalent to 


( 0 ) 


.j m 0 (o2/c (x~v 0 ) 2 , 

m our present notation, k denoting the strength of the whole vortex, this is equal to 
Hence the formula for the velocity of translation of the vortex becomes* 

S-4-XK-?- 1 } • ■ -p) 

The vortex-ring oarnes with it a certain body of irrotationally moving fluid m its 
eareei , of Ait 155, 2° According to the formula (7) the velocity of tianslation of the 
voitex will be equal to the velocity of the fluid at its centre when m 0 /a= 86, about The 
accompanying mass will be ring-shaped or not, according as mja exceeds or falls short of 
this critical value + 


The ratio of the fluid velocity at the periphery of the vortex to the velocity at the centre 
of the ring is 2 coamjK, or tzr 0 / 7r a Foi a= 1 ^ u m 0 , this is equal to 32, about. 


* This result was given by Sir W Thomson m an appendix to a translation of Helmholtz’ 
paper, Phil Mag (4), t xxxm p 511 (1867) 

f Cf Sir W Thomson, Ic ante p. 214 
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163 If we have any number of circular vortex-rings, coaxial or not, the 
motion of any one of these may be conceived as made up of two parts, one 
due to the ring itself, the other due to the influence of the remaining rings 
The preceding considerations shew that the second pait is insignificant 
compared with the first, except when two or more rings approach within 
a very small distance of one anothei Hence each ring will move, without 
sensible change of shape or size, with nearly uniform velocity m the 
direction of its rectilinear axis, until it passes within a short distance 
of a second ring. 

A general notion of the result of the encountei of two rings may, m 
particular cases, be gatheied from the result given in Art 149 (3) Thus, let 
us suppose that we have two circular vortices having the same rectilinear axis 
If the sense of the rotation he the same for both, the two rings will advance, 
on the whole, in the same direction One effect of their mutual influence 
will be to increase the radius of the one in front, and to contract the radius 
of the one m the rear If the radius of the one in fiont become larger than 
that of the one m the rear, the motion of the former ring will be letarded, 
and that of the latter accelerated Hence if the conditions as to lelative 
size and strength of the two rings be favourable, it may happen that the 
second ring will overtake and pass through the first The parts played by 
the two lings will then be reversed , the one which is now m the rear "will in 
turn overtake and pass through the other, and so on, the rings alternately 
passing one tlnough the other*. 

If the rotations be opposite, and such that the lings approach one 
another, the mutual influence will be to enlarge the radius of each If the 
two rings be moieover equal m size and stiength, the velocity of approach 
will continually dimmish In this case the motion at all points of the plane 
which is parallel to the two rings, and half-way between them, is tangential 
to this plane We may therefore, if we please, regard the plane as a fixed 
boundary to the fluid on either side, and so obtain the case of a single 
vortex-ring moving directly towards a fixed rigid wall 

The foregoing lemarks are taken from von Helmholtz’ paper He adds, 
in conclusion, that the mutual influence of vortex-ungs may easily bo studied 
experimentally m the case of the (roughly) semicncular rings produced by 
drawing rapidly the point of a spoon for a short space through the surface of 
a liquid, the spots where the vortex-filaments meet the surface being marked 
by dimples (Of Art 27) The method of experimental illustration by 
means of smoke-rmgsf is too well-known to need description here A beautiful 

* The corresponding case m two dimensions was worked out and lllustiated graphically by 
Grobli, l c ante p 216 , see also Love, “ On the Motion of Paned Voitiees with a Common Axis,” 
JPi oc Lond Math Soc , t xxv p 185 (1894) 

t Keuseh, “Ueber Rmgbildung der Flussigkeiten,” Pogg Ann, t cx (1860), Tait, Becent 
Advances m Physical Science , London, 1876, c xn 
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variation of the experiment consists m forming the rings m water, the 
substance of the vortices being coloured*. 

The motion of a vortex-ling in a fluid limited (whether internally or externally) by a 
fixed spherical surface, in the case where the rectilinear axis of the ling passes through 
the centre of the sphere, has been investigated by Lewis t, by the method of ‘images’ 
The following simplified proof is due to LarmorJ The vortex-ring is equivalent (Art 148) 
to a spherical sheet of double- sources of uniform density, concentric with the fixed sphere 
The ‘image 5 of this sheet will, by Art 96, be another uniform concentric double-sheet, 
which is, again, equivalent to a vortex-ring coaxial with the first It easily follows from 
the Art last cited that the strengths (#c, k) and the radii (sr, sr') of the vortex-ring and 
its image are connected by the relation 

K'uJ- J rK'u? , ~ — 0 ... (l) 

The argument obviously applies to the case of a re-entrant vortex of any form, provided 
it he on a sphere concentric with the boundary 


On the Conditions for Steady Motion 
164 In steady motion, i.e when 


du 


= 0, 


dv 


= 0, 


a t dt 

the equations (2) of Art 6 may be written 


9 w 
Jt 


= 0, 


du dv 


diu 


3ft 1 dp 


Lb UU , vcv r* / v \ A 


dx 


Hence, if as in Art 146 we put 

X ' = J~p + ‘ " ' 

s %: = < 


we have 

It follows that 




p 

?X'_, 


dx - 2 (v£- wy), = 2 (wf - u£), = 2 (uy - v%) 


( 1 ) 

( 2 ) 

( 3 ) 


SO 


dx oy oz 

that each of the surfaces % = const contains both stream-lines and 


* Reynolds, “On the Resistance encounteied by Voitex Rings &c Brit Ass Rep , 1876, 
Nature, t xiv. p 477 

I* “On the Images of Vortices in a Sphencal Vessel,” Quait, Jomn Math , t. xvi p 338 
(1879) 

% “Electro-magnetic and other Images m Spheres and Planes,” Quart Journ Math., t xxm. 
p 94 (1889) 
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vortex-lines If further Bn denote an element of the normal at any point 
of such a surface, we have 


3 n 


2qa) sm ft, 


.(4) 


where q is the current- velocity, co the rotation, and ft the angle between the 
stream-line and the vortex-lme at that point. 

Hence the conditions that a given state of motion of a fluid may be 
a possible state of steady motion are as follows It must be possible to draw 
m the fluid an infinite system of surfaces each of which is covered by 
a network of stream-lines and vortex-lines, and the product qco sm ft Bn must 
be constant over each such surface, Sn denoting the length of the normal 
drawn to a consecutive surface of the system* 

These conditions may also be deduced from the considerations that the 
stream-lines aie, m steady motion, the actual paths of the particles, that the 
product of the angular velocity into the cross-section is the same at all points 
of a vortex, and that this product is, for the same vortex, constant with 
regard to the time. 

The theorem that the function defined by (2), is constant over each 
surface of the above kind is an extension of that of Art 21, where it was 
shewn that is constant along a stream-lme 

The above conditions are satisfied identically m all cases of irrotational 
motion, provided of course the boundary- conditions be such as arc consistent 
with the steady motion 


In the motion of a liquid m two dimensions (xy) the product qBn is 
constant along a stream-line ; the conditions m question then reduce to this, 
that the angular velocity f must be constant along each stream-lme, or, by 
Art 59 (5), 


0 2, \|r d 2 ^ 

dx 2 dy 1 


=/(n 


( 5 ) 


where f (ty) is an arbitrary function of 


This condition is satisfied m all cases of motion in concentric circles about the origin 
Another obvious solution of (5) is 

f = i (A ^ + Gf\ ( 6 ) 

m which case the stream-lines are similar and coaxial conics The angular velocity at any 
point is {A. + <7), and is therefore uniform 


* See a paper “On the Conditions for Steady Motion of a Fluid, 55 Pioc Lond Math Soc , 
t ix p 91 (1878) 

t Cf Lagiange, Nouv Mim de VAcad de Berlin, 1781 [Oeuvies, t iv p 720], and Stokes, 
“On the Steady Motion of Incompressible Fluids,’ 5 Camb Tians , t vn (1842) IMath and Phijs 
Papeis, t. i p 15] 
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Again, if we put/(\^)= - k 2 \j/, where k is a constant, and transform to polar co-ordinates 
* , 6, we get 


a 2 ^ ! 1 

3? 2 7 d ? 7' 2 


l±+l^=0, 


(7) 


which is satisfied (Art. 101) by \j/=OJ 9 (kr) s6 (8) 

This gives various solutions consistent with a fixed circular boundary of radius a, the 
admissible values of k being determined by 

J s (ka )= 0 (9) 


Suppose, for example, that m an unlimited mass of fluid the stream-function is 

( 10 ) 

within the circle r - a, whilst outside this cncle we have 

sm^ . . . (11) 


These two values of yj/ agree for r = a , provided J x (La) = 0 Moreover, the tangential velocity 
at this circle will be continuous, provided the two values of d^/dr are equal, i e if 


2 U _ 2 U 

°~kJ 1 '(ka) kJ 0 (ka) 


( 12 ) 


If we now impress on everything a velocity U parallel to Ox, we get a species of cylindrical 
vortex travelling with velocity U through a liquid which is at rest at infinity The 
smallest of the possible values of k is given by ka\ tt = 1 2197, the relative stream-lines 
inside the vortex are then given by the diagram oil p 272, provided the dotted circle be 
taken as the boundary (r=a) It is easily proved, by Art 156 (1), that the ‘impulse of 
the voitex is represented by Tpd 2 U 


In the case of motion symmetrical about an axis (%), we have q 2? rcrS?i 
constant along a stream-line, ©• denoting as m Art 94 the distance of any 
point from the axis of symmetry The condition for steady motion then is 
that the ratio go/'ct must be constant along any stream-lme. Hence, if ^ be 
the stream-function, we must have, by Art 160 (2), 


3 2 aJo 3‘ 2< \|r 
dx 2 S'sr 2 


Idf 

'U? 0’CT 




(13) 


where /(^) denotes an arbitrary function of ^ ^ 


An interesting example is furnished by Hill J s ‘ Spherical Vortex t J If we assume 

\jr=^A , jj 2 (a 2 — i 2 ), ' ( 14 ) 

where r 2 ‘=x 2j r t uj 2 , for all points within, the sphere o — a, the formula (2) of Art 160 makes 

00 = — 

so that the condition of steady motion is satisfied Again it is evident, on reference to 


* This lesult is due to Stokes, l c 

+ “On a Spherical Vortex,” Phil To am , A, t clxxxv (1894) 
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Arts 96, 97, that the irrotational flow of a stream with the general velocity - U parallel to 
the axis, past a fixed spherical surface r = a, is given by 

l-~) (15) 

The two values of yjr agree when r—a, this makes the normal velocity zero on both sides 
In order that the tangential velocity may be continuous, the values of 0-^/0? must also 
agree Remembering that cr=r«m 0, this gives A — - iUja 2 , and therefore 

co —if Urn /a, 2 (16) 

The sum of the strengths of the vortex-filaments composing the spherical vortex is 5 Ua 



The figure shews the stream-lines, both inside and outside the vortex , they are drawn, 
as usual, for equidistant values of \js 

If we impress on everything a velocity U parallel to a, we get a spherical vortex 
advancing with constant velocity U through a liquid which is at rest at infinity 

By the formulae of Art 161, we readily find that the square of the ‘mean-radius’ of the 
vortex is |a 2 , the ‘impulse ’ is 2 t rpc£ 3 £7, and the energy is \ a 7 rpa?U 2 

As explained m Art 146, it is quite unnecessary to calculate formulae for the pressure, 
m order to assure ourselves that this is continuous at the surface of the vortex The con- 
tinuity of the pressure is already secured by the continuity of the velocity, and the constancy 
of the circulation m any moving circuit 

165 As already stated, the theory of vortex motion was originated by 
von Helmholtz m 1858 It acquired additional interest when, m 1867, Lord 
Kelvin suggested* the theory of vortex atoms As a physical theory, this 
lies outside our province, but it has given rise to a great number of interesting 
investigations, to which some reference should be made We may mention 
the investigations as to the stability and the periods of vibration of recti- 
linear f and annular^ vortices, the similar investigations relating to hollow 

* l c ante p 214 

+ Sir W Thomson, l c . ante p 218 

J J J Thomson, Ic ante p 208, Dyson, Phil. Ttans A, t clxxxiv. p 1041 (1898) 
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vortices (where the rotationally moving core is replaced by a vacuum* * * § ) , and 
the calculations of the forms of boundary of a hollow vortex which are con- 
sistent with steady motion f- A summary of some of the leading results has 
been given by LoveJ 


Clebsch’s Transformation 

166 Another matter of some interest, which can only be briefly touched 
upon, is Clebsch’s transformation of the hydrodynamical equations! 

It is easily seen that the component velocities at any one instant can be expressed in 
the forms 

_ . « r\ , rs 

( 1 ) 


_ 30 

+x 3a’ 


3<£ , x <0 

:_ 3y + 3y’ 


W ~ dz +X dz ' 


c,f J ih <*) 

*~d (y, 0 )’ 


.( 2 ) 


where 0, X, /x. are functions of y, z, provided the component rotations can be put m the 
forms „ , 

9 3 (X, n) 2f= 3 (X, p) 

^ 3 ( 2 , ft ’ f 3 (ft y ) 

Now if the differential equations of the vortex-lines, viz 

doc _dy _ dz 

i~l~ r ' ' ‘ 

he supposed integrated m the form 

a = const , 0 = const , 

where o, 0 are functions of ft y,z, we must have 


2£ = P 


.d(a,0) 


2q=P 


3 (a, ft 


3 (*,y) 


where 1° is some function of ft y, 2 II Substituting these expressions in the identity 


(3) 

(4) 

(ft 




we find 


3 (P, ft 


= 0 , . 


3 (ft y> ft v ’ ^ 

which shews that P is of the form / (a, ft If X, p be any two functions of a, ft we havo 


3 (X, ft = 3 ( X, ft 3 (ftft &{J &c 
3 (y> ft 3 (n, 0) 3 (ft ft ’ ’ 


* g lx w Thomson, Zc , Hicks, “On the Steady Motion, and the Small Vibrations of a 
Hollow Vortex,” Phil Trans , 1884, Pocklmgton, “The Complete System of the Periods of 
a Hollow Vortex King,” Phil Trans , A, t clxxxvi p 603 (1895), Carslaw, “The Fluted 
Vibrations of a Circular Vortex-Kmg with a Hollow Core,” Proc Lond Math Sac , t xxvm 
p 97 (1896) 

I Hicks, Ic , Pocklmgton, “Hollow Straight Voitices,” Camb. Pioc , t. vm p 178 (1894) 

% l c ante p. 182 

§ “TJeber erne allgememe Transformation d hydro dynamischen Grleichungen,” Ctelle, t liv 
{1857) and t lvi (1859). See also Hill, Quart Joum Math , t xvii (1881), and Camb Tians , 
f xiv (1883) 

II Cf Forsyth, Differential Equations , Art 174 
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and the equations (5) will therefore reduce to the form (2), provided X, p be chosen so that 

(7) 


3 ( X >m) f, OS 

3(a,/3) ' ( 


which can obviously be satisfied m an infinity of ways 

It is evident from (2) that the intersections of the surfaces X= const , ^ = const are the 
vortex-lmes This suggests that the functions X, p which occur m (1) may he supposed to 
vary continuously with t in such a way that the surfaces m question move with the fluid* 
Various analytical proofs of the possibility of this have been given , the simplest, perhaps, 
is by means of the equations (2) of Art 15, which give (as m Art 17) 


u dx + v dy +wdz—UQ da +v^db + iu Q dc - dx 


It has been proved that we may assume, initially, 


', 0 da+v 0 db+w 0 dc= -d<fi 0 +Xdp 


( 8 ) 


(9) 


Hence, considering space-variations at time t, we shall have 

udx+vdy+wdz~ —dcfr+Xdp, 4 ( 10 ) 

where and X, p have the same values as m (9), but are now expressed in terms 

of a, y, z, t Since, m the ‘ Lagrangian 5 method the independent space-variables relate to 
the individual particles, this proves the theorem 

On this understanding the equations of motion can be integrated, provided the 
extraneous forces have a potential, and that p is a function of p only 

0,1 /* , o du , / SX 3X 


ax\ dp 

dz) dx 


dp da , da 


We have 

ax 




d<j> 

'di 


+A dt) ' 


DX dp 
Dt dx 


Dp 0X 
Dt dx 


and therefore, on the present assumption that D\/Dt= 0, Dp/Du 


= 0 , 


/ 




dp 


( 11 ) 


( 12 ) 


p ' ‘■ L ' dt ‘3 1’ 

by Art 146 (5), (6) An arbitrary function of t is here supposed incorporated m 30/3 1 
If the above condition be not imposed on X, p, we have, writing 


H 




*+W+«-|+x|, 


DX dp 
Dt dx 


Dp dX 
Dt dx' 


dH 
dx 3 


DX dp 
Dt dy 


Dp d\ 
Dt dy~ 

3 (H, X, p) 


dH 
’ 5 

=o, 


DX dp 
Dt dz 


Dp dX _ 

‘ Di dz = ‘ 


dH 

dz 


Hence - 

3 {x, y, z) 

shewing that H is of the form/(X, p, t ) ; and 

DX dH Dp dH 


Dt' 


dp ’ Dt 3X 


(13) 

(14) 

(15) 

(16) 


* It must not be overlooked that on account of the insufficient determinacy of X, p these 
functions may vary continuously with t without relating always to the same particles of fluid 
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TIDAL WAVES 

167 One of the most interesting and successful applications of hydro- 
dynamical theory is to the small oscillations, under gravity, of a liquid having 
a free surface. In certain cases, which are somewhat special as regards the 
theory, but very important from a practical point of view, these oscillations 
may combine to form progressive waves travelling with (to a first approxi- 
mation) no change of form over the surface 

The term 4 tidal/ as applied to waves, has been used m various senses, but 
it seems most natural to confine it to gravitational oscillations possessing the 
characteristic feature of the oceanic tides pioduced by the action of the sun 
and moon. We have therefore ventured to place it at the head of this 
Chapter, as descriptive of waves m which the motion of the fluid is' mainly 
horizontal, and theiefore (as will appear) sensibly the same for all pai tides 
m a vertical line. This latter circumstance greatly simplifies the theoiy 

It will be convenient to recapitulate, m the fust place, some points m the 
general theory of small oscillations which will receive constant exemplification 
m the investigations which follow* The theory has reference m the first 
instance to a system of finite freedom, but the results, when properly inter- 
preted, hold good without this restuctionf 

Let q^ q 2 , . q n be n generalized co-ordmates serving to specify the con- 
figuration of a dynamical system, and let them be so chosen as to vanish m 
the configuration of equilibrium The kinetic energy T will be a homogeneous 
quadratic function of the generalized velocities q l9 . q n) say 

2 T — a n q-f + <x 22 q 2 + • * (1) 

where the coefficients are in general functions of the co-ordinates q u q 2) . .. q n > 

* For a fuller account of the general theory see Thomson and Tait, Natuial Philosophy, 
Arts S37, , Lord Rayleigh, Theoiy of Sound, c iv. , Routh, Elementary Rigid Dynamics 

(6th ed.), London, 1897, c ix , Whittaker, Analytical Dynamics , c vu 

A The steps by ■which a rigorous transition can be made to the case of infinite freedom have 
recently been investigated by Hilbert, Gott Nachi , 1904, p 49 
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but may m the application to small motions, be supposed constant, and to 
have the values corresponding to q ly q 2 , . .q n = 0 Again, if (as we shall 
suppose) the system is 4 conservative/ the potential energy V of a small 
displacement is a homogeneous quadratic function of the component 
displacements q l9 q 2 , q n , with (on the same understanding) constant 
coefficients, say 

2V— c n q^ + c 2 oq 2 2 4* . + %c ls q 1 q2’1r • • .(2) 

By a real* linear transformation of the co-ordinates q lf q 2 , q n it is 
possible to reduce T and V simultaneously to sums of squares , the new 
variables thus introduced are called the 4 normal co-ordinates 5 of the system 
In terms of these we have 


— a Y q{- + a 2 q 2 -f- • + c^n^n) * * (3) 

2 V= Ciq-i + c 2 q 2 + . . 4- c n q n 2 . (4) 

The coefficients a l9 a 2 , • ct n are called the 'principal coefficients of inertia 5 , 
they are necessarily positive The coefficients c u c 2 , . c n may be called the 

‘ principal coefficients of stability 5 , they are all positive when the undisturbed 
configuration is stable 


When given extraneous forces act on the system, the work done by these 
duiing an arbitrary infinitesimal displacement Aq u Aq 2) ..A q n maybe ex- 
pressed m the form 

Qityi + Q 2 Aq 2 + .. + Q n Aq n . , ..(5) 

The coefficients Q lf Q 2 , . Q n are then called the 'noimal components of 
disturbing force 5 


In terms of the normal co-ordinates, the equations of motion are given by 
Lagrange’s equations 


ddT_dT__dV 
dt 3 q } dq 7 dq r + ™ 


[r = l, 2, . n] . .(6) 


In the present application to infinitely small motions, these take the form 


a r q } -f- c r q r — . . . (7) 

It is easily seen from this that the dynamical characteristics of the normal 
co-ordinates are (1°) that an impulse of any normal type produces an initial 
motion of that type only, and (2°) that a steady disturbing force of any type 
maintains a displacement of that type only 


To obtain th efree motions of the system we put Q r = 0 Solving, we find 



2? = A r cos (<t 7 t + € r ), 

(8) 

where 


• •• ( 9 ) 


* The algebraic proof of this involves the assumption that one at least of the functions T , V 
is essentially positive In the present case T of course fulfils this condition 
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and A, ,e, are arbitrary constants*. Hence a mode of free motion is possible 
m which any normal co-ordinate q, varies alone, and the motion of any particle 
of the system, since it depends linearly on q,, will be simple-harmonic, of 
peuod 2 t r/tr, , moreover the particles will pass simultaneously through their 
equilibrium positions The several modes of this character are called the 
1 normal modes ’ of vibration of the system , their number is equal to that of 
the degrees of freedom, and any free motion whatever of the system may be 
obtained fiom them by superposition, with a proper choice of the ‘amplitudes’ 
(4,) and * epochs ’ (e r ) 

In certain cases, viz when two or more of the fiee periods (27r/cr) of the 
system aie equal, the noimal co-ordinates are to a certain extent indeterminate, 
^ e they can be chosen m an infinite number of ways. An instance of this is 
the spheiical pendulum. Other examples will present themselves later, see 
Arts 189, 198 

If two (oi more) normal modes have the same period, then by compounding 
them, with arbitrary amplitudes and epochs, we obtain a small oscillation 
m which the motion of each particle is the resultant of simple-harmonic 
vibrations m different directions, and is therefore, in general, elliptic-harmonic, 
with the same peuod This is exemplified in the conical pendulum , an 
important instance in our own subject is that of progressive waves in deep 
water (Chap IX ) 

If any of the coefficients of stability (c r ) be negative, the value of <r, is 
pure imaginary The circular function in (8) is then replaced by real ex- 
ponentials, and an arbitrary displacement will m geneial increase until the 
assumptions on which the approximate equation (7) is based become untenable. 
The undisturbed configuration is then leckoned as unstable The necessary 
and sufficient condition of stability (in the present sense) is that the potential 
energy V should be a minimum m the configuration of equilibrium 

To find the effect of disturbing forces, it is sufficient to consider the case 
where Q r varies as a simple-haimomc function of the time, say 

Q r = C r cos {at + e), .. . . (10) 

where the value of a is now pi escribed Not only is this the most interesting 
case m itself, but we know from Fourier's Theorem that, whatever the law of 
variation of Q r with the time, it can be expressed by a series of terms such as 
(10) A particular integral of (7) is then 

2r = — Z“C-cos(af + e) . (11) 

This represents the ‘ forced oscillation ’ due to the periodic force Q r In it 


* The ratio <t/2t measures the ‘frequency’ ot the oscillation It is convenient to have a 
name for the quantity a itself , the term ‘ speed ’ hasjbeen used m this sense by Lord Kelvin and 
Prof G- H Darwm m tlieir researches on the Tides 
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the motion of every particle is simple-harmonic, of the prescribed period 
Stt/ct, and the extreme displacements coincide m time with the maxima and 
minima of the force 


A constant force equal to the instantaneous value of the actual foice (10) 
would maintain a displacement 



cos (at + 




( 12 ) 


the same, of course, as if the meitia-coefficient a, were null Hence (11) may 
be written 



where cr r has the value (9) This very useful foimula enables us to wntc 
down the eft ect of a periodic force when we know that of a steady force of the 
same type It is to be noticed that and Q, have the same or opposite 
phases according as a J a,, that is, according as the period of the distmbmg 
force is greater or less than the free period A simple example of this is 
furnished by a simple pendulum acted on by a periodic horizontal force 
Other important illustrations will present themselves m the theory of the 
tides* 


When a- is very great m companson with <r # , the formula (11) becomes 

C 

q, cos (at + e). . . . (14) 

the displacement is now always m the opposite phase to the force, and 
depends only on the inertia of the system 

If the period of the impressed force be nearly equal to that of the normal 
mode of order r, the amplitude of the forced oscillation, as given by (13), is 
very great compared with q, In the case of exact equality, the solution (11) 
fails, and must be replaced by 

q r = Bt sm (at +e), (15) 

where, as is venfied immediately on substitution, B=0,/2aa , This gives 

an oscillation of continually increasing amplitude, and can therefore only 
be accepted as a representation of the initial stages of the disturbance 


Another very impoitant property of the normal modes may be noticed If by the 
introduction of constraints the system be compelled to oscillate m any other prescribed 
manner, the configuration at any instant can ho specified by one variable, which we will 
denote by 6. In terms of this we shall have 

1r = B r e, 

* Cf T Young, “A Theory of Tides,’ Nicholson' t Journal, t xxxv (1813) miscellaneous 
Wo'i ks, London, 1854, tup 262] 
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where the quantities B r are certain constants This makes 

2T= (B x 2 a x + B% 2 + 4 - B 2 a n ) 6% 

2 V—(B 1 2 c 1 +B 2 2 c 2 + +B n 2 c n )6 2 

If 6 oc cos (o-tf + e), the constancy of the energy (T- f V ) requires 

2 _ -^l 2 <^1 + j? 2 2 C 2 + . + -^ n 2 c n 


(16) 

(H) 


(18) 


Hence o- 2 is intermediate in value between the greatest and least of the quantities c 1 /a, , m 
other words, the frequency of the constrained oscillation is intermediate between the 
greatest and least frequencies corresponding to the normal modes of the system In par- 
ticular, when a system is modified by the introduction of a constraint, the frequency of 
the slowest natural oscillation is increased 


Moreover, if the constrained type differ but slightly from a normal type (?), <r 2 will 
diffei from c r ja r by a small quantity of the second order This gives a valuable method of 
estimating approximately the frequency m cases where the normal types cannot be 
accurately determined* 

It may further be shewn that m the case of a partial constraint, which merely reduces 
the degree of freedom from n to n - 1, the periods of the modified system separate those of 
the original onct 


The modifications which are introduced into the theory of small oscillations 
by the consideration of viscous foices will be noticed m Chapter XI. 


Long Waves m Canals 

168 Proceeding now to the special problem of this Chapter, let us begin 
with the case of waves travelling along a straight canal, with horizontal bed, 
and parallel vertical sides Let the axis of x be parallel to the length of the 
canal, that of y vertical and upwards, and let us suppose that the motion 
takes place in these two dimensions x, y Let the ordinate of the free surface, 
corresponding to the abscissa x, at time t, be denoted by y 0 + ?/, where y 0 is 
the ordinate m the undisturbed state 

As already indicated, we shall assume m all the investigations of this 
Chapter that the vertical acceleration of the fluid particles may be neglected, 
or, more precisely, that the pressuie at any point (x, y) is sensibly equal to 
the statical pressure due to the depth below the free surface, viz 

p-jP*=gp(yo+v -y), ■ (i) 

where_p 0 is the (uniform) external pressuie 


* Loid Rayleigh, “Some General Theorems relating to Vibrations,” Proc Bond Math Soc , 
t iv p 357 (1873) [Sc Papers, t l p 170], and Theory oj Sound , c iv 

I* Routh, Elementary j Rigid Dynamics , Ait 67, Rayleigh, Theory of Sound (2nd ed ), Ait. 92a, 
Whittaker, Analytical Dynamics, Art 81 
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.( 2 ) 


Hence 


dp 

da 



This is independent of y, so that the horizontal acceleiation is the same foi 
all particles m a plane perpendicular to x It follows that all particles which 
once lie m such a plane always do so , m other words, the horizontal velocity 
n is a function of x and t only 

The equation of horizontal motion, viz 

du du __ 1 dp 
dt~^ U dx pdx’ 


is fui ther simplified m the case of infinitely small motions by the omission of 
the term todu/dx, which is of the second order, so that 


du _ drj 

dt~~ 9 dic 


(3) 


Now let £r = J udt, 

i e % is the time-integral of the displacement past the plane x , up to the 
time t In the case of small motions this will, to the first order of small 
quantities, be equal to the displacement of the particles which originally 
occupied that plane, or again to that of the particles which actually occupy it 
at time t The equation (3) may now be written 


0 2 £ d v 
dt 2 9 dx 


... ( 4 ) 


The equation of continuity may be found by calculating the volume of 
fluid which has, up to time t, entered the space bounded by the planes x and 
os 4- Sx j thus, if h be the depth and b the breadth of the canal, 

- ^(%hb)dx = v bhx, 

or , — 4 | (5) 


The same result comes fiom the ordinary form of the equation of con- 
tinuity, viz 


du dv _ 
dx dy 


.(C) 


Thus 



(7) 


if the origin be (for the moment) taken m the bottom of the canal 
This formula Is of interest as shewing that the vertical velocity of any 
particle is simply proportional to its height above the bottom. At the 
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free surface we have y==h + rj,v = d7)/dt } whence (neglecting a pioduct of 
small quantities) 

dy 
dt : 


dxdt 


( 8 ) 


From this (5) follows by integration with respect to t. 
Eliminating t? between (4) and (5), we obtain 

The elimination of £ gives an equation of the same form, viz 

d 2 rj , 3 2 ?7 
¥ 2 ~ gh da?' 


( 9 ) 


( 10 ) 


The above investigation can readily be extended to the case of a 
uniform canal of any form of section* If the sectional area of the un- 
disturbed fluid be S , and the breadth at the free surface b, the equation of 
continuity is 

~^S)hx = ribhx, ( 11 ) 


whence 


rj = 



.( 12 ) 


as before, provided h = S/b, % e h now denotes the mean depth of the canal 
The dynamical equation (4) is of couise unaltered 


169 . The equation (9) is of a well-known type which occurs m several 
physical problems, e g the transverse vibrations of strings, and the motion of 
sound-waves m one dimension 

To integrate it, let us write, for shortness, 

c 2 = gh .... . (13) 

and x-ct—Xj, x 4* ct = x 2 

In terms of ^ and x 2 as independent variables, the equation takes the form 

J!L =0 

dxjdx 2 

The complete solution is therefore 

%=F(x—ct)+f(x + ct), (14) 

where i^/are arbitrary functions 


L. 


Kelland, Turn* JR S Edin , t xiv (1839). 
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The corresponding values of the particle-velocity and of the surface- 
elevation are given by 

i = — F' (os — ct) + f (os + ct ), ) 

C I- • -(15) 


r l = -F'(oo-ct) - f'(x + d ) 
h 


The interpretation of these results is simple Take first the motion 
represented by the first term m (14), alone Since F(x-ct) is unaltered 
when t and x are increased by t and ct, respectively, it is plain that the dis- 
turbance which existed at the point x at time t has been transferred at time 
t + r to the point x + ct Hence the disturbance advances unchanged with a 
constant velocity c m space In other words we have a 'progressive wave’ 
travelling with constant velocity c m the direction of ^-positive In the same 
way the second term of (14) repiesents a progressive wave travelling with 
velocity c m the direction of ^-negative And it appears, since (14) is the 
complete solution of (9), that any motion whatever of the fluid, which is 
subject to the conditions laid down m the preceding Art , may be regarded as 
made up of waves of these two kinds 

The velocity (c) of propagation is, by (13), that £ due to* half the depth of 
the undisturbed fluid* 


The following table, giving m round numbers the velocity of wave-propagation for 
various depths, will be of interest, later, m connection with the theory of the tides 


h 

(feet) 

c 

(feet pei sec ) 

6 

(sea-miles per hour) 

27 ra/c 
(hours) 

* 

3124 

100 

60 

360 

1250 - 

200 

120 

180 

5000 

400 

240 

90 

11250 f 

600 

360 

60 

20000 

800 

480 

45 


The last column gives the time a wave would take to travel over a distance equal to 
the earth’s circumference (27 ra) In order that a ‘long’ wave should traverse this distance 
m 24 hours, the depth would have to be about 14 miles It must be borne m mind that 
these numerical results are only applicable to waves satisfying the conditions above 
postulated The meaning of these conditions will be examined more particularly m 
Art 171 


170 To trace the effect of an arbitrary initial disturbance, let us suppose 
that when t = 0 we have 

f = <K4 \ = f(x) (16) 

* Lagiange, Nouv mem de l’ Acad de Berlin, 1781 [Oeuvi es, t 1 p 747] 
t This is probably compaiable in ordei of magnitude with the mean depth of the ocean 
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The functions F\f which occur m (15) are then given by 

F'(w) = -b{<k(x) + 1r(ai)} 9 \ 


Hence if we draw the curves y = y — V^ where 

Vi = ¥ l {^(^)+<K^)M .... (18) 

W ' 1 («0 - 0 0 * 0 } J 

the form of the wave-profile at any subsequent instant t is found by displacing 
these curves parallel to x t through spaces + ct } respectively, and adding (alge- 
braically) the ordinates If, for example, the original disturbance be confined 
to a length l of the axis of x 9 then after a time Z/2c it will have broken up 
into two progressive waves of length l , travelling in opposite directions 

In the particular case where m the initial state f = 0, and therefore 
<p(x) = 0, we have rj 1 =r) 2} the elevation m each of the derived waves is then 
exactly half what it was, at corresponding points, m the original disturbance 

It appears from (16) and (lY) that if the initial distuibance be such that 
^=±ylh c, the motion will consist of a wave system travelling m one 
direction only, since one or other of the functions F' and/ is then zero. 

It is easy to trace the motion of a surface-particle as a progressive wave 
of either kind passes it. Suppose, for example, that 

(19) 

and therefore £ = .. * •• ..(20) 

The particle is at rest until it is reached by the wave *, it then moves forwaid 
with a velocity proportional at each instant to the elevation above the mean 
level, the velocity being m fact less than the wave-velocity c, m the ratio of 
the surface-elevation to the depth of the water The total displacement at 
any time is given by 

5-sf* 

This integral measures the volume, per unit breadth of the canal, of the 
portion of the wave which has up to the instant m question passed the 
particle Finally, when the wave has passed away, the particle is left at rest 
in advance of its original position at a distance equal to the total volume of 
the elevated water divided by the sectional area of the canal 

171 We can now examine under what circumstances the solution ex- 
pressed by (14) will be consistent with the assumptions made provisionally 
m Art 168. 


16—2 
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The exact equation of vertical motion, viz 

Dv dp 

P Di dz ~ 9P> 

gives, on integration with respect to y , 

fVo+V Dv 

p-Po=gp(y*+*i-y)-p I m dy ' • 

This may be replaced by the approximate equation (1), provided /3 (h + ??) be 
small compared with gy, where /3 denotes the maximum vertical acceleration. 
Now m a progressive wave, if X denote the distance between two consecutive 
nodes (1 e points at which the wave-profile meets the undisturbed level), the 
time which the corresponding poition of the wave takes to pass a particle is 
X/c, and therefore the vertical velocity will be of the order rjc/X*, and the 
vertical acceleration of the order ^c 2 /X 2 , where rj is the maximum elevation 
(or depression) Hence the neglect of the vertical acceleration is justified, 
provided A 2 /X 2 is a small quantity 

Waves whose slope is gradual, and whose length X is large compared with 
the depth h of the fluid, are called ‘ long waves ’ 

Again, the restriction to infinitely small motions, made m equation (3), 
consisted m neglecting udujdx m comparison with dufdt In a progressive 
wave we have da/dt = + cdio/dx , so that u must be small compared with c 3 and 
therefore, by (20), tj must be small compared with h It is to be observed 
that this condition is altogether distinct from the former one, which may be 
legitimate in cases where the motion cannot be regarded as infinitely small 
See Art 185 

The preceding conditions will of course be satisfied m the general case 
represented by equation (14), provided they are satisfied for each of the two 
progressive waves into which the disturbance can be analysed 


172 There is another, although on the whole a less convenient, method 
of investigating the motion of f long’ waves, in winch the Lagrangian plan is 
adopted, of making the co-oidmates refer to the individual particles of the 
fluid F or simplicity, we will consider only the case of a canal of rectangular 
section f. The fundamental assumption that the vertical acceleration may be 
neglected implies as before that the horizontal motion of all particles m a 
plane perpendicular to the length of the canal will be the same We there- 


- Hence, comparing with (20), we see that the latio of the maximum vertical to the maximum 
horizontal velocity is of the older Ji/X 

+ Ajij Eiicyc Metro? , “Tides and Waves, ” Art 192 (1845), see also Stokes, “On Waves,” 

™ V 1 71’ t " (1849) [JtoA andFhyi Faye ' s ’ * 11 P 222] The case of a 
canal with sloping sides has been treated by McCowan, “ On the Theory of Long Waves ” Phil 
Mag (5), t. xxxv p 250 (1892) B ’ /tUl 
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fore denote by x+ | the abscissa at time t of the plane of particles whose 
undisturbed abscissa is x. If rj denote the elevation of the free surface, in 
this plane, the equation of motion of unit breadth of a stiatum whose thick- 
ness (m the undisturbed state) is 8x, will be 


where the factor (dp/dx). Sx represents the pressure-difference for any two 
opposite particles x and x-^hx on the two faces of the stratum, while the 
factor h-hrj represents the area of the stratum Since we assume that the 
pressure about any particle depends only on its depth below the free surface 
we may write 



dr} 

dx } 


so that our dynamical equation is 



9 


1 _L ^ ^ 

+ h) dx ' 


(0 


The equation of continuity is obtained by equating the volumes of a stratum, 
consisting of the same particles, in the disturbed and undisturbed conditions 
respectively, viz. 

(&r -f “ Sxj (A -p rj) = hSx, 


or 




( 2 ) 


Between equations (1) and (2) we may eliminate either rj or f ; the result in 
terms of £ is the simpler, being 


?!f 

dt 2 




n 

dec 1 


1 +- 


■(»> 


This is the general equation of ‘long’ waves in a uniform canal with vertical 
sides* 


So far the only assumption is that the vertical acceleration of the particles 
may be neglected m calculating the pressure. If we now assume, m addition, 
that rjjh is a small quantity, the equations (2) and (3) reduce to 


V = 



,(4) 


and 


9 2 f 7 d 2 % 

4 " sA S‘- ■ 


( 5 ) 


Airy, l c. 
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The elevation y also satisfies the equation 




.( 6 ) 


These are m conformity with our previous results, for the smallness of d%/dx 
means that the relative displacement of any two particles is never more than 
a minute fraction of the distance between them, so that it is (to a first 
approximation) now immaterial whether the variable a: [he supposed to refer 
to a plane fixed m space, or to one moving with the fluid 


173. The potential energy of a wave, or system of waves, due to the 
elevation or depression of the fluid above or below the mean level is, pel unit 
breadth, gpftydxdy, where the integration with respect to y is to be taken 
between the limits 0 and y, and that with respect to x over the whole length 
of the waves Effecting the former integration, we get 

\gp^rfdx . .( 1 ) 

The kinetic energy is \ph\% 2 dx ... (2) 

In a system of waves travelling m one direction only we have 



so that the expressions (1) and (2) are equal, or the total energy is half 
potential, and half kinetic 

This result may be obtained in a more general manuer, as follows* Any 
progressive wave may he conceived as having been originated by the splitting 
up, into two waves travelling m opposite directions, of an initial disturbance 
in which the particle- velocity was everywhere zeio, and the energy therefoie 
wholly potential It appears from Art 170 that the two derived waves are 
symmetrical in every respect, so that each must contain half the original 
store of energy Since, however, the elevation at corresponding points is for 
each derived wave exactly half that of the original disturbance, the potential 
energy of each will by (1) he one-fourth of the original store The remaining 
(kinetic) part of the energy of each derived wave must therefoie also he one- 
fourth of the original quantity. 


174 If in any case of waves travelling m one direction only, without 
change of form, we impress on the whole mass a velocity equal and opposite 
to that of propagation, the motion becomes steady, whilst the forces acting on 
any particle remain the same as before. With the help of this artifice, the 

* Lord Bayleigh, “ On Waves,” Phil Mag (5), t l p 257 [Sc Papers, t i p 251] 



172 - 175 ] Energy 247 

laws of wave-propagation can be investigated with great ease^ Thus, m the 
piesent case we shall have, by Art. 22 (4), at the free surface, 

- = const . . .(1) 

P 

where q is the velocity If the slope of the wave-profile be everywhere 
gradual, and the depth h small compared with the length of a wave, the 
horizontal velocity may be taken to be uniform throughout the depth, and 
approximately equal to q Hence the equation of continuity is 

q (h + rj) = ch , 

c being the velocity, in the steady motion, at places where the depth of the 
stream is uniform and equal to h. Substituting for q m (1), we have 

p = const + + 0 

Hence if rj/h be small, the condition for a free surface, viz p = const, is 
satisfied approximately, provided 

c 2 = gh, 

which agrees with our former result. 


175. It appears from the linearity of our equations that, m the case of 
sufficiently low waves, any number of independent solutions may be super- 
posed For example, having given a wave of any form travelling m one 
direction, if we superpose its image m the plane as = 0, travelling m the 
opposite direction, it is obvious that m the resulting motion the horizontal 
velocity will vanish at the origin, and the circumstances are therefore the 
same as if there were a fixed hairier at this point We can thus understand 
the reflexion of a wave at a bamer, the elevations and depressions are 
reflected unchanged, whilst the horizontal velocity is reversed. The same 
results follow from the formula 

f = F (ct-x)-F (ct + x)> . . .. (1) 

which is evidently the most general value of £ subject to the condition that 
| = 0 for x=0 


We can further investigate without much difficulty the partial reflexion of a wave at a 
point where there is an abrupt change in the section of the canal Taking the origin at 
the point m question, we may write, for the negative side, 


and foi the positive side 



( 2 ) 

( 3 ) 


* Lord Rayleigh, l c 
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where the function F represents the original wave, and /, <£ the reflected and transmitted 
portions respectively The constancy of mass requires that at the point ^=0 we should 
have h l h 1 u l =b 2 h 2 u 2 , wheie b v \ are the breadths at the surface, and h 2 are the mean 
depths We must also have at the same point ^ = 7/2, on account of the continuity of 
pressure* These conditions give 

(t), J?(0+/(0=^ w 

C 1 C 2 

We thence find that the ratios of the elevations in corresponding parts of the reflected and 
incident waves, and of the transmitted and incident waves, are 

L = h c j- b<h £ _ 26 i c i m 

F & 1 C 1 + 6 2 6 , 2 , F ^>1 C 2 5 ^ 

respectively The reader may easily verify that the energy contained m the reflected and 
transmitted waves is equal to that of the original incident wave 


176 Our investigations, so far, relate to cases of free waves When, m 
addition to gravity, small disturbing forces X, Y act on the fluid, the equation 
of motion is obtained as follows 


We assume that within distances comparable with the depth h these 
forces vary only by a small fraction of their total value On this under- 
standing we have, m place of Art 168 (1), 


P -f = (9-Y)(y 0 + v -y), ( 1 ) 

r 

and therefore ± | - - Y) £ - (* + , - y) 

The last term may be neglected for the reason just stated, and if we 
further neglect the product of the small quantities 7 and dr/ /doc, the equation 
reduces to 

1^ = O 0 V m 

pdx 9 dx' W 

as before The equation of horizontal motion then takes the form 


3 2 £ 

3 1 2 



+ X, . . 


.( 3 ) 


where X may be regarded as a function of x and t only. The equation of 
continuity has the same form as in Art 168, viz 


7 ] = 



(*) 


* It will be understood that the pioblem admits only of an approximate tieatment, on account 
of the lapid change m the chaiacter of the motion neai the point of discontinuity The natuie 
of the approximation implied m the above assumptions will become more evident if we suppose 
the suffixes to refer to two sections S x and S 2 , one on each side of the origin 0, at distances from 
0 which, though veiy small compared with the wave-length, are yet moderate multiples of the 
transveise dimensions of the canal The motion of the fluid will be sensibly uniform over each 
of these sections, and parallel to the length The condition m the text then expresses that there 
is no sensible change of level between S 1 and S 2 
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[ence, on elimination of ??, 


—It _ ? . y 

dt*~ 9 dx i + A ' 


249 

( 5 ) 


177 The oscillations of water in a canal of uniform section, closed at 
oth ends, may, as in the corresponding problem of Acoustics, be obtained by 
uperposition of progressive waves travelling in opposite directions It is 
lore instructive, however, with a view to subsequent more difficult mvesti- 
ations, to treat the problem as an example of the general theory sketched in 
Lrt 167 


We have to determine £ so as to satisfy 


3 

df 


4M' - • 


(i) 


ogether with the terminal conditions that £= 0 for x — 0 and x = l, say 
To find the free oscillations we put X = 0, and assume that 

f oc cos (at 4- e), 

inhere a is to be found On substitution we obtain 


It? c 2 ? ’ 


( 2 ) 


whence, omitting the time-factor, 


^ = 4sm — + B cos ■ 

CO 


[he terminal conditions give B = 0, and 

al 


■ — T7T, 


.(3) 


vhere r is integral Hence the normal mode of order r is given by 


T7TX 


% — A, sm cos 


(rnret 

IT 


+ €j 


)• 


..( 4 ) 


vhere the amplitude A } and epoch e, are arbitrary. 

In the slowest oscillation (r =1), the water sways to and fro, heaping 
tself up alternately at the two ends, and there is a node at the middle 
x = \ \l) The period (21 /c) is equal to the time a progressive wave would 
;ake to traverse twice the length of the canal 

The periods of the higher modes are respectively ..of this, but 

.t must be remembered, in this and m other similar problems, that our theory 
leases to be applicable when the length Ijr of a semi-undulation becomes 
comparable with the depth h 
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On comparison with the general theory of Art. 167, it appears that the 
normal co-ordinates of the present system are quantities q 1} q 2 , .q n such that 
when the system is displaced according to any one of them, say q r , we have 


£ = q r sin 


T1T00 

T 5 


and we infer that the most general displacement of which the system is 
capable (subject to the conditions presupposed) is given by 


T7TX 


(5) 


f- = 2?rSin- l 

where q l3 q 2i . . q n are arbitiary This is in accordance with Fourier’s Theorem 

When expressed in terms of the normal velocities and the normal co-ordi- 
nates, the expressions for T and V must reduce to sums of squares This is 
easily verified, m the present case, from the formula (5) Thus if S denote 
the sectional area of the canal, we find 

2 T=pSj %-dx = 2 t aiq r 2 , 2 V=qp~J rj 2 dx = 2c r q/, • .( 6 ) 


where 


a, =^pSl, c r = \r 2 7r 2 gph 


S 
l * 


(7) 


It is to be noted that, on the present reckoning, the coefficients of stability 
(c*) increase with the depth 

Conversely, if we assume from Fourier’s theorem that (5) is a sufficiently 
general expression for the value of f at any instant, the calculation just 
indicated shews that the coefficients q r are the normal co-ordinates , and the 
frequencies can then be found from the general formula (9) of Art 167 , viz 
we have 


o- =(-')* 
r \aj 


Jir 


(S) 


m agreement with (3). 


178 As an example of forced waves we take the case of a uniform 
horizontal force 


X = /cos(<r£ + e) .. 


. (9) 


This will illustrate, to a certain extent, the generation of tides in a land- 
locked sea of small dimensions 

Assuming that £ varies as cos (ert 4- e), and omitting the time-factor, the 
equation (1) becomes 

02 £ . 


/ 



251 


177 - 178 ] Waves in a Finite Canal 


the solution of which is 


^ f <TX -r, <JX 

P = — A + D sm — + E cos — . 
b a- 2 c c 


The terminal conditions give 

O*’ 

Hence, unless sm al/c = 0, we have D = fjar 2 tan cr//2c, so that 


« <rZ /- <xZ\ f 
D sin — =1 — cos — ~ . 

c V CJ<T 


2 / 


0"# cr (l ~~ x) 


? sm £ sm — ^ - cos M + e), 


, <ri 2c 
a C0S 2c 


and 


at 

OC COS X- 

2c 


¥ m <r( x- hj) 


sm 


cos (at t + e) 


• -( 10 ) 

.(11) 


( 12 ) 


If the period of the disturbing force be large compared with that of the 
slowest free mode, ol/2c will be small, and the formula for the elevation 
becomes 

jj (x - ^1) cos (crt 4- e), (13) 

*} 

approximately, exactly as if the water weie devoid of inertia The horizontal 
displacement of the water is always m the same phase with the force, so long 
as the period is greater than that of the slowest free mode, or crljcc n r. If 
the period be diminished until it is less than the above value, the phase is 
reversed. 

When the period is exactly equal to that of a free mode of odd older 
(5=1, 3, 5, ), the above expressions for £ and rj become infinite, and the 

solution fails As pointed out m Art 167, the interpretation of this is that, 
m the absence of dissipative forces, the amplitude of the motion becomes so 
great that our fundamental approximations are no longer justified 

If, on the other hand, the period coincide with that of a free mode of 
even order (, s = 2, 4, 6, . ), we have sm crljc = 0, cos al/c = 1, and the teimmal 
conditions are satisfied independently of the value of D The forced motion 
may then be represented by * 

£ = — sm 2 ^ cos (at + e) . (14) 

CT" ZC 


This example illustrates the fact that the effect of a disturbing force may 
often be conveniently calculated without resolving the force into its 4 normal 
components’ (Art 167) 


* In the language of the general theory, the impiessed force has here no component of the 
particular type with which it synchronizes, so that a vibiation of this type is not excited at all 
In the same way a periodic pressure applied at any point of a stretched string will not excite any 
fundamental mode which has a node there, even though it synchronize with it 
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Another very simple case of forced oscillations, of some interest m 
connection with tidal theory, is that of a canal closed at one end and 
communicating at the other with an open sea in which a periodic oscillation 

V = a cos (at + e) (15) 

is maintained. If the origin be taken at the closed end, the solution is 
obviously 

ax 
COS 

Q 

v = ct -J.cos(o-t-fe), (16) 

cos — 
c 

l denoting the length If crl/c be small the tide has sensibly the same 
amplitude at all points of the canal For particular values of Z, (determined 
by cos <xZ/c = 0 ), the solution fails through the amplitude becoming infinite 


Canal Theory of the Tides 

179 The theoiy of forced oscillations in canals, or on open sheets of 
water, owes most of its interest to its bearing on the phenomena of the tides 
The 4 canal theory , 5 in particular, has been treated very fully by Airy * We 
will consider one or two of the more interesting problems 

The calculation of the disturbing effect of a distant body on the waters 
of the ocean is placed foi convenience in an Appendix at the end of this 
Chapter. It appears that the disturbing effect of the moon, for example, 
at a point P of the earth’s surface, may be represented by a potential SI 
whose approximate value is 




7 Ma 2 

~W 


(i ~ cos 2 $■), 


( 1 ) 


where M denotes the mass of the moon, D its distance from the eaith’s 
centre, a the earth s radius, 7 the c constant of gravitation , 5 and S- the moon’s 
zenith distance at the place P This gives a horizontal acceleration dSl/cufa, 
or 

/ sia 2Sr, (2) 

towards the point of the earths surface which is vertically beneath the moon, 
wheie 


/=§y 


Ma 
JP * 


.(3) 


* ® nc y a Metl °P> “ Tldes and Waves,” Section vi (1845) Several of the leading features of 
the theory had been made out, by very simple methods, by Young, m 1813 and 1823 [Mucel- 
Zaneous W 01 Its, t ii pp 262, 291], 
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If E be the earth’s mass, we may write g = yE/a ", whence 

/ 3 M fa\> 

g~rE U) 

Patting M IE = a./ D = <rV> thls g lves //<7 = 8 57 x lO" 8 When the sun is 

the disturbing body, the corresponding ratio is fjg = 3 78 x 10 -8 

It is convenient, for some purposes, to introduce a linear magnitude II, 
defined by 

S-i (♦> 

a g 

If we put a — 21 x 10 () feet, this gives, foi the lunar tide, I? — 180 ft., and 
for the solar tide H = 79 ft. It is shewn m the Appendix that II measures 
the maximum range of the tide, from high water to low water, on the c equi- 
libnum theory’ 


180 Take now the case of a uniform canal coincident with the eaith’s 
equator, and let us suppose for simplicity that the moon describes a circular 
orbit m the same plane Let £ be the displacement, relative to the earth’s 
surface, of a particle of water whose mean position is at a distance x } measured 
eastwards, from some fixed meridian If n be the angular velocity of the 
earth’s rotation, the actual displacement of the paiticle at time t will be 
£ + nat, so that the tangential acceleration will be 3 2 £/3 1 2 If we suppose the 
f centrifugal force ’ to be as usual allowed for m the value of g } the processes 
of Arts 168, 176 will apply without further alteration 

IfV denote the angular velocity of the moon relative to the fixed meridian*, 
we may write 

= n't -f - 4* e, 

a 


so that the equation of motion is 


3 ^| 

dt> 



2 



a) 


The free oscillations aie determined by the consideration that £ is 
necessarily a periodic function of x, its value lecurrmg wdienever x mci eases 
by 2? ra It may therefore be expiessed, by Fourier’s Theorem, m the form 


f | f cos ~+Q,.smfj (2) 

Substituting in (1), with the last term omitted, it is found that P, and Q r 
must satisfy the equation 


6?P, 

dtf 



( 3 ) 


That is, n'=r x-n x , if be the angular velocity of the moon m her orbit 



Tidal Waves 


254 


[chap, viii 


The motion, in any normal mode, is therefore simple-harmonic, of period 
2-najrc 

For the forced waves, or tides, we find 

?= - i ?”^v sm2 (^ + I +e )’ • (4) 

whence V = \ cos 2 (n't + - + e) ... (5) 

c- — n-a- V a J x J 

The tide is therefore semi-diurnal (the lunar day being of couise understood), 
and is 1 dnect ’ or ‘ inverted,’ i e. there is high or low water beneath the moon, 
according as c^n'a, in other words according as the velocity, relative to the 
earth’s surface, of a point which moves so as to be always vertically beneath 
the moon, is less or greater than that of a free wave In the actual case of 
the earth we have 

f g - = .311 - 
n'-a- n' 2 a a a’ 

so that unless the depth of the canal were to greatly exceed such depths as 
actually occur m the ocean, the tides would be inverted 

This le&ult, which is sometimes felt as a paradox, comes under a general 
punciple leferred to in Art. 1G7 It is a consequence of the comparative 
slowness of the free oscillations m an equatorial canal of moderate depth 
It appears from the rough numencal table on p 242 that with a depth 
of 11250 feet a free wave would take about 30 hours to describe the earth’s 
semi-circumference, whereas the penod of the tidal distuibmg force is only a 
little over 12 hours. 


The formula (5) is, in fact, a particular case of Art 167 (13), for it may 
be written 


• — ~ n / *> ' * 

1 — cr-/cr 0 - 

where rj is the elevation given by the ‘ equilibrium theory,’ viz. 


( 6 ) 


rj = %H cos 2 [n't + ^ , (7) 

and a- - 2 n', cr„ = 2c[a 

For such moderate depths as 10000 feet and under, n' 2 a 2 is large com- 
paied with gh, the amplitude of the horizontal motion, as given by (4), is 
then //4n' 2 , or gjkn'^a H, nearly, being approximately independent of the 
depth In the case of the lunar tide this amplitude is about 140 feet The 
maximum elevation is obtained by multiplying by 2 h/a, this gives, for a 
depth of 10000 feet, a height of only T33 of a foot 

For greater depths the tides would be higher, but still inverted, until 
we reach the critical depth nV/g, which is about 13 miles For depths 
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beyond this limit, the tides become direct, and approximate more and more 
to the value given by the equilibrium theory* 


181 The case of a circular canal parallel to the equator can be woiked 
out m a similar manner If the moon’s orbit be still supposed to lie in the 
plane of the equator, we find by spherical trigonometry 

cosS- = sin 8 cos [n't H -— a + e J , (1) 

V a sm u ) 


where 6 is the co-latitude, and x denotes the distance of any point P of the 
canal from the zero meridian This leads to 


X = — — = — /sm <9 sm 2 ( n't -b 
ox v 


c 2 H sm 2 6 


and thence to tj = b — 

1 * c 2 — n 2 a 2 sm- 6 


cos 2 


as \ 

a + € 1 , 
a sm 6 J 

( 2 ) 

osrn^ 6 )- 

( 3 ) 


Hence if n'a > c the tide will be direct or inverted according as 6 < sm -1 c/n'a. 
If the depth be so great that c>n a, the tides will be direct for all values 
of 6 


If the moon be not m the plane of the equator, but have a co-declmation 
A, the formula (1) is replaced by 

cos = cos 9 cos A -h sin 8 sm A cos a, .... (4) 


wheie a is the hour-angle of the moon from the meridian of P. For 
simplicity, we will neglect the moon’s motion m her orbit in comparison with 
the earth’s angular velocity of rotation ( n ) , thus we put 


a = nt + ■ 


5+ 


a sm 8 

and treat A as constant. The resulting expression for the component X of 
the disturbing force is found to be 

X — — ^ = - /cos 6 sm 2A sm (nt H °—h 4. 

ox J \ a sm 6 J 


-/sm 6 sm 2 A sm 2 (nt + 


a sm 6 


-J- 6 


We thence obtain 




c 2 £T 


c 2 — 7i 2 cl 2 sm 2 6 
c*H 


sm 2 6 sm 2A cos nt -I- — . 4- e 

“ a 1 a sm 6 


c 2 — n 2 a 2 sm 2 9 


sm 2 8 sm 2 A cos 2 


(nt + - 

V a 


sm 9 


+ e 


.(5) 


.( 6 ) 


Cf Young, l 0 ante p 252 
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The first term gives a ‘diurnal’ tide of period 2 t r/n, this vanishes and 
changes sign when the moon crosses the equator, % e twice a month The 
second term represents a semi-diurnal tide of period irjn, whose amplitude is 
now less than before in the ratio of sin 2 A to 1 

182 In the case of a canal coincident with a meridian we should have 
to take account of the fact that the undisturbed figure of the fiee surface 
is one of relative equilibrium under gravity and centrifugal force, and is 
therefore not exactly circular We shall have occasion later on to treat the 
question of displacements relative to a rotating globe somewhat carefully, 
for the present we will assume by anticipation that m a narrow canal the 
disturbances are sensibly the same as if the earth were at rest, and the 
disturbing body were to revolve round it with the proper relative motion 

If the moon be supposed to move m the plane of the equator, the hour- 
angle from the meridian of the canal may be denoted by n't + e, and if x be 
the distance of any point T on the canal from the equator, we find 

00 

cos Sr = cos ~ cos {n't -he) ( 1 ) 

Hence 

tjt „ (Kj fy 

^ = ~dx = ~f sm 2 - • cos 2 («. t + e) = — \f sm 2 - {1 4- cos 2 (n't + e)} (2) 

Substituting m the equation (5) of Art 170, and solving, we find 

cc &E x 

71 = 4 H cos 2 - + i c3 _- nV cos 2 - cos 2 {n't + ,) (3) 

The first term represents a permanent change of mean level to the extent 

7} = \H cos 2 ~ . .(4) 

The fluctuations above and below the disturbed mean level are given by 
the second term m (3) This represents a semi-diurnal tide , and we notice 
that if, as m the actual case of the earth, c be less than n't i, there will be 
high water m latitudes above 45°, and low water m latitudes below 45°, when 
the moon is m the meridian of the canal, and vice versd when the moon is 
90° from that meridian These circumstances would be all reversed if c were 
greater than n'a 

When the moon is not on the equator, hut has a given decimation, the 
mean level, as indicated by the term corresponding to (4), has a coefficient 
depending on the decimation, and the consequent variations m it indicate a 
fortnightly (or, m the case of the sun, a semi-annual) tide There is also 
introduced a diurnal tide whose sign depends on the decimation The reader 
will have no difficulty m examining these points, by means of the general 
value of II given m the Appendix 
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Wave-Motion in a Canal of Variable Section 

183 When the section (S, say) of the canal is not uniform, but varies 
gradually from point to point, the equation of continuity is, as m Ai't. 
168 (11), 

1 Q 

( 1 ) 




where b denotes the breadth at the surface. If h denote the mean depth 
over the width 6, we have S = bh, and therefore 




where h , b are now functions of x 

The dynamical equation has the same form as before, viz 


■ •( 2 ) 


dff 

dt 1 


= ~9 


dr) 

dx 


(3) 


Between (2) and (3) we may eliminate either rj or g , the equation in ?/ in 


<Lfn 

dt 2 b dx 


(«S) 


• (4) 


The laws of propagation of waves m a canal of gradually varying* root- 
mgular section were investigated by Green* His results, freed from the 
restriction to the special form of section, may be obtained as follows 


If we introduce a variable 6 defined by 

S-w*. 

.n place of x, the equation (4) transforms mto 

9 2 <1 


•(0) 


dt *-* 1 + \b + 


Co) 


& F' 6" 
2 e‘^ + e + 


0- 


•(H) 


where the accents denote differentiations with respect to 6 lib and h were coiistaiitw, tlu> 
equation would be satisfied by r 1 =F(6-t), as in Art 169, m the present case wo assumo 
"or trial, 

,=6 F(8-t), ( 7 ) 

where 6 is a function of 8 only Substituting in (6), we find 

6^2 h) \F + e 
The terms of this which involve F will cancel provided 

„ 6' Z>' 1 h! „ 

e + 6 + 2r°> 

3r e=Cb-ih- 1 , . (0) 

d being a constant Hence, provided the remaining terms m (8) may be neglected tb« 
equation (4) will be satisfied tUo 

‘‘On the Motion of Waves m a Variable Canal of small depth and width,” Gamb. Trans 
t vi. (1837) [Math. Papers, p 225], see also Airy, “Tides and Waves,” Art 260 
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The above approximation is justified, provided we can neglect 0"/©' and e'/e m com- 

V" A, regari. * .B— *»» <»> »“ « “ ‘S“,“ w Td“ ^ 
neclectmg J -1 and A" 1 dA/cte m comparison with >j If, now, X denote a 

JLleJtt, m the general sense of Art 171, h/ds is of the order ,/X, so that the assump- 

Z m question is Lt XO/* and are small 

In other words, it is assumed that the transverse dimensions of the canal vaiy only by 
small fractions of themselves within the limits of a wave-length It is easily soon, m like 
Tanner, that the neglect of &>/& m comparison with F '/A’ implies a similar limitation to 

the rates of change of dbjdx and dhjdx 

Since the equation (4) is unaltered when we reverse the sign of <, the complete solution, 
subject to the above restrictions, is 

„=&-i/r i {A , (d-z)+/(0+ l! )]. • (1 °) 


where F and /are arbitrary functions 

The first term m this represents a wave travelling m the direction of ^-positive , the 
velocity of propagation is determined by the consideration that any particular phase is 
recovered when $ 6 and St have equal values, and is therefore equal to (f/h) , by (5), exactly 
as in the case of a uniform section In like manner the second term m (10) represents a 
wave travelling in the direction of ^-negative In each case the elevation of any particular 

part of the wave alters, as it proceeds, according to the law 


The reflection of a progressive wave at a point where the section of a 
canal suddenly changes has been consideicd m Art 1*75 I he formulae theio 
given shew, as we should expect, that the smallei the change m the 
dimensions of the section, the smaller will be the amplitude of the icfleetod 
wave The case where the change from one section to the other is 
continuous, instead of abrupt, has been investigated by Lord Rayleigh for a 
special law of transition* It appears that if the space within which the 
transition is completed be a moderate multiple of a wave-lengbh there is 
practically no reflection, whilst m the opposite extreme the results agree 
with those of Art. 175. 


If we assume, on the basis of those results, that when the change of 
section within a wave-length may he neglected a progressive wave suffers 
no appreciable disintegration by reflection, the law of amplitude easily follows 
from the principle of energy j\ It appears from Ait. 173 that the energy of 
the wave varies as the length, the breadth, and the square of the height, and 
it is easily seen that the length of the wave, m diffeient parts of the canal, 
varies as the corresponding velocity of propagation, and therefore as the square 
root of the mean depth Hence, m the above notation, tfbh* is constant, or 


r) oc 


which is Green’s law above found. 


* “ On Reflection of Vibrations at the Confines of two Media between which the Transition is 
gradual,” Proc. Lond Math Soc , t xi p 51 (1880) [ Sc Papei s, t. i p 400], Theoiy of Mound, 
2nd ed , London, 1894, Art 148 b 1 
t Lord Rayleigh, l c . ante p. 246. 
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184. In the case of simple harmonic motion, where i? oc cos (at + e), the 
equation (4) of the preceding Art. becomes 


b dx 



+ cr 2 rj = 0 


a) 


Some particular cases of considerable interest can be solved with ease 


1° For example, let us take the case of a canal whose breadth varies as 
the distance from the end x=0 } the depth being uniform, and let us suppose 
that at its mouth (x = a) the canal communicates with an open sea in which 
a tidal oscillation 


y = C cos (ertf + e), . . (2) 

is maintained. Putting h = const., b oc cc } m (1), we find 



d-y 1 

dx> + xte + k ~ V = 0 ’ 

.. . . (3) 

provided 

k gh 

(4) 

Hence 



(5) 


The curve y = J Q (x) is figured on p 269, it indicates how the amplitude 
of the forced oscillation increases, whilst the wave-length is practically 
constant, as we proceed up the canal from the mouth 


2° Let us suppose that the variation is in the depth only, and that this 
increases uniformly from the end ^ = 0 of the canal to the mouth, the remain- 
ing cncu instances being as before. If, in (1), we put h = Ji { )Xja ) tc = o^ctjcjhqj 
we obtain 

3 ( 3 rj\ 

<«> 

The solution of this which is finite for x = 0 is 


-A 1- 


KX KfOd* 

• P +iry 2 - 


(0 


or 


V = AJ 0 (2icixi), ( 8 ) 

whence finally, restoring the time-factor and determining the constant, 

_ J Q (2 


/ 0 (2 « W ) 


cos {at + e) 


( 9 ) 


The annexed diagram of the curve y = J 0 where, for clearness, the 
scale adopted for y is 200 times that of x , shews how the amplitude continually 
increases, and the wave-length diminishes, as we travel up the canal 

17 — 2 
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These examples may serve to illustrate the exaggeration of oceanic tides 
which takes place m shallow seas and in estuaries. 



We add one or two simple problems of free oscillations. 

3°. Let us take the case of a canal of uniform breadth, of length 2 a, whose 
bed slopes uniformly from either end to the middle If we take the origin at 
one end, the motion in the first half of the canal will be determined, as 

‘ b ° Ve ' by (10) 

where /c — c'ctj (jh ^ , Jiq denoting the depth at the middle 

It is evident that the noimal modes will fall into two classes. In the first 
of these r, will have opposite values at corresponding points of the two halves 
of the canal, and will therefore vanish at the centre (x = a) The values of fl- 
are then determined by 

J 0 (2« i a i ) = 0, (11) 

viz. k being any root of this, we have 

( # 

a 


<T = ■ 


(tea)* 


.( 12 ) 


In the second class, the value of t ? is symmetrical with respect to the 
centre, so that 0 t;/ 0* = 0 at the middle. This gives 

J'( 2**al) = 0 (13) 

It appears that the slowest oscillation is of the asymmetrical class, and 
corresponds to the smallest root of (11), which is 2k^ = 7 655tt, whence 


2 w , . OA ^ 4a 
— " = 1 306 x 7 \ i • 
<r (gKf 


4° Again, let us suppose that the depth of the canal varies according to 


the law 



.( 14 ) 
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where oc now denotes the distance from the middle. Substituting m (l),with 
b = const , we find 



If we put a 2 = n(n + , .. (16) 

this is of the same form as the general equation of zonal harmonics, Art. 
84 (1) 

In the present problem n is determined by the condition that f must be 
finite for xja = + 1 This requires (Art 85) that n should be integral, the 
normal modes are therefore of the types 

V = CP n (-) cos (art + e), . ... (17) 

\dj 

where P n is a zonal harmonic, the value of cr being determined by (16) 


In the slowest oscillation (w = l), the profile of the free surface is a 
straight line. For a canal of uniform depth 7i 0 , and of the same length ( 2 <x), 
the corresponding value of a would be 7rcJ2a, where c = (gh 0 )K Hence m the 
present case the frequency is less, m the latio 2 \]2ir, or ’9008*. 


The forced oscillations due to a uniform disturbing force 

X=fcos (at 4 * e), ... . (18) 

can be obtained by the rule of Art. 167 (13). The equilibrium form of the 
free surface is evidently 

(19) 


■f 

7} =- x cos (at + e), 

g 


and, since the given force is of the normal type n— 1 , we have 

f 


77 = 


9(1- °-'7 °v) 


x cos (at + e), 


.. ( 20 ) 


where 




Waves of Fmite Amplitude 

185 . When the elevation 77 is not small compared with the mean depth 
h, waves, even m an uniform canal of rectangular section, are no longer 
propagated without change of type. The question was first investigated by 
Airyf, by methods of successive approximation. He found that in a pro- 

* Other cases of free oscillation in canals of varying section are discussed by Chrystal, 
“ Some Results m the Mathematical Theory of Seiches,” Proc. B. S Edm , t. xxv p 328 (1904). 
f “ Tides and Waves,” Art 198. 
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gressive wave different pa^rts will travel with different velocities, the wave- 
velocity corresponding to an elevation rj being given approximately by 



where c is the velocity corresponding to infinitely small amplitude 


A more complete view of the matter can be obtained by the method 
employed by Riemann in treating the analogous problem in Acoustics, to 
which reference will be made m Chapter x 


The sole assumption on which we are now proceeding is that the vertical 
acceleration may be neglected. It follows, as explained m Ait 168, that 
the horizontal velocity may be taken to be uniform over any section of the 
canal The dynamical equation is 


du du drj 
dt U dx ^ dx } 


.( 1 ) 


as before, and the equation of continuity, m the case of a rectangular section, 
is easily seen to be 


where h is the depth 


This may be written 

| + ,|- (A+ , ) g. 


.( 2 ) 


( 3 ) 


Let us now write 


P=f( v ) + U, Q=f(v)-u> O) 

where the function, f(rj) is as yet at our disposal If we multiply (3) by 
/' ( 7 ) ), and add to (1), we get 


dP dP n , ft , . du dy 
-di + u te=~ (h + v)f {ri) Zx- (J dx- 

If we now determine/^) so that 

(h + v) {/' (v)Y — 9> 

this may he written 


dP dP .. P 


dt^ dx' 


In the same way we find 


f+“S- (»+’')/-(’>) 


dx 


,,JQ 


dx 


■ -( 5 ) 
....( 6 ) 

• .(0 
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The condition (5) is satisfied by 

/ (v) — 2c j(l + yj* — 1| , .... (8) 

where c = (gh)% The arbitrary constant has been chosen so as to make 
P and Q vanish in the parts of the canal which are free from disturbance, 
but this is not essential 


Substituting in 


(6) and (7) we find 


dP = 


dQ = 



( 9 ) 


It appears, therefore, that (IP = 0,ie P is constant, for a geometrical point 
moving with the velocity 


dx 

dt 


= C (1 + 7 +U, 


( 10 ) 


whilst Q is constant for a point moving with the velocity 


doe 

dt 


= — c 1 + 


+ u 


( 11 ) 


Hence any given value of P travels forwards, and any given value of Q travels 
backwards, with the velocities given by (10) and (11) respectively. The 
values of P and Q are determined by those of tj and u, and conversely 

As an example, let us suppose that the initial disturbance is confined 
to the space for which a<x<b, so that P and Q are initially zero for 
x<a and x>b The region withm which P differs from zero therefore 
advances, whilst that withm which Q differs from zero recedes, so that after 
a time these regions separate, and leave between them a space withm which 
P = 0, Q = 0, and the fluid is therefore at rest The original disturbance 
has now been resolved into two progressive waves travelling m opposite 
directions 


In the advancing wave we have 

<3 = 0, iP = «= 2c {(i + !)*-i}> ■••• ( 12 > 

so that the elevation and the particle-velocity are connected by a definite 
relation (cf Ait 170) The wave-velocity is given by (10) and (12), viz it is 

C { 3 ( 1 + 1 )“ 2 }' ‘ ' ' (13) 

To the first order of 17 /h, this is in agreement with Airy’s result 

Similar conclusions can be drawn in regard to the receding wave* 

* The above results can also be deduced from the equation (3) of Art 172, to which Hiemann s 
method can readily be adapted 
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Since the wave-velocity increases with the elevation, it appears that in 
a progressive wave-system the slopes will become continually steeper in front, 
and more gradual behind, until at length a state of things is reached in 
which we are no longer justified m neglecting the vertical acceleration. As 
to what happens after this point we have at present no guide fiom theory, 
observation shews, however, that the crests tend ultimately to curl over and 
break. 


186 In the detailed application of the equations (1) and (3) to tidal 
phenomena, it is usual to follow the method of successive approximation. 
As an example, we will take the case of a canal communicating at one end 
(x = 0) with an open sea, where the elevation is given by 

7) = cfccos at .. (14) 


Tor a first approximation we have 


du _ 0»7 3 ? 7 __ ^ du 


dt ' 


0 #’ 


dt" 




the solution of which, consistent with (14), is 


i ]==a cos <r — , 


got 

n — — cos or 


H) 


(15) 


.(16) 


For a second approximation we substitute these values of i? and u m (1) and (3), and obtain 


du dr] g 2 <ra? ( x\ dr/ du, g<ra 2 f x 

9 r-^-V sm2 T”)’ 3ir- /t 3irV sm 2 T" 


(1*7) 


Integrating these by the usual methods, we find, as the solution consistent with (14), 
rj=a cos <r ^ ~ | x sin 2cr ^ 

got f x\ , g 2 a 2 - / x\ ( x\ 


(18) 


The annexed figure shews, with, of course, exaggerated amplitude, the profile of the 
waves m a particular case, as determined by the first of these equations It is to be noted 
that if we fix our attention on a particular point of the canal, the rise and fall of the 
water do not take place symmetrically, the fall occupying a longer time than the rise 



The occurrence of the factor x outside trigonometrical terms m (18) shews that there is 
a limit beyond which the approximation breaks down The condition for the success of 
the approximation is evidently that gorax/c^ should be small Putting c 2 =^, X = 2 ttc/(t, 
this fraction becomes equal to ^{ajh ) (xj\) Hence however small the ratio of the 
original elevation (a) to the depth, the fraction ceases to be small when x is a sufficient 
multiple of the wave-length (X) 
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It is to be noticed that the limit here indicated is already being overstepped m the 
right-hand portions of the figure, and that the peculiar features which are beginning 
to shew themselves on the rear slope are an indication rather of the imperfections 
of the analysis than of any actual property of the waves If we were to trace the 
curve further, we should find a secondary maximum and minimum of elevation developing 
themselves on the rear slope In this way Airy attempted to explain the phenomenon 
of a double high-water which is observed m some rivers , but, for the reason given, the 
argument cannot be sustained* 

The same difficulty does not necessarily present itself m the case of a canal closed by a 
fixed barrier at a distance from the mouth, or, again, m the case of the forced waves due to 
a periodic horizontal force in a canal closed at both ends (Art 178) Enough has, however, 
been given to shew the general character of the results to be expected m such cases F or 
further details we must refer to Airy’s treatise t 

When analysed, as in (18), into a series of simple-harmonic functions of the time, the 
expression for the elevation of the water at any particular place (#) consists of two terms, 
of which the second represents an ‘ over-tide,’ or ‘ tide of the second order,’ being propor- 
tional to a 2 , its frequency is double that of the primary disturbance (14) If we were to 
•continue the approximation we should obtain tides of higher orders, whose frequencies are 
3, 4, . times that of the primary. 

If, m place of (14), the disturbance at the mouth of the canal were given by 
£= a cos at + a,' cos ( a't 4- <•), 

it is easily seen that in the second approximation we should m like manner obtain tides of 
periods 2ir/(a+a') and 27r/(o--cr / ) , these are called ‘compound tides.’ They are analogous 
to the ‘combination-tones’ in Acoustics which were first investigated by von Helmholtz J 


Propagation m Two Dimensions. 


187. Let us suppose, m the first instance, that we have a plane sheet of 
water of uniform depth h If the vertical acceleration be neglected, the 
horizontal motion will as before be the same for all particles in the same 
vertical line The axes of y being horizontal, let % v be the component 
horizontal velocities at the point (#, y ), and let f be the corresponding 
elevation of the free surface above the undisturbed level. The equation of 
continuity may be obtained by calculating the flux of matter into the 
columnar space which stands on the elementary rectangle ; viz we have, 
neglecting terms of the second order, 

^ (uhSy) ^ + ~ (vhSx) = h ) Sa%}, 


whence 



• (i) 


* McCowan, l c . ante p. 244 

f “Tides and Waves,” Arts 198, and 308 See also G H. Darwin, “Tides,” Encyc 
Bntann (9th ed.) t. xxm. pp. 362, 363 (1888). 

£ “Ueber Combmationstone,” Beil Monatsber , May 22, 1856 [Ges Abh.^ t. l p. 256], and 
“Theone der Luftschwingungen in Rohren nut offenen Enden,” Crelle, t. lvu. p. 14 (1859) 
[ Ges Abh., t i. p. 318]. 
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The dynamical equations are, m the absence of disturbing forces, 

du dp ^ 

9 d t ~ dx’ 9 dt dy’ 


where we may write 


p-p<> = gp(zo + K~ z )> 

if z 0 denote the ordinate of the free surface in the undisturbed state We 
thus obtain 


du dv _ 3? 

dt~ 9 dx’ di 9 dy' 


• • ( 2 ) 


If we eliminate u and v , we find 


n 

dt 2 


d^ dK 

fix 2 dy 2 


.(3) 


where c 2 = gh as befoie 


In the application to simple-harmonic motion, the equations arc shortened 
if we assume a ‘complex’ time-factor and reject, m the end, the 

imaginary parts of our expressions This is legitimate so long as we have 
to deal solely with linear equations. Wo have then, from (2), 


whilst (3) becomes 


igdt 

cr dx 9 


igdZ 

' crdy } 




•W 

( 5 ) 


where 



•( 6 ) 


The condition to be satisfied at a vertical bounding wall is obtained at 
once from (4), viz it is 


dj 

dn 


= 0, 


•(O 


if 8 n denote an element of the normal to the boundary 


When the fluid is subject to small disturbing forces whose variation 
within the limits of the depth may be neglected, the equations (2) are 
replaced by 

du __ __ 0£ 311 dv _ __ 0f^0f 1 

3 1 ^ dx dx 3 dt~~ g dy dy 9 ' 

where fl is the potential of these forces 


If we put 



..(9) 
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so that f denotes the equilibrium-elevation corresponding to the potential ft, 
these may be written 

. du 3 p. dv _ a f tv _ f\ 

dt~ 9 da^ 3 1 9 d 

In the case of simple-harmonic motion, these take the forms 



whence, substituting in the equation of continuity (1), we obtain 

(V^+F^VVf, 


( 10 ) 


..( 11 ) 


if 


„ „ S 2 3 2 

1 dx 2 df’ 


( 12 ) 
• (13) 


and h- = a-jgh, as before The condition to be satisfied at a vertical boundary 
is now 




.(14) 


188 The equation (3) of Art 187 is identical m form with that which 
presents itself m the theory of the transverse vibrations of a uniformly 
stretched membrane A still closer analogy, when regard is had to the 
boundary conditions, is furnished by the theory of cylindrical waves of 
sound* Indeed many of the results obtained in this latter theory can be 
at once transferred to our present subject 

Thus, to find the free oscillations of a sheet of water bounded by vertical 
walls, we require a solution of 

(Vj 2 + & 2 ) f = 0 (1) 

subject to the boundary condition 

|£ = 0 (2) 

on 

Just as m Art. 177 it will be found that such a solution is possible only for 
certain values of 1c, which accoidmgly determine the periods (27 rj&c) of the 
various normal modes 

Thus, in the case of a rectangular boundary, if we take the origin at one 
corner, and the axes of x s y along two of the sides, the boundary conditions 
are that d^/dx = 0 for x = 0 and x = a, and 3 %/dy = 0 for y = 0 and y=b, where 
a, b are the lengths of the edges parallel to x, y respectively The general 
value of f subject to these conditions is given by the double Fourier s series 


?=5 2 A 


m,n 


mirx niry 

cos cos , 

a b 


... .( 3 ) 


* Lord Bayleigh, Theoiy of Sound, Art 339 
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where the summations include all integral values of m, n from 0 to oo 
Substituting in (1) we find 



.(4) 


If a > b, the component oscillation of longest period is got by making m = 1, 
n— 0, whence ha — it. The motion is then everywhere parallel to the longei 
side of the rectangle. Of Art 177. 


189 In the case of a circular sheet of water, it is convenient to take 
the origin at the centre, and to transform to polar co-ordinates, writing 

x~r cos y = r sin 6 . 


The equation (1) of the preceding Art becomes 


+ + 
dr 2 r dr 


i 


r 2 dd- 


s 2 +^r=o 


...( 1 ) 


This might of course have been established independently. 

As regards dependence on 8, the value of f may, by Fourier’s Theorem, 
be supposed expanded m a series of cosines and sines of multiples of 8 , we 
thus obtain a series of terms of the form 

/<’C} s8 < 2 > 

It is found on substitution in (1) that each of these terms must satisfy the 
equation independently, and that 

/"(O + ;/ / (O+(^-g/(r) = 0 (3) 

This is of the same form as Art 101 (14). Since f must be finite for 
r = 0, the various normal modes are given by 

f = A s J 8 (hr) s6 . cos (crt + e), (4) 

where 5 may have any of the values 0, 1, 2, 3, .., and A s is an arbitrary 
constant The admissible values of k are determined by the condition that 
dfldr = 0 at the boundary r = a, say, or 

J s (ka) = 0 (5) 

The corresponding 'speeds’ (<r) of the oscillations are then given by 
<r=k(gh)K 

In the case 5 = 0, the motion is symmetrical about the origin, so that the 
waves have annular ridges and furrows The lowest roots of 

J Q '(Jca) = 0, or J 1 (ha) = 0 , (6) 


ka 


7 r 


: 1*2197, 2 2380, 3 2383,. 


• ( 7 ) 


are given by 




Tidal Waves 


270 


[CHAP. VIII 


these values tending ultimately to the form kco/ir— m + \, where m is 
integral* In the mth mode of the symmetrical class there are m nodal 
circles whose radii are given by 'C= 0 or 

J,(*r) = 0 • ... (8) 

The loots of this *f* are 

— = 7655, 17571, 27546, ....(9) 


For example, m the first symmetrical mode there is one nodal circle r = 628 a 
The form of the section of the free suiface by a plane through the axis of z, 
in any of these modes, will be understood from the drawing of the curve 
y = J„ («), which is given on the preceding page 

When s > 0 there are s equidistant nodal diameters, in addition to the 
nodal circles 

J s (hr) — 0 . . . ( 10 ) 

It is to be noticed that, owing to the equality of the frequencies of the two 
inodes represented by (4), the normal modes aie now to a certain extent 
indeterminate „ viz m place of cos s6 or sm $9 we might substitute cos s(9 — a 8 ), 
where is arbitrary The nodal diameters are then given by 


6-a 




2 m + 1 

~2 i " 7r> 


..( 11 ) 


where m = 0, 1, 2,. s- 1. The indetermmateness disappears, and the 
frequencies become unequal, if the boundary deviate, howevei slightly, from 
the circular form 


In the case of the circular boundary, we obtain by superposition of two 
fundamental modes of the same period, m different phases, a solution 

%—C s J s (hr) cos (at T s9 4- e) (12) 

This represents a system of waves travelling unchanged round the origin 
with an angular velocity crjs m the positive or negative direction of 6 The 
motion of the individual particles is easily seen from Art 187 (4) to be 
‘elliptic-harmonic, one principal axis of each elliptic orbit being along the 
radius vector. All this is m accordance with the general theory referred to 
m Art. 167 

The most interesting modes of the unsymmetncal class are those corre- 
sponding to s = 1, e g 

f — AJ 1 (kr)co&9.co&(crt J r€), . . ..(18) 

* Stokes, “ On the Numerical Calculation of a class of Definite Integials and Infinite Senes, ” 
{Jamb Tians , t ix. (1850) [Math andPhys Papers, t n p 355] 

It is to be noticed that ka/T is equal to r 0 /r, where r is the actual period, and r 0 is the time a 
progressive wave would take to travel with the velocity (gh)% over a space equal to the diameter 2a 
i Stokes, l c 
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where h is determined by 

J{(ka) = 0 (14) 

The roots of this are* 


58b, 1 697, 2 717, (15) 

7 r 

We have now one nodal diameter (0 = ■Jtt), whose position is, howevei, 
indeterminate, since the origin of 6 is arbitrary In the conesponding modes 
for an elliptic boundary, the nodal diameter would be fixed, viz it would 
coincide with either the major or the minor axis, and the frequencies would 
be unequal. 



The diagrams on this and on the next page shew the contour-lines of the 
free surface m the first two modes of the present species These lines meet 
the boundary at right angles, in conformity with the general boundary 
condition (Art 188 (2)) The simple-harmonic vibrations of the individual 
particles take place in straight lines perpendicular to the contour-lines, 
by Art 187 (4) The form of the sections of the free surface by planes 
thiough the axis of z is given by the curve y = J x (®) on p 269 

The first of the two inodes here figured has the longest period of all the 
normal types In it, the water sways from side to side, much as in the 

* See Lord Bayleigh’s treatise, Art 339 A general formula for calculating the roots of 
J' (ka) = 0, due to Prof J. M c Mahon, is given by Gray and Mathews (Z c ante p 128), p. 241. 
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value whatever of (, which is subject to the condition (16), can he expanded in a series of 
the form 

£=22 (A 8 gos s$+B a am s&)J 8 (kr\ . >t ^8) 

where the summations embrace all integral values of 6 (including 0) and, for each value of 
5, all the roots ic of (5). If the coefficients A s , B a be regarded as functions of t, the equa- 
tion (18) may bo regarded as giving the value of the surface-elevation at any instant The 
quantities A a , B 8 are then the normal co-ordinates of the present system (Art 167), and in 
terms of them the formulae for the kinetic and potential energies must reduce to sums of 
squares Taking, for example, the potential energy 


this requires that 


V=iffp HC 2 dxdy, . .. 



n x w^rd0dr— 


0, - 


• (19) 
, . ( 20 ) 


whore w u w 2 are any two terms of the expansion (18) If w x , w 2 mvolve cosines or sines of 
different multiples of 0, this is verified at once by integration with respect to 6 but if 
we take 


w i 00 *4 (&i r ) cos ^2 (^2 r ) coy 

where k v lc 2 are any two distinct roots of (5), we get 


/: 


(h r ) J a {Jcir)rdr=0 


The general results of which (17) and (21) are particular cases, are 
j ^ J 0 (fo)rdr= —jJ 0 ' (Jccc) . 

(cf Art 102 (10)), and 


.( 21 ) 


( 22 ) 


J 0 J, ( V) «7 S (£ 2 r) rdr - {h aJ i (h a ) (h a ) ~ h (^ a) J s (I 2 a)}. (23) 

In the case of h=h the latter expression becomes indeterminate , the evaluation m the 
usual manner gives 


J o {Js{la)Yrdr = P[k*a*{j; (Ais)} 2 +(l 2 a 2 -s 2 ) {«/ 9 (Xa)} 2 ] 


.(24) 


For the analytical proofs of those formulae we must refer to the troatisos cited on p 128 


The small oscillations of an annular sheet of water bounded by concentric 
circles are easily treated, theoretically, with the help of Bessel’s Functions ‘of 
the second kind. Ihe only case of any special interest, however, is when the 
two radii are nearly equal, we then have practically a re-entrant canal, and 
the solution follows more simply from Art 180. 

The analysis can also be applied to the case of a circular sector of any 

angle*, or to a sheet of water bounded by two concentric circular arcs and 
two radii. 


L. 


See Lord Bayleigh, Theoiy of Soimd, Art. 339. 


18 
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190 As an example of forced vibrations, let us suppose that the dis- 
turbing forces are such that the equilibrium elevation would be 

f = 0 ^ cos s9 cos (at + e) (25) 

This makes = 0, so that the equation (12) of Art 187 reduces to the form 
(1), above, and the solution is 

f = AJ S (hr) cos sd cos (at + e), .... (26) 

where A is an arbitrary constant The boundary-condition (Art 187 (14)) 
gives 

AkaJ s ' (ka) = sC, 

whence C cos cos (°^ + e) (27) 

The case 5 = 1 is mteiestmg as coi responding to a uniform horizontal 
force, and the lesult may be compared with that of Art 178 

From the case 5 = 2 we could obtain a rough representation of the semi- 
diurnal tide m a polar basin bounded by a small circle of latitude, except that 
the rotation of the earth is not as yet taken into account 

We notice that the expression for the amplitude of oscillation becomes 
infinite when J 8 ' (La)— 0 This is m accoi dance with a general principle, of 
which we have already had several examples , the period of the disturbing 
force being now equal to that of one of the free modes investigated m the 
preceding Art. 


191. When the sheet of water is of variable depth, the investigation at 
the beginning of Art 187 gives, as the equation of continuity, 

d(7m) dO) m 

dt dx 3 y ' ' 

The dynamical equations (Art 187 (2)) are of course unaltered Hence, 
eliminating £, we find, for the free oscillations, 

Jd /,ar\ , a f , ar\l 


■4(4fK(‘D} 


If the time-factor be e l{<rt +*) , we obtain 


s(‘D + s(‘ 




(3) 


When h is a function of r, the distance from the origin, only, this may be 
written 

hV M + TT + -Z = 0 

dr dr g 


(4) 
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As a simple example we may take the case of a circular basin which shelves gradually 
from the centre to the edge, according to the law 


h ~ h 0 



(5) 


Introducing polar co-ordinates, and assuming that £ varies as cos s6 or sm s0, the equation 
(4) takes the form 



\3? J J 



. ( 6 ) 


That integral of this equation which is finite at the origin is easily found m the form 
of an ascending series Thus, assuming 

/r\ m 

^ =S M«) ’ (7) 

wheio the tiigonometucal factors are omitted, for shortness, the relation "between consecu- 
tive coefficients is found to be 


( wl2 -« 2 ) (m-2) - s 2 - i a _„ 

or, if we write °^-=n(n-'2,)-s 2 , . (8) 

where n is not as yet assumed to be integral, 

(m 2 -s 2 )A m *=(m-n)(m+?i~2)A m „ 2 . , . (9) 

The equation is therefore satisfied by a scries of the form (7), beginning with the term 
A 8 (r/a) s , the succeeding coefficients being determined hj putting m=s + 2, 5 + 4, m (9) 
We thus find 


,(n^^-4)(n-s-2)(n+$)(n+s+Z)r* 
*W \ 2(25 + 2) 6& 2 ’ 1 " 2 4(25+2) (2i+4) 

or m the usual notation of hyporgoomctric senes 


where 


a=i-tt + ^s, /3 = 1 — -Jvt, y=s+l 



.( 11 ) 


Since these make y-a-/3=0, the sonos is not convergent for r=a, unless it terminate 
This can only happen whon n is integral, of the form .*+2/ Tho corresponding values of 
<r are then given by (8) 


In tho symmetrical modes {s= 0) wo have 


f A>p ]2 a2 + - ira/ j?--;. 


- (12) 


whero j may he any integer greater than unity It may bo shown that this expression 
vanishes for j - 1 values of r between 0 and a, indicating tho existence of; - 1 nodal circles 
The value of <r is given by 


^=4?0-l)^° 


• (13) 


Thus the gravest symmetrical mode 0=2) has a nodal circle of radius 707 a, and its 
frequency is determined by <r 2 =8y4 0 /a 2 
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Of the unsymmetrical inodes, the slowest, for any given value of s, is that for which 
n~s + 2, m which case we have 

^*8 

£—A s — cos $6 cos (crif-f e), 

the value of c r being given by 0-2 = 25 ^ ^ 

The slowest mode of all is that for which s = l, ^=3 , the free surface is then always 
plane It is found on comparison with Ait 189 (15) that the frequency is 768 of that of 
the corresponding mode m a circular basin of uniform depth A 0 , and of the same radius 
As m Art 190 we could at once write down the formula for the tidal motion produced 
by a uniform horizontal periodic force , or, more generally, for the case when the disturbing 
potential is of the type 

a oc r 8 cos s6 cos (<rt + e) 


192 We may conclude this discussion of c long ’ waves on plane sheets 
of water by an examination of the mode of propagation of disturbances fiom 
a centre m an unlimited sheet of uniform depth For simplicity, we will 
consider only the case of symmetry, where the elevation £ is a function of 
the distance r from the origin of disturbance This will introduce us to some 
peculiar and rather important features which attend wave-propagation m two 
dimensions 

The investigation of a penodic distmbance involves the use of a Bessel’s 
Function (of zeio order) ‘of the second kind,’ as to which some preliminary 
notes may be useful 


To solve the equation 


d*cf> 

dz l 


.1 d< t>JLrh 
+ -z-dz + ^- 


(1) 


by definite integrals, we assume* 



zt Tdt , 


. . ( 2 ) 


where T is a function of the complex variable t , and the limits of integration are constants 
as yet unspecified This makes 


+ g+^= - [(! + <») J (|{(l+< 2 ) r*#, 


by a partial integration The equation (1) is accordingly satisfied by 


provided the expression 


<#> 


-L 


e ~ zt dt 

s/(l + «V 
*/(l + t 2 )<r“ 


• (3) 


vanish at each limit of integration Hence, on the supposition that z is real and positive, 
or at all events has its real part positive, the integral m (3) may bo taken along a path 
joining any two of the points i, — i, +co in the plane of the variable t , but two distinct 
paths 'joining the same points will not necessarily give the same result if they include 
between them one of the branch-points (t=±i) of the function under the integral sign 


* Forsyth, Dijfei ential Equations, o vn The systematic application of this method to the 
theory of Bessel’s Functions is due to Hankel, “Die Cylmderfunktionen erster u zweiter Art,” 
Math Ann , t 1 p 467 (1869) See Gray and Mathews, e vu. 
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Thus, for example, we have the solution 

[* e~ zt dt 

i+* 2 )’ 

where the path is the portion of the imaginary axis which lies between the limits, and that 
value of the radical is taken which becomes =1 for £=0 If we write t=*£ + irj 9 we obtain 


L e"'* 1 * dr] _ 


cos (z cos -9-) c?^=^7^^7 0 (z\ 


which is the solution already known (Art. 100) 

An independent solution is obtained if we take the integral (3) along tho axis of rj from 
the point (0, i) to the origin, and thence along the axis of £ to the point (oo , 0) This 
gives, with the same determination of the radical, 


, [o e-^d(i v ) , r _ r 

d(l-r}*) Jo d(l+e) Jo J(l+P) Jon/(W) ' 

By adopting other pairs of limits, and other paths, we can obtain other forms of <j > , but 
these must all bo equivalent to <£ x or <jfr 2j or to linear combinations of these In particular, 
some other forms of <j b 2 are important It is known that the value of the integral (3) taken 
round any closed contour which excludes the branch points (t= ±i) is zero Let us first 
take as our contour a rectangle, two of whose sides 
coincide with the positive portions of the axes of £ 
and 77, except for a small semicircular indentation v 
about the point t=i y whilst the remaining sides are at 
infinity It is easily seen that the parts of the inte- 
gral due to the infinitely distant sides will vanish, 
eithei through the vanishing of the factor fi“^when £ 

is infinite, or through the infinitely rapid fluctuation 1 \ 

of tho function e"~ %zin /7] when rj is infinite Hence for 
the path which gave us (5) we may substitute that 
which extends along tho axis of 77 from the point (0, 1 ) 

to (0, ico ), provided the continuity of the radical be 1 

attended to Now as the variable t travels counter- ^ 

clockwise round tho small semicircle, the radical 

changes continuously from V( 1 - V 2 ) to 1 slif] 1 -!) Wo have therefore 


£ fie~ tSY} clrj 

h % ) ox/(W) 


v’-Jt wv-~i rJi 


Y 2 ~J* 1 VW-l) Jo v - W 

This solution is the one which is specially appropriate to the case of diverging waves. 
Another method of obtaining it will be given m Chap x 

If we equate the imaginary parts of (5) and (6) we obtain 


2 f 00 

J 0 (z) = - sm (z cosh u) du, (7) 

if J 0 


a form due to Mehler* 


It is convenient to have a sj^ecial notation for the function m (6) , wo write 




( 8 ) 


Math Ann , t v. (1872) 
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A(*)=^o(*)-*^o(*)» 

2 r 00 

2l 0 (z ) = - / cos (0 cosh m) 
0 


- zsmhM 


2 C irTT 

du — / sm (0 cos #) <$# 
rrj 0 


[chap, yin 

. ... (9) 

.( 10 ) 

( 11 ) 
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This is equivalent to 
where* 

Equating the real parts of (5) and (6) we have, also, 

For a like reason, the path adopted for cf> 2 m ay be replaced by the lme drawn from the 
point (0, 7 ) parallel to the axis of f (viz the dotted line m the figure) To secure the con- 
tinuity of we note that as t describes the lower quadrant of the small semicircle, 

the value of the radical changes from V(1 ~r) 2 ) to e* w \Z(2|), approximately Hence along 
the dotted line we have, putting 

N /(l + « 2 )=^V(2|-»a 

where that value of the radical is to be chosen which is real and positive when £ is infini- 
tesimal Thus 


rco +2 <r z <£- H >^(g-H) 

J* 


. JL e ~ l (*+*»•) 

V 2 


If we expand the binomial, and integrate term by term, we find 


1. 


00 e~ sl 


( 12 ) 


A ,>_(i)*.--«{ 1 ^( i ) + ^(. ) v } (13) 


where use has been made of the formulae 


/: 

r n(w-|) 13 (2m- 1) ** 

Jo * * Z m+i 2 m z m z i 

If we isolate the imaginary part of (13) wo have, on comparison with (9), 


where 


Jo ^ = SU1 (*■ + i «■) - $ cos (0 4 - J 7 r )} , 


„ l 2 3 2 l 2 3 2 5 2 7 2 
2' (80)2 + 4»(8*> " 




l 2 


l 2 3 2 5 2 


-+ 


“ 11 ( 80 ) 3i(8*) J 

A similar expression for K 0 ( 0 ) can easily be written down 


.(14) 


.(15) 


(1C) 


* As regards E 0 , this is the notation employed by Heme (except as to the constant factor), 
and H Weber The reader should be warned, however, that the same symbol has been employed 
m at least two other distinct senses m connection with the theory of Bessel’s Functions 

The choice of a standard solution ‘of the second kind’ is largely a matter of convention, 
since the differential equation (1) is still satisfied if we add any constant multiple of J 0 (0), In 
terms of the more usual notation, 

*0 M = ! { - y<> « + (log 2-7 )J Q (0)}, 
where 7= 5772 (Euler’s constant) 

A table of the function Jtt K 0 (0) has been constructed by B A Smith, see Phil Mart. (5) 
t xlv p 122 (1898) ‘ v 
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The senes m (13) and (16) are of the land known as £ semi- convergent, 3 or £ asymptotic, 3 
expansions , ^ e although for sufficiently large values of z the successive terms may for a 
while dimmish, they ultimately mciease again indefinitely, but if we stop at a small term 
we get an approximately correct result* This may be established by an examination of 
the remainder after m terms m the process of evaluation of (12) 

It follows from (15) that the large roots of the equation */ 0 (z) = 0 approximate to those of 

sm(js+4 7r)==0 . . (17) 

The series m (13) gives ample information as to the demeanour of the function D 0 (#) 
when 2 is large When 2 is small, D 0 (z) is very great, as ajipears from (9) and (11) A 
complete formula suitable for this case can only be obtained by a somewhat indirect 
process, but an approximation may be conducted as follows Referring to (11), we have 



The first term gives f 

rcc e ~w 

j^ e -dw=- y-logi.4- , (19) 

and the remaining ones are small m comparison Hence, by (9) and (11), 

D 0 (z)- (log %z-\-y + ^i7r+ ) (20) 

9T 

It follows that lim zD 0 ' (z)~ ~-t .. . . .. . (21) 


193. We can now proceed to the wave-problem stated at the beginning 
of Art 192 For definiteness we will imagine the disturbance to be caused 
by a variable pressure p Q applied to the surface On this supposition the 
dynamical equations near the beginning of Art 187 are replaced by 


whilst 
as before. 


du __ 9 £^ 1 dp 0 dv _ 1 9 £ 1 9 p 0 

9 1 g dx p dx 9 dt pdy p dy 

3 ?__ _ z 

dt ~~ \dx + dy) 3 


( 1 ) 

( 2 ) 


* Cf Whittaker, Modem Analysis, c vm The semi- convergent expansion of / 0 (z) is due to 
Poisson, Journ de V$cole Polyt , call 19, p 349 (1823), a rigorous investigation of this and other 
analogous expansions was given by Stokes, 7 c ante p 270 The £ remainder ’ was examined by 
Lipschitz, Crelle , t lvi. p 189 (1859) Cf Hankel, l c ante p 276 

t Pe Morgan, Differential and Integral Calculus, London, 1842, p 653. 
t The Bessel’s Functions of the second kind were first thoroughly investigated and made 
available for the solution of physical problems m an arithmetically intelligible form by Stokes, 
m a series of papers published m the Camb Trans With the help of the modern Theory 
of Functions, some of the processes have been simplified by Lipschitz and others, and (especially 
from the physical point of view) by Lord Bay lei gh. These later methods have been freely used 
m the text 
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If we introduce the velocity-potential in (1), we have, on integration. 


„„ , Po 


dt 




( 3 ) 


We may suppose that p 0 refers to the change of pressure, and that the arbi- 
trary function of t which has been incorporated m <f> is chosen so that dcp/dt = 0 
m the regions not affected by the disturbance. Eliminating f by means of 
(2), we have 

+ (4) 

When <j b has been determined, the value of f is given by (3). 

We will now assume that p 0 is sensible only over a small* area about the 
origin If we multiply both sides of (4) by SxSy, and integrate over the area 
m question, the term on the left-hand may be neglected (relatively), and we 
find 




dn gph dt 


jjpodxdy, . 


.(5) 


where Ss is an element of the boundary of the area, and Sn refers to the hori- 
zontal normal to Ss, drawn outwards. Hence the origin may be regarded as 
a two-dimensional source, of strength 

■<«) 

where P 0 is the integral disturbing pressure 

Turning to polar co-ordinates, we have to satisfy 


g£2 M * * 


\ dr 2 r dr 


•CO 


where c 2 = gh, subject to the condition 

hm(-2 7r r^)=/(i), (8) 

where f (t) is the strength of the source, as above defined. 

In the case of a simple-harmonic source e %<rt the equation (7) takes the 
form 


where Jc = a/ c, and a solution is 

4> = ID 0 (hr) e l<Tt , 


(9) 


( 10 ) 


* That is, the dimensions of the area are small compared with the ‘length’ of the waves 
generated, this term being understood in the general sense of Art 171 On the other hand, 
the dimensions must be supposed large m comparison with h. 
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where the constant factor has been determined by Art 192 (21). 
real part we have 

4>~l {K 0 (hr) cos at + J 0 ( hr ) sin at], 
corresponding to / (t) = cos at. 

For large values of hr the result (10) takes the form 


^ \/(87rr) 


itrf t~—\ — 

e K c} 


Taking the 

(ii) 


(12) 


The combination t — rjc indicates that we have, m fact, obtained the solution 
appropriate to the representation of diverging waves. 

It appears that the amplitude of the annular waves ultimately varies 
inversely as the square root of the distance from the origin 


194 The solution we have obtained for the case of a simple-harmonic 
source e lat may be written 

r 00 icr ( t-- coshu ) 

27 ref) = I e ^ c ' du (13) 

J o 

This suggests generalization by Fourier’s theorem ; thus the formula 

2t r</> = J f[t— '-coshii^du .. (14) 

should represent the disturbance due to a source f(t) at the origin*. It is of 
course implied that the form of f(t) must be such that the integral is con- 
vergent , this condition will as a matter of course be fulfilled whenever the 
source has been in action only for a finite time A more complete formula, 
embracing both converging and diverging waves, is 

27 r(j> = J — cosh iij du + J F (t + ~ cosh die (15) 

The solution (15) may be verified, subject to certain conditions, by substitution m the 
differential equation (7) Taking the first term alone, we find 


27I( 


\ \0r 2 + r dr) dt A ] 

-£{■ 


1 smh 2 u 


/"( 


t-- cosh 
c 


cosh du 


r ( 
~> 2 J o 0^ 2/ V 


t-~ cosh 
c 


v) - - cosh u f(t—~ 

J o ' \ c 

u)du= -- 1 smh u , f ( t — — cosh 'll)] 

J ^ L V c / Jm**b 0 


This obviously vanishes whenevei f(t)=0 for negative values of t exceeding a certain 
limit + 


* The substance of Arts 194 — 196 is adapted from a paper “On Wave-Propagation in Two 
Dimensions,” Pwc Lond Math Soc , t xxxv p 141 (1902) A lesult equivalent to (14) was 
obtained (m a different manner) by Levi-Civita, Nuovo Cimento (4), t vi (1897) 

+ The verification is very similar to that given by Levi-Cmta 
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Again, 


- 27 rr 


gjp = r - j cosh u f (t, — cosh du 
= 7 - j (smh cosh ^ 

— — ^ cosh^^j ^ £- w /' ^ ~ ^ cosh iij 

=/ (* ~ 0 + 1“ /o *' " V ■ ' (* • - s cosh «) *•» 


under the same condition The limiting value of this when r — 0 is f(t), and the state- 
ment made above as to the strength of the source m (14) is accordingly verified 

A similar process will apply to the second term of (15) provided F (t) vanishes for 
positive values of t exceeding a certain limit 


195 We may apply (14) to trace the effect of a temporary source varying 
according to some simple prescribed law 


If we suppose that everything is quiescent until the instant t = 0, so that 
f(t) vanishes for negative values of t, we see fiom (14) or from the equivalent 
form 



that cj> will be zero everywhere so long as t < r/c. If, moreover, the source 
acts only for a finite time t, so that fit) = 0 for t > r , we have, for t > r + r/c, 



f(0)d8 

y*T\ % * 

«-*)=- J, 


~(U)* 


This expression does not as a rule vanish , the wave accordingly is not sharply 
defined m the rear, as it is in front, but has, on the contrary, a sort of ‘tail’f 
whose form, when t— r/c is large compared with r, is determined by 


27 ref) = 



-S f (e) de. 

o 


.(18) 


* Analytically, it may be noticed that the equation (4), when p 0 =0, may be written 

d 2 <f> 9 3 <ft d*<f> _ n 

dx 2 ^ dy 2 * 1 " 9 (ict) 2 9 

and that (17) consists of an aggiegate of solutions of the known type 

{x 2 +y 2 +{ict) 2 }~% 

+ The existence of the ‘ tail ’ m the case of cylindrical eleetnc waves, was noted by Heaviside, 
Phil. Mag (5), t xxvi (1888) [Electrical Papers, t n ], 
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The elevation f at any point is given by (3), viz 


9 3 1 - 

(19) 

It follows that 


f = 0, . 

J —oo 

(20) 

provided the initial and final values of <fi vanish 

It may be shewn that this 


will be the case whenever f ( t ) is finite and the integral 

f f{t) dt (21) 

J —00 

is convergent The meaning of these conditions appears from (6). It 
follows that even when P 0 is always positive, so that the flux of liquid 
m the neighbourhood of the origin is altogether outwards, the wave which 
passes any point does not consist solely of an elevation (as it would m the 
corresponding one-dimensional problem) but, m the simplest case, of an 
elevation followed by a depression. 


196. 1° The simplest assumption we can make, free from awkward 

infinities, is that P 0 increases, during the interval from — r to £ = + t, from 
one constant value to another, according to the parabolic law 

where the upper or lower sign is to be taken according as t is negative or 
positive. This makes /'(£) = + !, if a constant factor be omitted. The 
reduction of the formula 


° f - • < 22 ) 

0 v ; J - m 


is now very simple ; we find 
2wy£= 0, 

r 

= cosh -1 ° — + — — 2 cosh -1 — . 


for 


. r 

t< — T, 
o 


rp fp 

for — t < £ < - ; 
c c 


p rp 

for - < t < - + r . 
c o 


= cosh -1 ~ ■■■ -— — — 2 cosh -1 


ct 


+ cosh -1 - & — ^ , for 
r r 


r 

t > - + t. 
c 


.(23) 


The annexed figure, constructed with £ as ordinate and t as abscissa, exhibits 
the variation of £ at a particular point (r = IOOct) as the wave passes over it 
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Within the range shewn, the same curve also indicates very fairly the profile 
of the wave after a time t which is about equal to 100t, it being understood, 
of course, m this interpretation, that the direction of propagation is from right 
to left The change of sign, and the indefinite prolongation of the 'tail’ will 
be observed. 



2° The diagram shews certain peculiarities due to the abrupt changes m 
the rate of variation of the source A solitary wave, free from discontinuity 
of every degree, is obtained if we assume 

= ( 24 ) 

which makes P 0 increase from one constant value to another according to the 
law 

P^A+B tan- 1 *- (25) 

The disturbing pressure has now no definite epoch of beginning or ending, 
but the range of time within which it is sensible can be made as small as we 
please by diminishing r. For purposes of calculation it is convenient to 
assume 

/w=r^- T < 2 «> 


in place of (24), and to retain m the end only the imaginary part. We have 
then 



where z = tanh \u 


du ^ f 1 dz 

t — -coshu — ir / t — — 

c Jo c \ c J 

We now write 


(27) 


= t+- c -ir = b i e- 2l f > , (28) 
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where we may suppose that a , b are positive, and that the angles a, /3 lie 
between 0 and \ir. Since 


“■=H)’ +tj ' j ‘=( ,+ 3’ +r '’ 

tan 2a = ~ — , tan 2/3 = , 

c$ — r cHr I 


(29) 


it appears that a $b according as t < 0, and that a > ft always, 
notation, we find 



dz 

— b 2 e~ 2l P z 2 ~~ ab 


log—* . 

b 


With this 


(30) 


To interpret the logarithms, let us mark, m the plane of a complex variable z > 
the points 

7= + l, P = -~e~ 1 '^, Q 



Since the integrals m the second member of (30) are to be taken along the 
path 01, the proper value of the third member is 


gi(a+/3) 

ab 


\og~ + z.0PI 


(log^-, OQl)}, 


where real logarithms and positive values of the angles are to be understood. 
Hence, rejecting all but the imaginary part, we find 


g , sin (a + /3) . IP cos (a + /3) 
r ab ° IQ ab 


(31) 


i'rr-PIQ) •• 

as the solution corresponding to a source of the type (24) Here 
IP _ (a? + 2ab cos (a. + /3) +b i \i , 2absm(a — B) 

TQ ~ vt^~ 2ai> co, (g — g) + fc v ' ts “ fr-tf • • -< 32 > 

and the values of a, 5, a, /3 m terms of r and # are to be found from (29) 
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It will be sufficient to trace the effect of the most important part of the 
wave as it passes a point whose distance r from the origin is large compared 
with ct If we confine ourselves to times at which t — r/c is small com- 
pared with r/c , a will be small compared with b, P1Q will be a small angle, 
and IP /IQ will = 1 , nearly If we put 

t = - + T tan 77 , . (33) 

c 

we shall have 

ci = V(t secy), J S=i^ ) 6 = (^-)\ (34) 

approximately , and the formula (31) will reduce to 

== c?b C0Sa= ( r") C0S < '^ 77 ’ “ ^ ^ cos • ( 35 ) 

The elevation £ is then given by 

= 4 (/rf S1U ^ 7r cos3l? - . (36) 

approximately. The annexed diagram shews the 1 elation between f and t, 
as given by this formula* The comparison with that on p 284 shews how the 
crudities have disappeaied in consequence of the more natural suppositions 
now made as to the law of variation of the source 



197 We proceed to consider the case of a spherical sheet, or ocean, of 
water, covering a solid globe We will suppose for the piesent that the globe 
does not rotate, and we will also in the first instance neglect the mutual 
attraction of the particles of the water The mathematical conditions of the 

* The points marked - 1, 0, + 1 on the diagram eonespond to the times tjc-r, i /e, i/e + r, 
respectively 
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question are then exactly the same as m the acoustical problem of the 
vibrations of spherical layers of an* 

Let a be the radius of the globe, h the depth of the fluid, we assume 
that h is small compared with a, but not (as yet) that it is uniform The 
position of any point on the sheet being specified by the angular co-ordinates 
0, co, let u be the component velocity of the fluid at this point along the 
meridian, in the direction of 6 increasing, and v the component along the 
parallel of latitude, m the direction of co increasing Also let £ denote the 
elevation of the free surface above the undistuibed level The horizontal 
motion being assumed, for the reasons explained m Art. 171, to be the same 
at all points m a vertical line, the condition of continuity is 

™ (uha sm 0dco) $9 + (vhaSB) Sco = — a sin 0Sco aS0 


where the left-hand side measures the flux out of the columnar space 
standing on the element of area a sin 0Sco aB0> whilst the right-hand member 
expresses the rate of diminution of the volume of the contained fluid, owing 
to fall of the surface Hence 


__ _ 1 (3 (hu sm 9) 3 (Jiv)\ 

3 t a sm 9 { 3 9 dco j ' 


( 1 ) 


If we neglect terms of the second older in u, v, the dynamical equations 
are, on the same principles as in Arts 168, 187, 


du^__ 3 £ 311 

dt~ add add’ 


dv __ 3£ 30 

dt 9 asm9dc0 asmfdco’ 


where O denotes the potential of the extraneous forces. 
If we put 

these may be written 


?=- 
5 9’ 


du 

di'' 




dv 

di'' 


g 3 

a sm d dm 


(?-?) 


( 3 ) 


.(4) 


Between (1) and (4) we can eliminate u, v, and so obtain an equation in K 
only. 


In the case of simple-harmonic motion, the time-factor being e l(irt+e> , the 
equations take the forms 


t (d (Jin sin 8) d (hv) | 
<ra sm 8 | dd + 




V=l 


dco y 
g 3 


era sm 9 dco 


(?-$) 


( 5 ) 

• •• ( 6 ) 


Discussed m Lord Kayleigh’s Theory of Sound , c. xyiu. 
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198 We will now consider more particularly the case of uniform depth 
To find the free oscillations we put £=0, the equations (5) and (6) of the 
preceding Art then lead to 


1 a 

sin 030 



1 yg n 

+ siri 2 6 d co 2 gh 


...( 1 ) 


This is identical in form with the general equation of spherical surface- 
harmonics (Art. 83 (2)) Hence, if we put 


a solution of (1) will be 


gh 


= n(n + 1), 

.. .. 


( 3 ) 


where 8 n is the general surface-harmonic of order n 

It was pointed out m Art 86 that S n will not be finite over the whole 
sphere unless n be integral Hence, for an ocean covering the whole globe, 
the form of the free surface at any instant is, m any fundamental mode, that 
of a e harmonic spheroid ’ 

r = a+h + S n cos {at + e), (4*) 


and the speed of the oscillation is given by 

<7 = {n<>i + l)P (5) 

the value of n being integral. 


The characters of the various normal modes are best gathered from a 
study of the nodal lines (S n = 0) of the free surface Thus, it is shewn m 
treatises on Spherical Harmonics* that the zonal harmonic P n {f) vanishes 
for n real and distinct values of ii lying between + 1, so that m this case 
we have n nodal circles of latitude When n is odd one of these coincides 
with the equator. In the case of the tesseral harmonic 




&P n (a) cos) 


dp 6 


sm) 


(SCO, 


the second factor vanishes for n — s values of a, and the trigonometrical 
factor for 2s equidistant values of co The nodal lines therefore consist of 
n — s parallels of latitude and 2s meridians Similarly the sectorial harmonic 




^cos 

sm 


nco 


has as nodal lines 2n meridians 


These are, however, merely special cases, for since there arc 2 n 4* 1 
independent surface-harmonics of any integral order n, and since the 


Por references, see p. 102. 
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frequency, determined by (5), is the same for each of these, there is a 
corresponding degree of indeterminateness m the normal modes, and in the 
configuration of the nodal lines 

We can also, by superposition, build up various types of progressive 
waves , e g taking a sectorial harmonic we get a solution m which 

? K (1 — cos (nco — at + e), (6) 

this gives a series of meridional ridges and furrows travelling round the 
globe, the velocity of propagation, as measured at the equator, being 



It is easily verified, on examination, that the orbits of the particles are now 
ellipses having their principal axes in the directions of the meridians and 
parallels, respectively At the equator these ellipses reduce to straight 
lines ' 

In the case n=l, the harmonic is always of the zonal type The 
harmonic spheroid (4) is then, to our order of approximation, a sphere 
excentnc to the globe. It is important to remark, however, that this case 
is, strictly speaking, not included in our dynamical investigation, unless we 
imagine a constraint applied to the globe to keep it at rest, for the de- 
formation m question of the free surface would involve a displacement of 
the centre of mass of the ocean, and a consequent reaction on the globe 
A corrected theory for the case where the globe is free could easily be 
investigated, but the matter is hardly important, first because in such a 
case as that of the Earth the inertia of the solid globe is so enormous 
compared with that of the ocean, and secondly because disturbing forces 
which can give rise to a deformation of the type in question do not as a 
rule present themselves in nature It appears, for example, that the first 
term in the expression for the tide-generating potential of the sun or moon 
is a spherical harmonic of the second order (see the Appendix to this 
Chapter). 

When n=2, the free surface at any instant is approximately ellipsoidal. 
The corresponding period, as found from (5), is then 816 of that belonging 
to the analogous mode in an equatorial canal (Art 180) 

For large values of n the distance fiom one nodal line to another is 
small compared with the radius of the globe, and the oscillations then take 
place much as on a plane sheet of water For example, the velocity, at the 
equator, of the sectorial waves represented by (6) tends with increasing n to 
the value (gk)i, m agreement with Art. 169. 


n. 


19 
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From a comparison of the foregoing investigation with the general theory of Art 167 
we are led to infer, on physical grounds alone, the possibility of the expansion of any 
arbitrary value of f in a series of surface harmonics, thus 

o 

the coefficients of the various independent harmonics being the normal coordinates of the 
system Again, since the products of these coefficients must disappear from the expressions 
for the kinetic and potential energies, we are led to the ‘ conjugate 5 properties of spherical 
harmonics quoted m Art 87 The actual calculation of the energies will be given m the 
next Chapter, m connection with an independent treatment of the same problem 


The effect of a simple-harmonic disturbing force can be written down at 
once from the formula (13) of Ait. 167. If the surface value of H be 
expanded m the form 

( 8 ) 

wheie is a surface-harmonic of integral order n, the various terms are 
normal components of force, in the generalized sense of Art 135 , and the 
equilibrium value of f corresponding to any one tenn £l n is 

— — •• ( 9 ) 

Hence, for the forced oscillation due to this term, we have 


&» — 



• ( 10 ) 


where or measures the ‘ speed 5 of the disturbing force, and <r n that of the 
corresponding free oscillation, as given by (5) There is no difficulty, of 
course, m deducing (10) directly from the equations of the preceding Art 


199 We have up to this point neglected the mutual attraction of the 
parts of the liquid In the case of an ocean covering the globe, and with 
such relations of density as we meet with m the actual earth and ocean, this 
is not insensible To investigate its effect m the case of the free oscillations, 
we have only to substitute for fl w , in the last formula, the gravitation- 
potential of the displaced water If the density of this be denoted by p , 
whilst p 0 represents the mean density of the globe and liquid combined, we 
have* 


£l n — - 


4nrypa 
' 2n + l ' 


( 11 ) 


and p = | <y7rap Q , 

7 denoting the gravitation -constant, whence 




2 u +1 p 0 


gtn- 


( 12 ) 

(13) 


See, for example, Routh, Analytical Statics , 2nd ed., Cambridge, 1902, t u pp 146-7 
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Substituting in (10) we find 




_JL 

2n + l pj ’ 


(14) 


where <r n is now used to denote the actual speed of the oscillation, and <x n ' 
the speed calculated on the former hypothesis of no mutual attraction Hence 
the corrected speed is given* by 




( 15 ) 


For an ellipsoidal oscillation (w= 2), and for p/p 0 = *18 (as m the case of 
the Earth), we find from (14) that the effect of the mutual attraction is to 
lower the frequency m the ratio of 94 to 1 


The slowest oscillation would correspond to n= 1, but, as already indicated, 
it would be necessary, m this mode, to imagine a constraint applied to the 
globe to keep it at rest This being premised, it appears from (15) that if 
P > Po the value of ay 5 is negative. The circular function of t is then replaced 
by real exponentials , this shews that the configuration m which the surface 
of the sea is a sphere concentric with the globe is one of unstable equilibrium. 
Since the introduction of a constraint tends m the direction of stability, we 
infer that when p > p 0 the equilibrium is a fortiori unstable when the globe 
is free In the extreme case where the globe itself is supposed to have no 
gravitative power at all, it is obvious that the water, if disturbed, would tend 
ultimately, under the influence of dissipative forces, to collect itself into 
a spherical mass, the nucleus being expelled 

It is obvious fiom Art 167, or it may easily be verified independently, 
that the foiced vibrations due to a given periodic disturbing force, when the 
gravitation of the water is taken into account, will be given by the formula 
(1 0), provided now denote the potential of the extraneous forces only, and 
<j n have the value given by (15) 


200 . The oscillations of a sea bounded by meridians, or parallels of 
latitude, oi both, can also be treated by the same method*]' The spherical 
harmonics involved are however, as a rule, no longer of integral order, and it 
is accordingly difficult to deduce numerical results 

In the case of a zonal sea bounded by two parallels of latitude, wo assume 

... . a) 

* This result was given by Laplace, Mtcamque C&este, Livre 1% Art 1 (1799) The free and 
the forced oscillations of the type w= 2 had been previously investigated m his “Becherches sur 
quelques points du syst&me du monde M6m de VAcad roy dm Sciences , 1775 [1778] [Oeuvres 
Completes, t. ix pp. 109, ] 

t Of Lord Bayleigh, l c ante p 287 


19 — 2 
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where p — cos 6, and (j (p) are the two functions of /x, containing (1 — as a factor, 

which are given by the formula (2) of Art 86 It will be noticed that p (/a) is an even , and 
q (fj) an odd function of fx 


If we distinguish the limiting parallels by suffixes, the boundary conditions are that 
u — 0 for /x=/x 1 and /a=/a 2 For the free oscillations this gives, by Art 197 (6), 



Ap' (pi) + Bq 1 (/q) — 0, 

Ap'(^) + JSq' <> a )=0, 

•(2) 

whence 


p' OiX 
p'OhI 

s' Oh) 
s' Oh) 

=0, 

..(3) 


which is the equation to determine the admissible values of n The speeds (or) correspond- 
ing to the various roots are given as before by Art 198 (5) 

If the two boundaries are equidistant from the equator, we have fi 2 = - fx x . The above 
solutions then break up into two groups , viz for one of these we have 

B=0, p (/q) = 0, (4) 

and for the other A — 0, <z'(/q) = 0 .(5) 

In the former case £ has the same value at two points symmetrically situated on opposite 
sides of the equator , in the latter the values at these points are numerically equal, but 
opposite in sign 

If we imagine one of the boundaries to be contracted to a point (say ju 2 = l), we pass to 
the case of a circular basin Tho values of p' (1) and q' (1) are infinite, but their ratio can 
be evaluated by means of formulae given in Art 84 This gives, by (3), the ratio A B, 
and substituting m (2) wo get the equation to determine n A simpler method of treating 
this case consists, however, in starting with a solution which is known to be finite, what- 
ever the value of n, at the pole fx—l This involves a change of variable, as to which theie 
is some latitude of choice 

We might take, for instance, the expression for P n 8 (cos 6) m Art. 86* (6), and seek to 
determine n from the condition that 

20 Pn s (COS 6) = 0 . . .. . (6) 

for 6=6,.* 

By making the radius of the sphere infinite, we can pass to the plane problem of 
Art 189t The steps of the transition will be understood from Art 100 

If the sheet of water considered have as boundaries two meridians (with or without 
parallels of latitude), say <a = 0 and o = a, the condition that ^=0 at these restricts us to 
the factor cos so, and gives sa^m tt, where m is integral This determines the admissible 
values of s, which are not in general integral J 

* This question has been discussed by Macdonald, Proc Lond Math Soc , t xxxi p 264 
(1899) 

t Cf Lord Rayleigh, Theory of Sound, Arts 336, 338 

X The reader who wishes to carry the study of the problem further m this direction is 
referred to Thomson and Tait, Natural Philosophy (2nd ed ), Appendix B, “ Spherical Harmonic 
Analysis ” 
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Tidal Oscillations of a Rotating Sheet of Water 

201. The theory of the tides on an open sheet of water is seriously 
complicated by the fact of the earth’s rotation If, indeed, we could assume 
that the periods of the free oscillations, and of the disturbing forces, were 
small compared with a day, the preceding investigations would apply as 
a first approximation, but these conditions are far from being fulfilled m the 
actual circumstances of the Earth 

The difficulties which arise when we attempt to take the rotation into 
account have their origin in this, that a particle having a motion m latitude 
tends to keep its angular momentum about the earth’s axis unchanged, and 
so to alter its motion m longitude This point is of course familiar m 
connection with Hadley’s theory of the trade-winds*. Its bearing on tidal 
theory seems to have been first recognised by Maclaunnf 

Owing to the enormous inertia of the solid body of the earth compared 
with that of the ocean, the effect of tidal reactions m producing periodic 
changes of the angular velocity is quite insensible This angular velocity 
will therefore for the present be treated as constant^ 

The theory of the small oscillations of a dynamical system about a state 
of equilibrium relative to a solid body which rotates with constant angular 
velocity about a fixed axis differs in some important particulars from the 
theory of small oscillations about a state of absolute equilibrium, of which 
some account was given m Art 167. It is therefore worth while to devote 
a little space to it before entering on the consideration of special problems. 

202 Let us take rectangular axes x, y, z fixed relatively to the solid, of 
which the axis of z coincides with the axis of rotation, and let be the angular 
velocity of the rotation The equations of motion of a particle m relative to 
these moving axes are known to be 

rn (x — 2 coy — aPx) = X } m (y + 2cox — co' 2 y) = F, mz = Z, (1) 

where X , F, Z are the impressed forces. From these we derive 
2m (xAx + yA y + zAz) 4- 2<w 2m (xAy — yAx) 

— (xAx + yAy) = 2 ( XAx + Y Ay + ZAz), . . .(2) 
where the symbol A has the same meaning as m Art 135 


* “ The Cause of the General Trade Winds,” Phil. Trans , 1735 

t De Causa Physicd Pluxus et Pejluxus Mans , Prop vn “ Motus aquae tuibatur ex msequali 
velocitate qud corpora circa axem Terras motu diurno deferuntur’ 5 (1740) 

J The secular effect of tidal friction m this respect will be noticed later (Chap xi.) 
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Let us now suppose that the relative coordinates (%, y , z) of each particle 
can be expressed m terms of a certain number of independent quantities 
qi, q 2 , q n > and let us write 

® m (x 2 + y 2 + z 2 ), T 0 = g) 2 Xw 2 (a? 2 + y 2 ). — (3) 

Here ® denotes the energy of the relative motion, which we shall suppose 
expressed as a homogeneous quadratic function of the generalized velocities 
q r , with coefficients which are functions of the generalized cooidmates q r , 
whilst T 0 denotes the energy of the system when rotating with the solid, 
without relative motion, m the configuration (q 1} q 2) . q n ) As m the 
proof of Lagrange’s equations (cf Art 135) we find 


V / A i** A . .. a \ ( ^ 0® A / d S® S'SA a 

Sm (.A. + yAy + *As) = A, l+ 


' d S® 0®A 


+ 


d 0® 
dt dq n 


0®A A 
‘ dqj ’ 


whilst 


Also 


oo 2 'Zm(%Ax-t-yAy) = Aq 1 -f ^ 


M ’">~ ■ w >a j . + 


A 


(4) 


.(5) 


+ A»?») 

+ &»?n) A?2 

4" finntyi) Ag }l 


where 


2m (iAy - yAa) = (Ai ?i + Aaja + 

+ (Al?! d" /3 2 2?2 + 

+ 

+ (Aa?i + /?n2?2 + 

= .... 

0 (?S; ffr) 

and it is particularly to be noticed that 

/^rs “ == 9 

Finally, we put 

2 (ZA^ + FAy + FA*) = - A V + & A q, + Q 2 Aq 2 + 

where F is the potential energy, and Q u Q.„ Q n are the generalized 
components of disturbing force 

If we substitute from (4), (5), (6) and (9) in (2), and equate separately to 
zero the coefficients of A q lt A q it . . A q n , we obtain n equations of the type* 

d a® m . .... . „ 3_ 

~dq r K 


••( 6 ) 

(0 

( 8 ) 

+ Q n Aq n , .. (9) 


dt 3 q r cq r + + ■ + &»?» = — (F— T 0 ) + Q r . .(10) 


It may be noticed that these equations may be obtained as a particular 
case of Art 141 (24), with the help of Art 142, by supposing the rotating 
solid to be free, but to have an infinite moment of inertia 


Cf Thomson and Tait, Natural Philosophy (2nd ed ), Part i p 319 
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The conditions for relative equilibrium, in the absence of disturbing 
forces, are found by putting q x , q,, ... j«=0m (10), or more simply from (2). 
In either way we obtain 

A ( f-t 0 ) = o, . (ii) 

which shews that the equilibrium value of the expression V — T 0 is 
‘ stationary.’ 

If T denote the total kinetic energy of the system, we have 
T = {(x - coy) 2 + (y + cox) 2 4- i 2 ] = ® 4- T {) 4- o>Sm (ay - yx), (12) 

whence, on reference to (1), 

j (T+ V) = j t (® + T 0 + V) H- ®Sm (ocy - yx) 

= j t ('®+V-T 0 ) + a>t(xY-yX) ... (13) 

This is to be equated to the rate at which the disturbing forces do work, 


%e to 

co X (x Y — yX) 4- Q x q x +■ + "b Qn<Jn 

Hence ^ (® 4- V — T 0 ) = Q x qj 4- 4- • + Qn<jn (140 

This might also be deduced from the equations (10) 

When there are no disturbing forces, we have 

% + 7— = const (15) 


203 We will now suppose the coordinates q , to be chosen so as to vanish 
m the undisturbed state. In the case of a small disturbance, we may then 
write 

2® = cinq 2 4~ a^q 2 HH • - 4- ^cAi^qyq^ 4~ • > (1) 

2(7- T 0 )= C n (f 4- c*if 4- ... + 2 c V2 q x q, 4- . (2) 

where the coefficients may be treated as constants The terms of the 
first degree m V—T 0 have been omitted, on account of the ‘stationary’ 
property. 

In order to simplify the equations as much as possible, we will further 
suppose that, by a linear transformation, each of these expressions is reduced, 


as m Art 167, to a sum of squares , viz 

2® = (hqf 4- a % q? 4- . 4- a n q n \ ( 3 ) 

2(7 — Tq) = c x q i 2 4" c%q<i 4- ... 4- o n q% (4) 
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The quantities q lt q 2) ... q n may be called the ‘principal coordinates’ of the 
system, but we must be on our guard against assuming that the same 
simplicity of properties attaches to them as m the case of no rotation The 
coefficients a^, a 2) ... a n and c 1} c 2i . c n may be called the ‘ principal coefficients’ 
of inertia and of stability, respectively The latter coefficients are the same 
as if we were to ignore the rotation, and to introduce fictitious ‘centrifugal’ 
forces (mco 2 x } mtfy, 0) acting on each particle m the direction outwards from 
the axis. 

The equations (10) of the preceding Art become, m the case of infinitely 
small motions, 

(hqi + 4 $L2?2 + /9i393 "h • 4" A»?» = Ql, ' 

4- o 2 q 2 + Ai9i + Aj?b 4- - + &»?» = Q*, I ... (5) 

&nq<n 4- c n q n 4- Ai?i 4 /3 n2 q 2 4 Aa^a 4- . =Q n . , 

If we multiply these by q l9 q 2> .. q n in order and add, we find, taking 
account of the relation As = — A , 

4 V — T 0 ) = Q x qi 4- Q 2 q 2 4 4- Qnfyn (6) 

as has already been proved without approximation 

204 To investigate the free motions of the system, we put Q ly Q 2) ...Q n = 0, 
in (5), and assume, m accordance with the usual method of treating linear 
equations, 

— Aie^t, q 2 =: A 2 e^tj ^ = A%e^t (7) 

Substituting, we find 

((XxA 2 4" Ci) A i 4 ^^AA.2 4” . 4- f3 m \A n = 0, ' 

ftiU 4- (a 2 X 2 4- A 2 4 * . 4 /3 m \A n = 0, ^ # _ t # ,(&) 

$niXA i 4 4 > 4 (a^A 2 4 of) A ^ ^ 0 t 

Eliminating the ratios A 1 A 2 A n> we get the equation 


&1A 2 4 C x , 

A2A, . 

• aa 



AiA 

<z 2 A 2 4 c 2 , 

A fx 

= 0 , 

(9) 

AmA 

A2A *• 

. afSr 4 “ Of 1 




or, as we shall occasionally write it, for shortness, 

A (A) = 0 


( 10 ) 
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The determinant A (X) comes under the class called by Cayley 4 skew- 
determinants/ m virtue of the relations (8) of Art. 202 If we reverse the 
sign of X, the rows and columns are simply interchanged, and the value of the 
determinant is therefore unaltered Hence, when expanded, the equation (9) 
will involve only even powers of X, and the roots will be in pairs of the form 

X = ± (p 4- icr). 

In order that the configuration of relative equilibrium should be stable 
it is essential that the values of p should all be zero, for otherwise terms of 
the forms e ±pt cos at and e ±pt sm at would present themselves m the realized 
expression for any coordinate q r This would indicate the possibility of an 
oscillation of continually increasing amplitude 

In the theory of absolute equilibrium, sketched m Art 167, the necessary 
and sufficient condition of stability (m the above sense) was simply that the 
potential energy must be a minimum in the configuration of equilibrium In 
the present case the conditions are more complicated*, but it is easily 
seen that if the expression for F— T 0 be essentially positive, m other words 
if the coefficients c l3 c 2f . c n m (4) be all positive, the equilibrium must be 
stable This follows at once from the equation 

^ / + (V—T 0 ) = c onst, ... ... (11) 

proved in Art 202, which shews that under the present supposition neither 
® nor V — T 0 can increase beyond a certain limit depending on the initial 
circumstances It will be obseived that this argument does not involve 
the use of approximate equations “f* 

Hence stability is assured if F— T 0 is a minimum m the configuration 
of relative equilibrium But this condition is not essential, and there may 
even be stability (from the piesent point of view) with F— T 0 a maximum, 
as will be shewn presently m the particular case of two degrees of freedom 
It is to be remarked, however, that if the system be subject to dissipative 
forces, however slight, affecting the relative coordinates q u q 2l . q n , the equi- 
librium will be permanently or 'secularly’ stable only if F— T 0 is a minimum 
It is the characteristic of such forces that the work done by them on the 
system is always negative Hence by (6) the expression © + (F — T 0 ) will, so 
long as there is any relative motion of the system, continually dimmish, m 
the algebraical sense. Hence if the system be staited from relative rest in a 
configuration such that F — 1\ is negative, the above expression, and therefore 


* They have been investigated by South, On the Stability of a Given State of Motion ; see 
also his Advanced Rigid Dynamics , c vi 

+ The argument was originally applied to the theory of oscillations about a configuration of 
absolute equilibrium (Ait 167) by Dirichlet, “Ueber die Stabilitat des G-leichgewichts,” Cielle, 
t xxxn (1846) [Wei he, Berlin, 1889-97, t n p 3] 
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d fortwm the part V — T 0 , will assume continually increasing negative values, 
which can only take place by the system deviating more and more from its 
equilibrium-configuration 

This important distinction between ‘ordinary’ or kinetic, and * secular * 
or practical stability was first pointed out by Thomson and Tait* It is to 
be observed that - the above investigation presupposes a constant angular 
velocity (co) maintained, if necessary, by a proper application of force to the 
rotating solid When the solid is free , the condition of secular stability takes 
a somewhat different form, to be referred to later (Ohap xil ) 


To examine the character of a free oscillation, m the case of stability, we 
remark that if A be any root of (10), the equations (8) give 


ff __ -d-2 __ A) 

A r i (A) (A) A ri (A) 


-' d n p 

A rn (A) " 


...( 12 ) 


where A rl , A r2 , A n , . A tn are the mmois of any row m the determinant A, 
and C is arbitrary It is to be noticed that these minors will as a rule involve 
odd as well as even powers of A, and so assume unequal values for the two 
oppositely signed roots ( ± A) of any pair If we put A = ± ^cr, the general 
symbolical value of q s conespondmg to any such pair of roots may be 
written 

q 8 = GA )S (%a) -b G'A n (- ^cr) e~ l(rt 
If we put 2A rs ('la) = F 8 ( a 2 ) + icrf (a 2 ), 

G = Ke ", C' = Ker*, 


we get a solution of our equations m real foim, involving two arbitrary 
constants K, e, thusf 

q 1 = F 1 (cr 2 ) K cos (at 4- e) — af (a 2 ) . K sm (at + e), 
q 2 = F 2 (a- 2 ) . K cos (at + e)-(7/ 2 (a 2 ) K sm (at 4- e), 
q z = F z ( a 2 ) K cos (at -he) - of (a 1 ) K sm (at -be),}-... (13) 


q n - F n (a 2 ) . K cos (at -be) - af n (cr 2 ) . K sm (at 4- e) j 

These formulae express what may be called a ‘ natural mode’ of oscillation 
of the system The number of such possible modes is of course equal to the 
number of pairs of roots of (10), % e to the number of degrees of freedom of 
the system 


* Natwal Philosophy (2nd ed ), Part i p 391. See also PomcanS, “ Sur l’6quilibre d’une 
masse fliude amm6e d’un mouvement de rotation,” Acta Mathematica , t vn, (1885), and op cit 
ante p 140 

t We might have obtained the same result by assuming, in (5), 

<U = A^ + '), 

where A a is real, and rejecting, m the end, the imaginary parts. 
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If £, 77 , £ denote the component displacements of any particle from its 
equilibrium position, we have 


dx 

dx 

dx 

p — — q 1 -\-~~ q 2 + 
dqi a 


dy dy 

, -4 Sk+ 4* + " 


dz 

dz 

dz 


+ ^J n 


Substituting fiom (13), we obtain a result of the form 

£ = P . K COS (cr£ + e) + P' K Sin ( crt + e), 1 

77 = Q . K cos (at 4 - e) + Q' K sm {crt -f- e), r ... . (15) 

£ = j B if cos (<j£ H- e) + R' K sm {crt + e), J ' 

where P, P', Q, Q', R, R' are determinate functions of the mean position of 
the particle, involving also the value of a, and therefore different for the 
different normal modes, but independent of the arbitrary constants K, e. 
These formulae represent an elliptic-harmonic motion of period Sw/cr, the 
directions 

an d L-1.-L (16) 

p-q-r ’ ana P'~Q' jsr { } 

being those of two conjugate semi-diameters of the elliptic orbit, of lengths 
(P 2 + Q 2 + P 2 )* K , and (. F 2 + Q' 2 + R /2 )* . K, 

respectively The positions and forms and relative dimensions of the elliptic 
orbits, as well as the relative phases of the particles m them, are accordingly 
m each natural mode determinate, the absolute dimensions and epochs being 
alone arbitrary* 


205 The symbolical expressions for the forced oscillations due to a 
periodic disturbing force can easily be written down If we assume that 
Qi, Q*> * Qn a h vary as e l<Tt , where <7 is prescribed, the equations (5) give, 
if we omit the time-factors, 


__ Au (icr) ~ A 12 (icr) ~ A ln (icr) ~ 

qi - WM Ql + Ajvr) Qs+ - + AW Qn ’ 
n _ A0 1 flcr) « A 22 (ic r) ^ A m (icr ) ~ 

?2 ~ A (icr) ^ + A (icr) ^ + — + A (icr) ^ n> 


Am (icr) n i A m {icr ) n t 
A {icr) yi+ A + 


+ 


A^ u (icr) 
A (icr) 


Qn 


.(17) 


* The theory of the fiee modes has been luithei developed by Lord Bayleigh, “On the Tree 
Vibiations of Systems affected with Small Rotatory Terms,” Phil Mag (0) , t v p 293 (1903), 
for the case where the rotatory coefficients /3 r8 are relatively small 
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The most important point of contrast with the theory of the 'normal 
modes ’ m the case of no rotation is that the displacement of any one type is 
no longer affected solely by the disturbing force of that type As a con- 
sequence, the motions of the individual particles are, as is easily seen from 
(14), now m general elliptic-harmonic Again, there are m general differences 
of phase, variable with the frequency, between the displacements and the force 

As m Art 167, the displacement becomes very great when A (icr) is very 
small, %e whenever the 'speed* a of the disturbing force approximates to 
that of one of the natural modes of free oscillation 


When the period of the disturbing forces is infinitely long, the displace- 
ments tend to the ‘ equilibrium-values 5 



Qn — 


On 

On 


(18) 


as is found by putting cr = 0in (17), or more simply from the fundamental 
equations (5) This conclusion must be modified, however, when one or 
more of the coefficients of stability c l} c 2 , . c n is zero If, for example, c x = 0, 
the first row and column of the determinant A (X) are both divisible by X, so 
that the determmantal equation (10) has a pair of zero roots In other words 
we have a possible free motion of infinitely long period The coefficients of 
Q*, Q$, •• Qn on the right-hand side of (17) then become indeterminate for 
cr = 0, and the evaluated results do not as a rule coincide with (18) This 
point is of some importance, because in the hydrodynamical applications, as 
we shall see, steady circulatory motions of the fluid, with a constant deforma- 
tion of the free surface, aie possible when no extraneous forces act, and as 
a consequence forced tidal oscillations of long period do not necessarily 
approximate to the values given by the equilibrium theory of the tides. 
Cf Arts 213, 216 


In order to elucidate the foregoing statements we may consider more in detail the case 
of two degrees of freedom The equations of motion are then of the foims 

*101 + <101 + to = Qu «s0a + - to = (19) 

The equation determining the periods of the free oscillations is 

a x a 2 X 4 -f (dqc 2 + a 2 c x -f /3 2 ) X 2 -1- c x c 2 —0 . ... (20) 

For ‘ ordinary’ stability it is sufficient that the roots of this quadratic m X 2 should be real 
and negative Since a v a 2 are essentially positive, it is easily seen that this condition is 
m any case fulfilled if c 15 c 2 aie both positive, and that it will also be satisfied even when 
c v c 2 are both negative, provided 0 2 be sufficiently great It will be shewn later, however, 
that m the latter case the equilibrium is rendered unstable by the introduction of 
dissipative forces 

To find the forced oscillations when Q u Q 2 vaiy as e lcri , we have, omitting the 
time-factor, 


(<q - <r 2 a x ) q t + io-(3q 2 =§ x , - %v$q x + (c 2 - ar 2 a 2 ) q 2 =Q 2 , 


(21) 
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whence 


_ OVlgfgg) Qi-urpQ* _ Q 2 

^ (c } l ~ a\) (c 2 - o% 2 ) - o- 2 0 2 ’ ^ - cr 2 %) (c 2 - o% 2 ) - o- 2 /3 2 * 


( 22 ) 


Let us now suppose that c 2 =0, or, m other words, that the displacement q 2 does not 
affect the value of V-T 0 We will also suppose that le that the extraneous 

forces do no work during a displacement of the type q 2 The above formulae then give 


<Zi s 


a 2 fa - < 7 * 0 *; +0 


i2 $1> ^2“ 


0 


a 2 ( C l “ < r2a l)+^ 2 




(23) 


In the case of a disturbance of long period we have cr = 0, approximately, and therefore 


2i= 


C!+/3 2 /a 2 


?2 = 


0 


c& 2 CiH~/3 2 


Si 


(24) 


The displacement is therefore less than its equilibrium- value, mthe ratio 1 l+/3 2 /a 2 c 1? 
and it is accompanied by a motion of the type q 2 although there is no extraneous force of 
the latter type (cf Art 216) We pass, of course, to the case of absolute equilibrium, 
considered m Art 167, by putting 0—0 


It should be added that the determination of the ‘ principal coordinates ’ 
of Art 203 depends on the original forms of ® and V — T 0 , and is therefore 
affected by the value of co 2 , which enters as a factor of T 0 The system of 
equations there given is accordingly not altogether suitable for a discussion 
of the question how the character and the frequencies of the respective 
principal modes of free vibration vary with co One remarkable point which 
is thus overlooked is that types of circulatory motion, which are of infinitely 
long period in the case of no rotation, may be converted by the slightest 
degree of rotation into oscillatory modes of periods comparable with that of 
the rotation Cf Arts 211, 221 


To illustrate the matter m its simplest form, we may take the case of two degrees of 
freedom If c 2 vanishes for co = 0, and so contains &> 2 as a factor m the general case, the 
two roots of equation (20) are 

X 2 = _£i X 2 =-^, 

<h «2 

approximately, when o> 2 is small The latter root makes X cc co, ultimately 


206. Proceeding to the hydrodynamical examples, we begin with the 
case of a plane horizontal sheet of water having m the undisturbed state a 
motion of umfoim rotation about a vertical axis* The results will apply 
without serious qualification to the case of a polar or other basin, of not too 
great dimensions, on a rotating globe 

Let the axis of rotation be taken as axis of z The axes of x and y being 
now supposed to rotate m their own plane with the prescribed angular 
velocity cd, let us denote by u, v, w the velocities at time t, relative to these axes , 


* Sir W Thomson, “ On Gravitational Oscillations of Eotating Water,” Proc B S Edm , 
t x p 92 (1879) [Phil. Mag , (5) t x p 109 (1880)] 
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of the particle which then occupies the position (x, y, z) The actual velocities 
of the same particle, parallel to the instantaneous positions of the axes, will 
be u — coy, v + cox, w, and the accelerations in the same directions will be 

Wt -2 cov-co-x, ^+2cou-coy, -j- 

In the present application, the relative motion is assumed to be infinitely 
small, so that we may replace DjDt by d/dt 

Now let z 0 be the ordinate of the free surface when there is relative 
equilibrium under gravity alone, so that 


z 0 = i — (a* 2 + y~) + const , (1) 

9 

as m Art 26 For simplicity we will suppose that the slope of this surface 
is everywhere very small, in other words, if r be the greatest distance of any 
part of the sheet from the axis of rotation, tehrjg is assumed to be small 


If z Q + f denote the ordinate of the free surface when disturbed, then on 
the usual assumption that the vertical acceleration of the water is small 
compared with g, the prcssuio at any point ( x , y, z) will be given by 


p~Pc = gp Oo + f-f) 


( 2 ) 


whence 


1 dp 
p dx 


— - CO“X - 


da’ 


1 dp 
~ P dy' 


■ca-y -g 


dj 

dy 


The equations of horizontal motion are therefore 


3 u 0 3£ 3X1 

s -2«— 


dv s{ en 


where XI denotes the potential of the disturbing forces 

n 


If we write 


£=- 


9 


these become 
du 


a t 2cov 9 dx ^ & 


dv 

dt 


4~ 2 ecu - 




The equation of continuity has the same form as m Art 191, viz 


• -(3) 

.. (4) 

• (5) 


d(hu) d(hv) ... 

dt da' dy W 

where h denotes the depth, from the free surface to the bottom, m the 
undisturbed condition This depth will not, of course, be uniform unless the 
bottom follows the curvature of the free surface as given by (1) 
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If we eliminate £ — £ from the equations (5), by cross-differentiation, we find 


0 

dt 



or, writing v = drj/dt , and integrating with respect to t, 


dv 


du a m d v \ 

~- + 2 co ~ + K 1 ) = const. . 


00 


- • ( 8 ) 


This is merely the expression of von Helmholtz’ theorem that the product of the angular 
velocity 





and the cross-section 


( 1+ i+|) 


hxhy, 


of a vortex-filament, is constant 


In the case of a simple-harmonic disturbance, the time-factor being e l<rt , 
the equations (5) and (6) become 

d - 

icru — 2m = —g ^ (£ — £), iav + 2cdu 

and 

coc dy 

From (9) we find 

a = O- 2 -4<o 2 f fa + 2to ty) ^ ~ v = f dy~ 2(0 f>) 

• -( 11 ) 

and if we substitute from these in (10), we obtain an equation m £only 
In the case of uniform depth the result takes the foim 

w r here = d 2 /dx 2 -p d 2 /dy 2 , as before 

When £—0, the equations (5) and (6) can be satisfied by constant values of u , v , £ 
provided certain conditions are fulfilled We must have 

8= iL d l 

2 o 0& 5 

and therefore — Q .. 

0 (v, y) 

The latter condition shews that the contour-lmes of the free surface must be everywhere 
parallel to the contour-lmes of the bottom, but that the value of £ is otherwise arbitrary. 
The flow of the fluid is everywhere parallel to the contour-lmes, and it is therefore 
further necessary for the possibility of such steady motions that the depth should be 
uniform along the boundary (supposed to be a vertical wall) When the depth is every- 
where the same, the condition (14) is satisfied identically, and the only limitation on the 
value of £ is that it should be constant along the boundary. 


03 ) 

(14) 


— --O) 


( 10 ) 
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207 A simple application of these equations is to the case of free waves 
m an infinitely long uniform straight canal*. 

If we assume £= ae im-x)+my y v = o, (1) 

the axis of x being parallel to the length of the canal, the equations (9) of 
the preceding Art , with the terms m £ omitted, give 

cu = g£, 2a>u = —gm%, (2) 

whilst, from the equation of continuity (Art 206 (6)), 

c£ = hu . ... ( 3 ) 

2co 

We thence derive c 2 = gh, m = ... . . (4) 

c 

The former of these results shews that the wave-velocity is unaffected by the 
rotation 

When expressed m real form, the value of £ is 

£ = ae~^ ylc cos [k (ct — x) + e} . .(5) 

The exponential factor indicates that the wave-height increases as we 
pass from one side of the canal to the other, being least on the side which 
is forward, m respect of the rotation. If we take account of the directions 
of motion of a water-particle, at a crest and at a trough, respectively, this 
result is easily seen to be m accordance with the tendency pointed out m 
Art 201 f 

The problem of determining the free oscillations m a rotating canal of 
finite length, or m a rotating rectangular sheet of water, has not yet been 
solved l 

208 We take next the case of a circular sheet of water rotating about 
its centre § 

If we introduce polar coordinates r, 6, and employ the symbols R, © to 
denote displacements along and perpendicular to the radius vector, then since 
R = iaR, ©=^cr©, the equations (9) of Art 206 are equivalent to 

a 3 R + 2ico<r<® = g^(£-£), <r 2 © - 2iwoR = g ~ (f - £), ...(1) 

* Sir W Thomson, l.c ante p 801 

t For applications to tidal phenomena see Sir W Thomson, Nature , t xix pp 154, 571 (1879) 

X Except m the case where the angular velocity of rotation is relatively small For this see 
Lord Rayleigh, “ On the Yibrations of a Rectangular Sheet of Rotating Liquid,” Phil. Mag (6), 
t v p 297 (1908) 

§ The investigation which follows is a development of some indications given by Lord Kelvin 
m the paper referred to 
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Hence 
R = 


... ( 2 ) 


9 


cr 2 — 4ft> 2 \dr 


2 ico 3 \ ~ 

■T-m'-a 


( = 52 /2« _a j\ 

cr- -~4ft> 2 \ o' dr % rW) 


a,nd substituting in (2) we get the differential equation m £ 
In the case of uniform depth we find 

(V,H 


where 


and 


v» = 0 i +11 ,1^1 

1 dr- r dr r“ 39- ’ 


k- = - 


cr 2 — 4 or 


<?-& 

•( 3 ) 

• ( 4 ) 

• • ( 5 ) 

■ -( 6 ) 


This might have been written down at once from Art 206 (12) 

The condition to be satisfied at the boundary (r = a, say) is = 0, or 


3 2 uo d 


<r-£)-o 


( 7 ) 


209 In the case of the free oscillations we have f = 0 The way in 
which the imaginary t enters into the above equations, taken m conjunction 
with Fourier’s theoiem, suggests that 9 occurs m the form of a factor e u \ 
where s is integral On this supposition, the diffeiential equation (4) becomes 

= ( 8 ) 

and the boundary -condition (7) gives 

3f 2sto 

r fr + -^Z =0 ’ ( 9 ) 

for r — a. 

The equation (8) is of Bessel’s form, and the solution which is finite for 
= 0 may therefore be written 

£ = A J s ( nr ) e l{crt+B6 > , ( 10 ) 

but it is to be noted that k 2 is not, m the present problem, necessarily 
positive When * 2 is negative, we may replace J s ( K r) by If/c'r), where 
is fhe positive square root of (4eo 2 - and 


Is ( z ) — ; 


1 + 


2 s .s!| 2 (2s +2) 2 . 4 (2s + 2) (2* + 4)' 


( 11 ) 


* The functions !,(*) have been tabulated by Prof A Lodge, Bnt Ass Rep 1889. 
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In the case of symmetry about the axis (s — 0), we have, m real form, 

^—AJ 0 (kt) cos (crt + e), (12) 

where tc is determined by 

J7O) = 0 ... . ..(13) 

The corresponding values of <r are then given by (6) The free surface has, 
in the various modes, the same forms as m Art 189, but the frequencies are 
now greater, viz we have 

o- 2 = cr* + ... . (14) 

where cr 0 is the corresponding value of a when there is no rotation. It is 
easily seen, moreover, on reference to (3), that the relative motions of the fluid 
particles are no longer purely radial , the particles describe, m fact, ellipses 
whose major axes are m the direction of the radius vector. 

For s > 0 we have 

£= AJ 8 (a:*?') cos (at + s9 + e), (15) 

where the admissible values of /c, and thence of cr, are determined by (9), 
which gives 

K aJ'( K a)+^J t ( K a) = 0 (16) 

The formula (15) represents a wave rotating relatively to the water with 
an angular velocity cr/s, the rotation of the wave being m the same direction 
with that of the water, or the opposite, according as crjcc is negative or 
positive 


Some indications as to tho values of <r may he gathered from a graphical construction. 
If we write k 2 o 2 =%, we have, from (6), 



where 

If we further put 


4oa% 2 


sJ 8 (<a) 
kccJ; (km) 


=<p ( k 2 os 2 ), 


• (18) 


the equation (16) may be written 

<M*)±(i+|f=o •• (19) 

The curve y=~ <M#) * (20) 


can be readily traced by means of the tables of the functions J 9 ( 2 ), I 8 (z) , and its inter- 
sections with the parabola 

y 2 = i+l • • (2i) 

will give, by their ordinates, the values of <t/2g> The constant on which tho positions 
of the roots depend, is equal to the square of the ratio 2 oaa/(ghf which the period of 
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a wave travelling round a circular canal of depth li and perimeter 2ttco bears to the 
half-period ( 71 -/ 00 ) of the rotation of the water 

The accompanying figures indicate the relative magnitudes of the lower roots, m the 
cases s=l and 6 = 2, when ft has the values 2, 6, 40, respectively* 



"With the help of these figures we can trace, m a general way, the changes m the 
character of the free modes as ft increases from zero. The results may be interpreted as 
due either to a continuous increase of 00 , or to a continuous diminution of h We will use 
the terms ‘positive 5 and ‘negative 5 to distinguish waves which travel, relatively to tho 
water, m tho samo direction as the lotation and the opposite. 

When ft is infinitely small, tho values of x are given by J 8 f (x*)= 0 , these correspond 
to the vortical asymptotes of the curve (20) The values of cr then occur 111 pairs of 
equal and oppositely-signed quantities, indicating that there is now no difference between 
tho velocity of positive and negative waves The case is, m fact, that of Art 189 (12) 

As ft increases, the two values of cr forming a pair become unequal m magnitude, and 
the corresponding values of x separate, that being the greater foi which <r/2a is positive. 
When ft =,s (s 4-1) tho curve (20) and the parabola (21) touch at tho point (0, -I), 
the corresponding value of 0 - being -2a As ft increases beyond this critical value, 
one value of x becomes negative, and the corresponding (negative) value of o-/2a> becomes 
smaller and smaller 

Hence, as ft increases from zero, the lelative angular velocity becomes greater for a 
negative than for a positive wave of (approximately) the samo typo , moreover the value 
of cr for a negative wave is always greater than 2a As the rotation increases, the two 

* For clearness the scale of y has been taken to be 10 times that of x. 


20—2 
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kinds of wave become more and more distinct in chai acter as well as m £ speed 5 W ith a 
sufficiently great value of $ we may have one, but never more than one, positive wave for 
which c r is numerically less than 2a> Finally, when /3 is very great, the value of <r 
corresponding to this wave becomes very small compared with a>, whilst the remaining 
values tend all to become more and more nearly equal to ±2co 



where x 0 refers to the proper asymptote of the curve (20) This gives the ‘speed’ of any 
free mode m terms of that of the corresponding mode when there is no rotation. 

210 As a sufficient example of forced oscillations we may assume 


J &&+**+•>, (23) 

where the value of <r is now prescribed 

This makes V 2 f = 0, and the equation (4) then gives 

f = A J s ( kv ) e * w+«»+«0 (24) 
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where A is to be determined by the boundary-condition (7), viz 





(25) 


This becomes very great when the frequency of the disturbance is nearly 
coincident with that of a free mode of corresponding type. 


From the point of view of tidal theory the most interesting cases are those of $=1 
with <r = a>, and s=2 with a-=2<», respectively These would represent the diurnal 
and semidiurnal tides due to a distant disturbing body whose proper motion may be 
neglected m comparison with the rotation co 

In the case of s=l we have a uniform horizontal disturbing force Putting, m 
addition, <r = <», we find without difficulty that the amplitude of the tide-elevation at the 
edge (r=a) of the basin has to its 1 equilibrium- value ’ the ratio 

UlM . (26) 

I^+zIoW K J 

where 3/3) With the help of Lodge’s tables we find that this ratio has the values 

1 000, 638, 396, 

for /3= 0, 12, 48, respectively 

"When cr = 2<u, we have * = 0, and thence, by (23), (24), (25), 

C=l (27) 

i e the tidal elevation has exactly the equilibrium-value 

This remarkable result can be obtained m a more general manner ; it holds whenever 
the disturbing force is of the type 

# . ... (28) 

provided the depth h be a function of r only If we revert to the equations (1), we notice 
that when a = 2a> they are satisfied by £= 9 — ill. To determine R as a function 
of r, we substitute m the equation of continuity (2), which gives 

3^)_ s Z_ 1 / i /j=_ x ( r ) . .. (29) 

The arbitrary constant which appears on integration of this equation is to be determined 
by the boundary-condition 

In the present case we have — Integrating, and making R~0 for r~a, 

we find 

u / a 2_ r 2)^(2^+* s +') (30 

2a 8 ' ' 

Tho relation 0 = iR shews that the amplitudes of R and 0 are equal, while their phases 
differ by 90° , the relative orbits of tho fluid particles are m fact circles of radii 

< 31 > 

described each about its centre with angular velocity 2o> m the negative direction We 
may easily deduce that tho path of any particle m space is an ellipse of semi -axes r± r 
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described about the origin, with harmonic motion m the positive direction, the period 
being 27 r/o This accounts for the peculiar features of the case For if £ have always the 
equilibrium- value, the horizontal forces due to the elevation exactly balance the disturbing 
force, and there remain only the forces due to the undisturbed form of the free surface 
(Art 206 (1)) These give an acceleration gdzjdr , or oA, to the centre, where r is 
the radius-vector of the particle m its actual position Hence all the conditions of the 
problem are satisfied by elliptic-harmonic motion of the individual particles, provided the 
positions, the dimensions, and the ‘epochs 5 of the orbits can be adjusted so as to satisfy 
the condition of continuity, with the assumed value of £ The investigation just given 
resolves this point 


211 We may also briefly notice the case of a circular basin of variable 
depth, the law of depth being the same as in Art 191, viz 

i - s -( 1 - 5 ) « 


Assuming that R> ©, £ all vary as e 2 ( <T ^ +s9 ‘ h<? ) 3 and that h is a function of r only, 
we find, from Art 208 (2), (3), 


(<r 2 -4 co 2 )£+g 


dh (?) , 2&>s' 


dr V + (rr 


) (C-C)+yh (j 


+1 i. 

^ 9 dr 


(t~f) = 0 


Introducing the value of h from (1), we have, for th q free oscillations 

r“\ f'&Q . J- s* 2 / 
a 2 \ 


/ 2 

1 ~a? 


9^,1 K_* r 

dr 2 ^ r dr r l ^ 




9 h o 


( 2 ) 


.(3) 


This is identical with Art 191 (6), except that we now have 


<t 2 - 4o> 2 4cos 

gh 


m place of c r 2 /gh 0 The solution can therefore be written down from the results of that 

Art, viz if we put 


we have 


(o* 2 — 4 g) 2 ) a 2 


4oos 


'7i (yi— 2) — 



(<rtf+i?0 + e) 

a?) 5 


(4) 

(5) 


where a=£9i+]p, (3=l+^s-&i, y=s+l , 

and the condition of convergence at the boundary r = a requires that 


n=5 + 2y, (6) 

where j is some positive integer The values of cr are then given by (4) 

The forms of the free surface are therefore the same as m the case of no rotation, but 
the motion of the water-particles is different The relative orbits are m fact now ellipses 
having their principal axes along and perpendicular to the radius vector , this follows 
easily from Art 208 (3) 


In the symmetrical modes (s=0), the equation (4) gives 

<r 2 = cr 0 2 4-46> 2 , . . . (7) 

where <r 0 denotes the ‘speed 5 of the corresponding mode m the case of no rotation, as 
found m Art 191 
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For any value of s other than zero, the most important modes are those for which 
n=s4-2 The equation (4) is then divisible by o* + 2a>, but this is an extraneous factor ; 
discarding it, we have the quadratic 

( 8 ) 

whence <t=g)± ( <o 2 +2 $* ) •• * (9) 


0- 2 -2a>CT=2s ” l> 


r2 ’ 


a 2 ) 

This gives two waves rotating icund the origin, the relative wave-velocity being greater 
for the negative than for the positive wave, as m the case of uniform depth (Art 209) 
With the help of (8) the formulae reduce to 

<-*.©■• ■ <io) 

the factor being of course understood m each case Since O—iR, the relative 

orbits are all circles The case 5 = 1 is noteworthy , the free surface is then always plane, 
and the circular orbits have all the same radius 

When n > s + 2, we have nodal circles The equation (4) is then a cubic in o-/2co , it is 
easily seen that its roots are all real, lying between -oo and -1,-1 &nd 0, and +1 
and +oo, respectively As a numerical example, m the case of 5=1, n=&, corresponding 
to the values 

of 4 co 2 a 2 /gh 0 , we find 

cr 

2co 

The first and the last root of each triad give positive and negative waves of a somewhat 
similar character to those already obtained in the case of uniform depth The smaller 
negative root gives a comparatively slow oscillation which, when the angular velocity a is 
infinitely small, becomes a steady rotational motion, without elevation or depression of the 
surface* 


2, 

6, 

40 

+ 2 889 

+1 874 

+ 1 180, 

-0125 

-0100 

-0 037, 

-2 764 

-1774 

- 1 143. 


The most important type of forced oscillations is such that 


Q Pj fi l(c rt+sB+t) 


We readily verify, on substitution m (3), that 

Zsgh Q 


C“a 


( 11 ) 


( 12 ) 


~ 2 sgh 0 - (cr 2 — 2a>(7-) a 2 

We notice that when <r=2a> the tide-height has exactly the equilibrium- value, m agree- 
ment with Art 210 

If ci, <r 2 denote the two roots of (8), the last formula may be written 

t= I 

f (1 - cr/crj) (1 - cr/orj) 


( 13 ) 


The possibility of oscillations of this type has been pointed out in Art 205, ad fi 
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Tides on a Rotating Globe . 

212. We proceed to give some account of Laplace’s problem of the tidal 
oscillations of an ocean of (comparatively) small depth covering a rotating 
globe * In order to bring out more clearly the nature of the approximations 
which are made on various grounds, we adopt a method of establishing the 
fundamental equations somewhat different from that usually followed 

When m relative equilibrium, the free surface is of course a level-surface 
with respect to gravity and centrifugal force , we shall assume it to be 
a surface of revolution about the polar axis, but the ellipticity will not in 
the first instance be taken to be small 


We adopt this equilibrium-form of the free surface as a surface of 
reference, and denote by 6 and </> the co-latitude (i e the angle which the 
normal makes with the polar axis) and the longitude, respectively, of any 
point upon it We shall further denote by z the altitude, measured outwards 
along a normal, of any point above this surface 

The relative position of any particle of the fluid being specified by 
the three orthogonal coordinates & y </>, z, the kinetic energy of unit mass 
is given by 

2 T = (R + zf d*+*7 2 (c0+4>y + z* (1) 

where R is the radius of curvature of the meridian-section of the surface of 
reference, and us is the distance of the particle from the polar axis. It is to 
be noticed that jR is a function of 6 only, whilst us is a function of both 6 and 
z , and it easily follows from geometrical considerations that 


dus 


( R •+ z) dO 


1 5 a = cos 0 , 


dus 

dz 


= sm 9. 


....( 2 ) 


The component accelerations are obtained at once from (1) by Lagrange’s 
formula. Omitting terms of the second order, on account of the restriction 
to infinitely small motions, we have 


1 (ddT dT\ 1 . 0 a ^ 

~ ~ ^ = C® + *) 6 ~ tt — : O + 2 H>) 


del 


R- 


i?+ 2 \dtd0 

— (f pr - = Iir$ 4- 2co (— 9 + — e) , 

us\dtdd> d <t>J \dd dz / 


dus 

dd ’ 


^ dtd<j> d <j) 
ddT dT 


dz 

dus 


••( 3 ) 


dtdz + 


* “ Becherches sur quelques points du systeme du monde,” Mem de VAccul wy des Scienceb , 
1775 [1778] and 1776 [1779]; Oeuvres Commutes, t. ix pp 88, 187 The investigation is lepro- 
duced, with various modifications, m the Micamque Cileste , Livie 4 mo , c i (1799). 
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Hence, if we write u, v> w for the component relative velocities of a 
particle, viz 

U = (R+ z) 6, V = ^rcj>, W = Z, ( 4 ) 

and make use of (2), the hydrodynanncal equations may be put m the forms 

^ — 2 (ov cos 6 = — ~W~7 — Jt, f- 4 - — i-o) 2 ^ 2 4 II'] , 

dt R + zd6\p J 

^ +2<w^cos0 4 2o )W sin # = — — ~r f- 4 'P — i-ft) 2 ^ 2 4 , l . (5) 

3 £ wo<p \p J 

sm0 = — (- 4 NP — 4fi^ , 

where ^ is the gravitation-potential due to the earth’s attraction, whilst O 
denotes the potential of the disturbing forces 

So far the only appioximation has consisted m the omission of terms of 
the second order m u, v, w In the present application, the depth of the sea 
being small compared with the dimensions of the globe, we may replace 
R + z by Jt We will further assume that the effect of the relative vertical 
acceleration on the pressure may be neglected, and that the vertical velocity 
is small compared with the horizontal velocity. The last of the equations (5) 
then reduces to 

(S. 4 . Ap _ ■|&) 2 'sr 2 4 = 0 (6) 

Let us integrate this between the limits # and £ where f denotes the 
elevation of the disturbed surface above the surface of reference At the 
surface of reference (z — 0) we have 

'\E r — -^ft) 2 ^ 2 = const., 

by hypothesis, and therefore at the free surface (z~ f) 

T' - tsH = const 4 g£, 

provided g = ^(T r ~|co 2 'cr 2 ) (7) 

Here g denotes the value of apjp arent gravity at the surface of reference , 
it is of course, m general, a function of 6. The integration in question 
then gives 

- 4 T r — ^ft) 2 ^ 2 4 H = const. 4 4 H, (8) 

the variation of H with z being neglected. Substituting from (8) m the 
first two of equations (5), we obtain, with the approximations above 
indicated, 

|-2^cos e = -g-^ e (X~l\ d ~ + 2coucoB0 = -g^^-O, -(9) 
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where f=-— (10) 

These equations are independent of z } so that the horizontal motion may be 
assumed to be sensibly the same for all particles in the same vertical line 


As m Art 197, this last result greatly simplifies the equation of continuity. 
In the present case we find without difficulty 


d% _ 1 [ 9 (kvru) 3 (hv) } 

36 ( Rd9 d<p j * ’ ^ ' 

It is important to notice that these equations involve no assumptions 
beyond those expressly laid down , m particular, there is no restriction as to 
the ellipticity of the meridian, which may be of any degree of oblateness 


213 In order, however, to simplify the question as far as possible, 
without sacrificing any of its essential features, we now take advantage 
of the circumstance that m the actual case of the earth the ellipticity is 
a small quantity, being m fact comparable with the ratio (co 2 a/y) of centrifugal 
force to gravity at the equator, which ratio is known to be about Subject 
to an erroi of this order of magnitude, we may put R~a, m = a sm 9, g = const , 
where a is the earth's mean radius We thus obtain* 




I+2..CO .#— m 


with 


3£_ 1 (3 Qiu sin 9) 3 (/w)| 

36 asm 6 \ 3 9 + 3<£ j ' 


this last equation being identical with Art 197 (1). 


Two conclusions of some interest m connection with our previous work 
follow at once from the form of the equations (1) In the first place, if u, v 
denote the velocities along and perpendicular to any horizontal direction s> 
we easily find, by transformation of coordinates 


d £-2o>vcos 


( 3 ) 


In the case of a narrow canal, the transverse velocity v is zero, and the 
equation (3) takes the same form as in the case of no rotation w this has been 
assumed by anticipation m Art 182 The only effect of the rotation m such 
cases is to produce a slight slope of the wave-crests and furrows m the 
direction across the canal, as investigated in Art 207. 

Again, by comparison of (1) with Art 206 (5), we see that the oscillations 
of a sheet of water of relatively small dimensions, m colatitude 9 , will take 


Laplace, Z c ante p B12 
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place according to the same laws as those of a plane sheet rotating about 
a normal to its plane with angular velocity co cos 0. 


As m Art 206, free steady motious are possible, subject to certain 
conditions Putting £=0, we find that the equations (1) and (2) are 
satisfied by constant values of u, v , £, provided 


and 


<7 a? g 3? 

2eoc&sin0 cos 0d<fi’ V 2coacobdd8’ 

d ( h sec 6 , £) 

3(M0 


...(4) 


.. (5) 


The latter condition is satisfied by any assumption of the form 

?-/(/* aecfl), (6) 

and the equations (4) then give the values of u, v It appears from (4) that 
the velocity m these steady motions is everywhere parallel to the contoui- 
lmes of the disturbed surface. 


If h is constant, or a function of the latitude only, the only condition 
imposed on f is that it should be independent of ; m other words the 
elevation must be symmetrical about the polar axis. 


214 We shall suppose henceforward that the depth h is a function of 6 
only, and that the barriers to the sea, if any, coincide with parallels of 
latitude 


We take first the cases where the disturbed form of the water-surface 
is one of revolution about the polar axis When the terms involving <jb are 
omitted, the equations (1) and (2) of the preceding Art take the forms 

~ COS 0 = (£•-£), + 2j(OU cos 0—0, (1) 


with 


0f__ 3 (hu sin 6) 

dt asmOdO 


Assuming a time-factor e lat , and solving for u, v, we find 

_ %crg d _ 2 cog cos 6 d 

a 2 — ~4co 2 cos 2 0 add ^ ’ V a 2 — 4or cos 2 6 ad 6 




•( 8 ) 


with 


3 (hu sm 6) 
a sin 6d6 


(4) 


The formulae for the component displacements (£, 77, say) can be written 
down from the relations u = or u — 10 & v = iorj It appears that the 

fluid particles describe ellipses having their principal axes along the meridians 
and the parallels of latitude, respectively, the ratio of the axes being 
0-12(0 seed In the forced oscillations of the present type the ratio o/2co is 
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very small , so that the ellipses are very elongated, with the greatest length 
from E. to W , except m the neighbourhood of the equator. 

Eliminating u and v between (3) and (4), and writing, for shortness, 





ora 



(5) 


we find 




h&md 8£ A 


a sm Odd \/ 2 — cos 2 0 30 
In the case of uniform depth, this becomes 

8 /!-//,* 9g'\ 

8/i V/ 2 — H? dfjb) 


+ 4 ' = — 4m£ 


where /i = cos 0, and 


/? = 


4/mt 

~T~ 


+/3 r=-/ 3? 5 

___ 4a> 2 a 2 
~ gh 


.( 6 ) 

(7) 

( 8 ) 


215 First, as regards the free oscillations Putting £= 0, we have 


8 / !-/*» an 

3iju\f 2 - 


+ /3£=0, ... . 


(9) 


and we notice that m the case of no rotation this is included m (1) of Art 198, 
as may be seen by putting /3/ 2 = crW/gh, f= oo The general solution of (9) 
is necessarily of the form 

Z=AF(p) + BfQ*), (10) 

where F(/jl) is an even, and f(/j) an odd, function of jju, and the constants 
A , B are arbitrary In the case of a zonal sea bounded by two parallels of 
latitude, the ratio A B , and the admissible values of' / (and thence of the 
frequency cr/27r) are determined by the conditions that u~ 0 at each of these 
parallels If the boundaries are symmetrically situated on opposite sides 
of the equator, the oscillations fall into two classes, viz. m one of these 
B = 0, and in the other A = 0. By supposing the boundaries to contract to 
points at the poles, we pass to the case of an unlimited ocean, and the 
admissible values of / are now determined by the condition that u must be 
finite for ya= + 1. The argument is, in principle, exactly that of Art 200, 
but the application of the last-mentioned condition is now more difficult, 
owing to the less familiar form m which the solution of the differential 
equation is obtained 


In the case of symmetry with respect to the equator, we assume, 
following the method of Lord Kelvin* and Prof G H Darwin f, 

•^ri/2 = BiP + B^ + ... +B 2j+ (II) 


* Sir W Thomson, “Note on the 4 Oscillations ol the Past Species’ m Laplaco’s Theoxy of 
the Tides,” Phil Mag (4), t. 1 p 279 (1875) 

t “On the Dynamical Theory of the Tides of Long Penod,” Pwc Roy Soc., t. xli p. 337 
(1886), Encyc Bntann , Art “Tides” 
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This leads to 

r = A - i/ 2 iV + i (Bi -/ 2 ^) + • 

where A is arbitrary , and makes 


■ + ^ (#?- * ~f s By- 1) + 


( 12 ) 


— — P f - ) = £i + 3 (B s — Bi) fB+ ... + (2y + 1) (By +1 — I^-i) ^ + 


.(13) 


Substituting m (9), and equating coefficients of the several powers of //, 
we find 

B l — [3 A = 0, 




and thenceforward 

■®2J+1 — ( 1 — 


£/ 2 




ft R — 0 

2y(2y + l)^- 3 '° 


(14) 

(15) 

(16) 


2?(2? + lV 

These equations determine B u B t , ..B y+1 , .. m succession, m terms of 
A, and the solution thus obtained would be appropriate, as already explained, 
to the case of a zonal sea bounded by two parallels in equal N and S latitudes 
In the case of an ocean covering the globe, it would, as we shall prove, give 
infinite velocities at the poles, except for certain definite values of/ 

Let us write B y+1 j B v ^ = Bf 1+1 ; (17) 

we shall shew, m the first place, that as j increases N } must tend either to 
the limit 0 or to the limit 1 The equation (16) may bo written 

ftf , ft l 


2j(2j + l) + 2j(2j + l)ir i - 


Hence, when j is large, either 


jy — ft. 

1 2j(2j + iy 


(18) 


... (19) 


approximately, or N ]+1 is not small, m which case Bf )+i will be nearly equal 
to 1, and the values of fV J+3 , . will tend more and more nearly to 1, 

the approximate formula being 

/3(/ 2 ~l) 


# 4-1 = 1 ‘ 


.( 20 ) 


j+: * 2;(2y + l) 

Hence, with increasing j, N } tends to one or other of the forms (19) and (20). 

In the former case (19), the series (11) will be convergent for fi=± 1, and 
the solution is valid over the whole globe 
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In the other event (20), the product and therefore the 

coefficient B^ +1J tends with increasing j to a finite limit other than zero. 
The series (11) will then, after some finite number of terms, become comparable 
with 1 + fj? + fjb 4 + , or (1 — fjPf 1 , so that we may write 

* jE-in* .. (21) 

/^“/ 2 dfx 1-A* 

where L and M are functions of ^ which remain finite when fi — + 1. Hence 
from (3), 

« - - £ ^ | - a K 1 - ^ ^ ^ < 22 > 

which makes u infinite at the poles 

It follows that the conditions of our problem can be satisfied only if N 3 
tends to the limit zero , and this eonsideiation, as we shall see, restricts us to 
a determinate series of values of f 

The relation (18) may be put m the form 

-^= + , • • (23) 

1 _ 2; (2? + T) ~ ^ +1 

and by successive applications of this we obtain N } in the form of a 
convergent continued fraction 

§_ B _ /3 

N 2y(2? + l) (2? + 2) (2^+3) (2? +4) (2? + 5) 

3 ~ x _ jr_. i §fi . i__ . ’ 

2y(2f+l) + (2? + 2) (2j + 3; (2j + 4) (2j + 5) + 

• - (24) 

on the present supposition that N 3+lc tends with increasing k to the limit 0, 
m the manner indicated by (19) In particular, this formula determines the 
value of jVg Now from (15) we must have 

N 2 = l-§£, .. . (25) 


whence 


■, £/ 3 , 4 5 6 7 

2 -3 1_££. 

1 5 + 6 7 "*■ 


■ = 0, (26) 


which is equivalent to N 1 = cc . This equation determines the admissible 
value of f (= c/2g>) The constants m (11) are then given by 

Bi = /3A, B, = N,BA, B 5 = N.N^A, , ..(27) 

where A is arbitrary. 
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It is easily seen that when /3 is infinitesimal the roots of (26) are given by 

= /3/ 2 = « (n + 1), . .. (28) 

where n is an even integer , cf Art 198 

One arithmetically remarkable point remains to be noticed It might 
appear at first sight that when a value of / has been found from (26) the 
coefficients B s , B 5) B 7 , could be found m succession from (15) and (16), or 
by means of the equivalent formula (18) But this would requite us to start 
with exactly the light value of f and to observe absolute accuracy m the 
subsequent stages of the woik The above argument shews, m fact, that any 
other value, differing by however little, if adopted as a starting point for the 
calculation will inevitably lead at length to values of JV) which approximate 
to the limit 1 * 


216 It is shewn m the Appendix to this Chapter that the tide- 
generating potential, when expanded m simple-harmonic functions of the 
time, consists of terms of three distinct types 


The first type is such that the equilibrium tide-height would be given by 
f = IF (^-- cos 2 <9) . cos (cr£ 4 - e)+ .. . . .(29) 


The corresponding forced waves are called by Laplace the f Oscillations of the 
First Species’, they include the lunar fortnightly and the solar semi-annual 
tides, and generally all the tides of long period. Their characteristic is 
symmetry about the polar axis, and they form accoidmgly the most important 
case of forced oscillations of the present type 


If we substitute from (29) m (7), and assume for 


~^ 2 


r 


expressions of the forms (11) and (12), we have, m place of (14), (15), 

Bi — H3JFB — ft A = 0, (30) 

B s -(l—^)B 1 + i/3JI'=0, (31) 

whilst (16) and its consequences hold foi all the higher coefficients It may 
be noticed that (31) may be included under the general formula (16), provided 
we write i?_ x =— 2 H' It appeals by the same argument as befoie that the 
only admissible solution for an ocean covenng the globe is the one that makes 


* Sir W. Thomson, l c ante p 316 

In strictness, 6 here denotes the geoceritne latitude, but the difference between this and the 
geographical latitude may be neglected consistently with the assumptions introduced in Art 213 
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= 0, and that accordingly must have the value given by the continued 
fi action m (24), where /is now prescribed by the frequency of the disturbing 
forces 

In particular, this formula determines the value of A* Now 
B l = NJB-i = — 2N.H', 
and the equation (30) then gives 

.... (32) 

m other words, this is the only value of A which is consistent with a zero 
limit of N v and therefore with a finite velocity at the poles Any other value 
of A , if adopted as a starting point for the calculation of B ly B Sy B 5) ... m 
succession, by means of (30), (31), and (16), would lead ultimately to values 
of Nj approximating to the limit 1 Moreover, since absolute accuracy m the 
initial choice of A and m the subsequent computations would be essential to 
avoid this, the only practical method of calculating the coefficients is to use 
the formulae 

JtylT— 2^, B^N 2 B U = , 

or BJH' = - 2 B s /H' = - 2A/V;, B 5 /H' = - 2^*2^, 

(33) 

where the values of Nj, N 2 , A* 3 , . are to be computed from the continued 
fraction (24) It is evident a posteriori that the solution thus obtained will 
satisfy all the conditions of the problem, and that the series (12) will converge 
with great rapidity The most convenient plan of conducting the calculation 
is to assume a roughly approximate value, suggested by (19), for one of the 
ratios Nj of sufficiently high order, and thence to compute 

Nj-i> ^ 

m succession by means of the formula (23) The values of the constants 
A, B 1} B 3 , . , m (12), are then given by (32) and (33). For the tidal elevation 
we find 

m = - 2AV/3 - (i -/wo ? - Wi (i ^ - * 

- i NrFt . . (1 -f%) p - (34) 

In the case of the lunar fortnightly tide, / is the ratio of a sidereal day 
to a lunar month, and is therefore equal to about or more precisely 0365. 
This makes / 2 = 00133 It is evident that a fairly accurate representation 
of this tide, and & fortiori of the solar semi-annual tide, and of the remaining 
tides of long period, will be obtained by putting /= 0, this materially 
shortens the calculations 
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The results will involve the value of /3, = 4 mW/gh. For /3 = 40, which 
corresponds to a depth of 7260 feet, we find in this way 

= 1515-1 0000/ + 1 5153/ - 1 2120/ + -6063/ - 2076/° 

+ 0516/ 2 - 0097/ 4 + 0018/ 8 - 0002 /*, . . . (35)* 

whence, at the poles (/i = ± 1), 

r = -f jET'x 154, 

and, at the equator (/ % = 0), 

f = \H' x ‘455 

Again, for /3 = 10, or a depth of 29040 feet, we get 

m= 2359 — 1*0000/ + 5898/ — 1623/ 

+ 0258/- 0026/°+ 0002/ 2 . .(36) 

This makes, at the poles, 

O-fJ W* 470, 

and, at the equator, 

?= \H' x 708 

For fi = 5, or a depth of 58080 feet, we find 
f/AP = 2723 - 1 0000/ + 3404/ 

- 0509/ + -0043/ --0004/" (37) 

This gives, at the poles, 

£ = -!#' x 651, 

and, at the equator, 

?= |AT x 817 

Since the polar and equatorial values of the equilibrium tide are — £ H' 
and §AT, respectively, these results shew that for the depths m question 
the long-period tides arc, on the whole, direct, though the nodal circles will, 
of course, be shifted more or less from the positions assigned by the equi- 
librium theory It appears, moreover, that, for depths comparable with the 
actual depth of the sea, the tide has less than half the equilibrium value. 
It is easily seen from the form of equation (5) that with increasing depth, 
and consequent diminution of /3, the tide height will approximate more and 
more closely to the equilibrium value This tendency is illustrated by the 
above numerical results 


The coefficients in (35) and ((16) differ only slightly from the numerical values obtained by 
Prof Darwin for the case /= 0365. 


L 


21 
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It is to be remarked that the kinetic theory of the long-period tides was 
passed over by Laplace, under the impression that practically, owing to the 
operation of dissipative forces, they would have the values given by the 
equilibrium theory He proved, indeed, that the tendency of frictional forces 
must be m this direction, but it has been pointed out by Darwin* that m 
case of the fortnightly tide, at all events, it is doubtful whether the effect 
would be nearly so great as Laplace supposed We shall return to this point 
later 


217 When the disturbance is no longer restricted to be symmetrical 
about the polar axis, we must recur to the general equations (1) and (2) of 
Art 213 We retain, however, the assumptions as to the law of depth and 
the nature of the boundaries introduced in Art 214 


If we assume that O, u, v, £ all vary as e M<rf+#+<o, where s is integral, the 
equations referred to give 

*sg 


laU ■ 


■ 2 ow cos e = - 1 ^ (X - Z), MV + cos 6 = ~ a 8 lire ^ ~ 

( 1 ) 
( 2 ) 




with W 

Solving for u,v, we find 
u — 


^cr 


4 m (J * - cos’ S) (ai + / f ’ CoU ) ’ 

5r</!--^j( c -7 £ S + * t ' 00 “ 0 ')'. 


where we have written 

as before 


<t n co-a 

— = = m, 

2co J 9 


..(3) 


.(4) 


It appears that in all cases of simple-harmonic oscillation the fluid 
particles describe ellipses having their principal axes along the meridians 
and parallels of latitude, respectively 

Substituting from (3) m (2) we obtain the differential equation in Z' 


sin Odd 


h sin 0 (dZ’ , s w Al 

cot9 )| 

+ 4maf' = - -( 5 ) 


/ 2 — cos 2 6 \f 


l c. ante p. 816 
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218 The case s = 1 includes, as forced oscillations, Laplace’s ‘ Oscillations 
of the Second Species,’ where the disturbing potential is a tesseial harmonic 
of the second order , viz 

X = E" sin 6 cos 6 cos {at + <f> + e), (1) 

where a differs not very greatly from a This includes the lunar and solar 
diurnal tides 

In the case of a disturbing body whose proper motion could he neglected, 
we should have <r = o>, exactly, and therefore /= £ In the case of the moon, 
the orbital motion is so rapid that the actual period of the pnncipal lunar 
diurnal tide is very appreciably longer than a sidereal day*, but the sup- 
position that f= ^ simplifies the formulae so materially that we adopt it in 
the following mvestigationf. We find that it enables us to calculate the 
forced oscillations when the depth follows the law 

^-(1 -2 cos 2 6)h 0 , (2) 

where q is any given constant 


Taking an exponential factor «*(»*+*+«) > and therefore putting s = l,/=^, 
m Art 217 (3), and assuming 



= G sm 6 cos 6, . . 

- (3) 

we find 

0 G 

U = — ler — , V = cr — . COS 6 ... 

m m 

• (4) 

Substituting 

m the equation of continuity (Art. 217 (2)), we get 



w -r G dh 





- -(5) 

which is consistent with the law of depth (2), provided 



n 1 _ TT/f 

1 — 2 qh 0 /ma 

• (6) 

'This gives 

c. __ _ 2 qhjma - 

b 1 — 2qh 0 /ma ^ 

(0 


One remarkable consequence of this formula is that in the case of uniform 
depth ( q = 0) there is no diurnal tide, so far as the rise and fall of the surface 
is concerned Ihis result was first established (m a different manner) by 
Laplace, who attached great importance to it as shewing that his kinetic 
theory was able to account for the relatively small values of the diurnal tide 
which are given by observation, in striking contrast to what would be 
demanded by the equilibrium-theory 

* It is to be remarked, howevei, that there is an important term in the harmomo develop- 
ment of 0 for which <r = oi exactly, provided we neglect the changes in the plane of the disturbing 
body s orbit This period is the same for the sun as for the moon, and the two partial tides thus 
produced combine into what is called the ‘ lum-solar ’ diurnal tide 

t Taken with very slight alteration fiom Airy (“ Tides and Waves,” Arts. 95 ), and Darwin 
( Encyc But., t xxm p 359) 


21—2 
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But, although with a uniform depth there is no rise and fall, there are 
tidal currents It appears from (4) that every particle describes an ellipse 
whose major axis is m the direction of the meridian, and of the same length 
m all latitudes The ratio of the minor to the major axis is cos 6, and so 
varies from 1 at the poles to 0 at the equator, where the motion is wholly 
N and S 

219 In the case s — 2, the forced oscillations of most importance are 
where the disturbing potential is a sectorial harmonic of the second order. 
These constitute Laplace’s ‘ Oscillations of the Third Species,’ for which 

f = jET" sin 2 6 . cos (at + 2<j> -f e), (1) 

where a is nearly equal to 2 co. This includes the most important of all the 
tidal oscillations, viz. the lunar and solar semi-diurnal tides 

If the orbital motion of the disturbing body were infinitely slow we should 
have a = 2a), and therefore /= 1 , for simplicity we follow Laplace in making 
this approximation, although it is a somewhat rough one m the case of the 
principal lunar tide* 

A solution similar to that of the preceding Art can be obtained for the 
special law of depth + 

h = h 0 sin 2 6 (2) 


Adopting an exponential factor e l{2tat+ ^ +e) , and putting therefore /= 1, s = 2, 
we find that if we assume 


£' = C sin 2 0, 

• (3) 

the equations (3) of Art 217 give 


w n ^ n c n sin 0 

u — — C cot 0, V-- 1 r-b r 

m 2m 1 + cos 2 6 

•• • (4> 

whence, substituting m Art 217 (2), 


0 G sin 2 6 

ma 

(5> 

Putting £=£'+?, and substituting from (1) and (3), we find 


0- , , H"' 

1 — 2 h 0 jma 

.. . (6) 

, ,, v 2 ho/ma v 

and therefore ^"X-2 KjmJ' 

- • -(7) 

For such depths as actually occur m the ocean 2 h Q < ma, and the tide is 
therefore inverted It may be noticed that the formulae (4) make the velocity 
infinite at the poles, as was to be expected, since the depth there is zero 


* There is, however, a ‘ luni-solar ’ semi-diurnal tide whose speed is exactly 2a> if we neglect, 
the changes m the planes of the orbits Cf p 323, first footnote 
f Cf Airy and Darwm, 11 cc 
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218-220] 

220 For any other law of depth a solution can only he obtained m the 
form of a series In the case of uniform depth we find, putting s = 2, /= 1, 
4 ma/h = /3 m Art 217 (5), 

a - ^ % + & o - - v - 6} r = - /3 (i - m 2 ) 2 i (8) 

where /a is written for cos 6 In this form the equation is somewhat intract- 
able, since it contains terms of four different dimensions m [jl It simplifies 
a little, however, if we transform to 

V, = = sm 6, 

as independent variable , viz we find 

i/ s (1 _ ^) _ (S _ 2r> - /V) r = - /V£= - /3F/'V, . (9) 

which is of three different dimensions m v 

To obtain a solution for the case of an ocean covering the globe, we assume 

? = B 0 + + JV + • + Btffi + (10) 

Substituting m (9), and equating coefiicients, we find 

B 0 — 0, ^ 2 = 0, 0 jS 4 = 0, (11) 

165 6 — 10i? 4 + (3H'" = 0, (12) 

and thenceforward 

2 '] (2? + 6) 2? (2? + 3) Bty+2 + PB V = 0 . . (13) 

These equations give i? 6 , jB 8 , B v , .. m succession, m terms of j? 4 , which is 
so far undetermined It is obvious, however, from the nature of the problem, 
that, except for certain special values of h (and therefore of /3), which are 
such that there is a free oscillation of corresponding type is = 2) having the 
speed 2&>, the solution must be unique. We shall see, m fact, that unless B 4 
have a certain definite value the solution above indicated will make the 
meridian component ( u ) of the velocity discontinuous at the equator* 

The argument is m some respects similar to that of Art 216 If we 
denote by AT, the ratio B 2 j+ 2 /B v of consecutive coefficients, we have, from (13), 

j\T — ^ ^ (U\ 

J+l ~2 ] + 6 2j(2j+6) Ay ^ V 

from which it appears that, with increasing j, must tend to one or other 
of the limits 0 and 1 More precisely, unless the limit of AT, be zero, the 
limiting form of JV^ +1 will be 

(2 J + 3)/(2 !? + 6), or 1-|, 

* In the case of a polar sea bounded by a small circle of latitude whose angular radius is 
<^7r, the value of B 4 is determined by the condition that u= 0, or dfl dv = 0, at the boundary 
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approximately The latter is identical with the limiting form of the ratio 
of the coefficients of and v%~ 2 m the expansion of (1 — v 2 )* We infer that, 
unless jB 4 have such a value as to make N M = 0, the terms of the series (10) 
will become ultimately comparable with those of (1 — v 2 )\ so that we may 
write 

£' = £ + (1 -v 2 fM, . (15) 

where L , M are functions of v which do not vanish for p=l Near the 
equator (y — 1) this makes 

(ic) 

Hence, by Art 217 (3), u would change from a certain finite value to an 
equal but opposite value as we cross the equator 


It is therefore essential, for our present purpose, to choose the value of B 4 
so that = 0 This is effected by the same method as m Art. 216 Writing 
(13) m the form 


£ 


1 ST %(^ + 6) 
3 %±8_jy 

2? + 6 iV ’ 


J+l 


(17) 


we see that iV, must be given by the converging continued fraction 

/3 j8__ . I 

] y (% + 6) (2; + 2) (2; + 8) (2? + 4) (2? + 10) 

3 2j + 3 2j + 5 2j + 7 ■ ■ 

2j + 6 2^ + 8 2j + 10 ° EC 

This holds fromy = 2 upwards, but it appears from (12) that it will give also 
the value of N x (not hitherto defined), provided we use this symbol for BJH'" 
We have then 


= NJI"', B« = iVA, Bq = JA, • • • 

Finally, writing £ = f+ we obtain 

£/#'" = V 2 + iV> + + W/ + (19) 

As in Art. 216, the practical method of conducting the calculation is to 
assume an approximate value for N J+1 , where j is a moderately large number, 
and then to deduce jV), ... iV 2 , JVi m succession by means of the 
formula (17) 
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The above investigation is taken substantially from the very remarkable paper written 
by Lord Kelvin* m vindication of Laplace’s treatment of the problem, as given m the 
Mecanique C&este In the passage more especially m question, Laplace determines the 
constant Z? 4 by means of the continued fraction for without, it must be allowed, 
giving any adequate justification of the st3p , and the soundness of this procedure 
had been disputed by Airyt, and after him by Ferrel} 

Laplace, unfortunately, was not m the habit of giving specific leferences, so that few of 
his readeis appear to have become acquainted with the original presentment § of the 
kinetic theory, where the solution for the case in question is put m a very convincing, 
though somewhat different, form Aiming m the first instance at an approximate 
solution by means of a finite scries, thus 

+ +^ 2*42 v 2k + i \ ( 20 ) 

Laplace remarks || that in order to satisfy the differential equation, the coefficients would 
have to fulfil the conditions 

l6B Q -l0Bi+(3H ,ff = 0, 

40/ig — 28 Bq + fiB^ ==■ 0, 

l .. .. (21) 

(2 k — 2) (2 k 4- 4) B 2k + 2 — (2& — 2) (2k + 1) £2 » + 2 = 0, 
-MtU+SiBto+t+pJB* =0, 

/3^2fc + 2 — 0, J 

as is seen at once by putting B&+ 4 =0, B 2k+G = 0, in the general relation (13) 

We have here k + 1 equations between k constants The method followed is to 
determine the constants by moans of the first k relations , we thus obtain an exact 
solution, not of the proposed differential equation (9), but of the equation as modified by 
the addition of a term (3B 2k+2 v 21c+6 t0 the right-hand side This is equivalent to an 
alteration of the disturbing force, and if we can obtain a solution such that the required 
alteration is very small, we may accept it as an approximate solution of the problem 
m its original form IF 

Now, taking the first k relations of the system (21) m reverse order, we obtain B 2k+ 2 
m terms of i? 2fc , thence B 2]c m terms of B 2k - U and so on, until, finally, B± is expressed m 
terms of H '" , and it is obvious that if k be large enough the value of B 2k + 2 , and the 
consequent adjustment of the disturbing force which is required to make the solution 
exact, will be very small This will be illustrated presently, after Laplace, by a numerical 
example 

The piocess just given is plainly equivalent to the use of the continued fraction (17) 
m the manner already explained, starting with g + and N k =$j2k(2k-\-%) The 
continued fraction, as such, docs not, however, make its appearance m the memoir here 
referred to, but was introduced in the Mkamque Gdeste , probably as an after-thought, as a 
condensed expression of the method of computation originally employed 

* Sir W. Thomson, “ On an Alleged Error m Laplace's Theory 0 f the Tides,” Phil Mag, 
(4), t 1 p 227 (1875) 

f “ Tides and Waves,” Art. Ill 

4 “ Tidal Researches,” U S Coast Survey Rep , 1874, p 154. 

§ “Recherches sui quelques points du systems du monde,” M6m de VAcad roy des Sciences , 
1776 [1779] [ Oeuvres Completes, t ix. pp 187 ] 

|) Oeuvres , t ix p 218 The notation has been altered 

IT It is remarkable that this argument is of a kind constantly employed by Airy himself m 
his researches on waves 
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The following table gives the numerical values of the coefficients of the 
several powers of v m the formula (19) for f/iT" in the cases £ = 40, 20, 10, 
5, 1, which correspond to depths of 7260, 14520, 29040, 58080, 290400, feet, 
respectively* The last line gives the value of QW" for v-l,ie the ratio 
of the amplitude at the equator to its equilibrium-value. At the poles 
(v = 0), the tide has m all cases the equilibrium-value zero 



/3 = 40 

(3=2,0 

(3= 10 

£=5 

/3 = 1 

P 2 

+ xoooo 

+ 1 0000 

+ 1 0000 

+ 1 0000 

+ 1 0000 

X/ 4 

+ 20 1862 

-0 2491 

+ 6 1915 

+0 7504 

+ 0 1062 

P b 

+ 10 1164 

- 1 4056 

+ 3 2447 

4-0 1566 

+ 0 0039 

p 8 

- 13 1047 

-0 8594 

+ 0 7234 

4-0 0157 

+0 0001 

v io 

- 15 4488 

- 0 2541 

+ 0 0919 

+ 0 0009 


1,12 

- 7 4581 

-0 0462 

+ 0 0076 



v u 

- 2 1975 

- 0 0058 

+ 0 0004 



v lb 

- 0 4501 

- 0 0006 




v 18 

- 0 0687 





„20 

- 0 0082 





V 22 

- 0 0008 





„24 

- 0 0001 






- 7 434 

-1 821 

4-11 259 

+ 1 924 

+ 1 110 


We may use the above results to estimate the closeness of the approximation m each 
case For example, when ,3=40, Laplace finds H 20 = - 000004H'" , the addition to the 
disturbing force which is necessary to make the solution exact would then be - 00002 ZT'V 30 
and would therefore bear to the actual force the ratio - 00002 1 / 28 

It appears from (19) that near the poles, where v is small, the tides are 
in all cases direct For sufficiently great depths, £ will be very small, and 
the formulae (17) and (19) then shew that the tide has everywheie sensibly 
the equilibrium-value, all the coefficients being small except the first, which 
is unity As h is diminished, £ increases, and the formula (17) shews that 
each of the ratios N, will continually increase, except when it changes sign 
from + to - by passing through the value oo No singularity in the 
solution attends this passage of JSf } through oo, except m the case of iV,, 
since, as is easily seen, the product 1 Vj^F, remains finite, and the coefficients 
in (19) are therefore all finite But w hen = oo , the expression for £" 
becomes infinite, shewing that the depth has then one of the critical values 
already referred to 

The table above given indicates that for depths of 29040 feet, and 
upwards, the tides are everywhere direct, but that there is some critical 
depth between 29040 feet and 14520 feet, for which the tide at the equator 

* The first three eases were calculated by Laplace, l c ante p 312, the last by Loid Kelvin 
The numbers relating to the third case have been slightly corrected, in accordance with the com- 
putations of Hough ; see p 829 
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changes from direct to inverted. The largeness of the second coefficient m 
the case /3 = 40 indicates that the depth could not be reduced much below 
7260 feet before reaching a second critical value 

Whenever the equatorial tide is inverted, there must be one or more pairs 
of nodal circles (f=0), symmetrically situated on opposite sides of the 
equator In the case of /3 = 40, the position of the nodal circles is given by 
95, or 0 = 90° + 18°, approximately* 


221 The dynamical theory of the tides, m the case of an ocean covering 
the globe, with depth uniform along each parallel of latitude, has m recent 
times been greatly improved and developed by Hough f, who, taking up an 
abandoned attempt of Laplace, has substituted expansions m spherical 
harmonics for the series of powers of p (or v) This has the advantage 
of more rapid convergence, especially, as might be expected, in cases where 
the influence of the rotation is relatively small , and it also enables us to take 
account of the mutual attraction of the particles of water, which, as we have 
seen in the simpler problem of Art. 199, is by no means insignificant. 

If the surface-elevation and the conventional equilibrium tide-height f 
(m which the effect of mutual attraction is not included), be expanded in 
series of spherical harmonics, thus 

f-Sk, ?=£?*, (1) 

the complete expression for the disturbing potential will be 

n = -0S(?« + 2^£?»), 

cf Art 199 The factor — g is to be substituted foi £" in the equations of 
Aits 213 , this will be allowed for if we write 

(T- 2 («»£.-?*). ( 2 ) 


where 


a n ~ 1 


.(3) 


2 n + 1 pa ’ 

in modification of the notation of Art 214 (5) or Art. 217 (4) 

In the oscillations of the ‘ First Species/ the differential equation may be 
written 

a ( i-^an 


3/i \f- ~ ^ 3/i. 


+ /3£=0. 




If we assume 

K = SC^P n (/i), f (ft), 

we have = S (a n G n — y n ) P n (/i). 



* For a fuller discussion of these points reference may be made to the original investigation 
of Laplace, and to Lord Kelvin’s papers 

[ “ On the Application of Harmonic Analysis to the Dynamical Theory of the Tides,” Phil. 
Trans , A t clxxxix p 201, and t cxci p 1B9 (1897) 
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Substituting in (4), and integrating between the limits — 1 and fi , we find 

2 («*cr„ - 7 „) (1 ~^)^ + 2/3 a, {(/ 2 - 1) + (1 - /i 2 )} J _P„ ^ = 0 .(7) 

Now, by known formulae of zonal harmonics*, 


f_ P* ^ = - rr^rrx ( i - m 2 ) ^ . 


n (w + 1) 

and J V (Pn+i - P»-i) 




( 8 ) 


1 1 1 

/ dP n+2 

_dPn\ 

i i 

(dPn 

dP n~2\ 1 

2 u + 1 "[2 7i + 3 

\ d/u, 

dp J 

2m -l 1 

V dfi 

dpt Jj 

1 

dP 


2 

dPn 


(2m +1) (2m + 3) d/t 

(2 n - 

- 1) (2m + 

3) d/jb 



+ 


1 (lP n _ 2 

(2n — l)(2?z -(- 1) S/4 


(9) 


Substituting in (7), and equating to zero the coefficient of (1 - /x 2 ) , 

CL fJL> 

we find 


where 


— 


@n+ 2 LnCn d” , 

/ J -i 


(2m + 8) (2m + 5) “ n+ “ “ n ~ n ' (2 n - 3) (2 m - 1) 


CU = ^,- ..(10) 


+ 


( 11 ) 


m(m + 1) (2m — 1) (2m +3) ft 

The relation (10) will hold from n = 1 onwards, provided we put 

CU = 0, <7 0 = 0. 

The farther theory is based substantially on the argument of Laplace, 
given in Art. 220, and the work follows much the same lines as in 
Arts 215, 216, 220. 

In the free oscillations we have y n = 0, and the admissible values of / 
are determined by the transcendental equation 


r 5 . 7 2 9 9 IP. 13 A 
2 ~T7=- A-&C ~ 


or 


r 3.5 2 7 7 9 2 11 A 
1 L s - ~L . - &c " 0> 


.. ( 12 ) 

.. .(13) 


See Todhunter, Functions of Laplace, dc , c v. , Whittakei, Modern Analysis, Art 117. 



381 


221 ] Oscillations of the First Species 

according as the mode is symmetrical or asymmetrical with respect to the 
equator Alternative forms of the period equations aie given by Hough, 
suitable for computation of the higher roots, and it is shewn that close 
approximations are given by the equations L n = 0 or 

— = 1 + n 0+ 1) j(l - 1 f) iSo 2 ~ (2n — 1) (2n + 3)} ’ ^ 

except for the first two or three values of n 

The following table gives the periods (m sidereal time) of the slowest 
symmetrical oscillation ( le the one m which the surface-elevation would 
vary as P 2 (f) if there were no rotation), corresponding to various depths* 


|S 

Depth 

(feet) 

<T 2 

4o> 2 

Period 

h m 

Period 
when <o = 0 
h m. 

40 

7260 

44155 

18 3 5 

32 49 

20 

14520 

62473 

15 11 0 

23 12 

10 

29040 

92506 

12 28 6 

16 25 

5 

58080 

1 4785 

9 52 1 

11 35 


The results obtained for the forced oscillations of the f First Species’ are 
very similar to those of Art 216 The limiting form of the long-period tides 
when cr = 0 shews the following results 


i 

p 

p/Po= 181 

pIpq= o 

Pole 

Equator 

^Pole 

Equatoi 

40 

140 

426 

154 

455 

20 

266 

551 



10 

443 

681 

470 

708 

5 

628 

796 

651 

817 


The second and third columns give the ratio of the polar and equatorial 
tides to the respective equilibrium- values f The numbers in the fourth and 
fifth columns are repeated from Art 216 The comparison shews the effect 
of the mutual gravitation of the water m reducing the amplitude. 


* The slowest asymmetrical mode has a much longei period It involves a displacement of 
the centre of mass of the water, so that a correction would be necessary if the nucleus were free, 
cf Art 198 

The numbers are deduced from Hough’s results. The paper referred to includes a discus- 
sion of many other interesting points, including an examination of cases of varying depth, with 
numerical illustrations 
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222 In the more general case, where symmetry about the axis is not 
imposed, the surface-elevation f is expanded by Hough m a series of tesseral 
harmonics of the type 

P>i O) .... (1) 

In relation to tidal theory the most important cases are where the disturbing 
potential is of the form (1), with 2 and s — 1 or s— 2 

The calculations are necessarily somewhat intricate, and it must suffice 
here to mention a few of the more interesting results, which will indicate 
how the gaps m the previous investigations have been filled. 

To understand the nature of th ef? % ee oscillations, it is best to begin with 
the case of no rotation (co = 0) As co is increased, the pairs of numerically equal, 
but oppositely-signed, values of a which were obtained m Art 198 begin to 
diverge m absolute value, that being the greater which has the same sign 
with co The character of the fundamental modes is also gradually altered 
These oscillations are distinguished as f of the First Class' 

At the same time certain steady motions which are possible, without 
change of level, when there is no rotation, are converted into long-period 
oscillations with change of level, the speeds being initially comparable with 
« The corresponding modes are designated as c of the Second Class'*; 
cf. Art. 205 

The following table gives the speeds of those modes of the First Class 
which are of most importance in i elation to the diurnal and semi-diurnal 
tides, respectively, and the corresponding periods, m sidereal time. The last 
column repeats the corresponding periods in the case of no rotation, as 
calculated from the formula (15) of Art. 199 



Second Species 


Third Species 





l* = 

= 1] 


[•= 

= 2] 




Depth 

(feet) 

<r 

to 

Penod 

b 1 3 

Period 

Period 
when to = 0 



h 

m 


h 

m 

h 

m 

7260 

1 6337 

14 

41 

1 3347 

17 

59 

1 

• 32 

49 

-0 9834 

24 

24 

-0 6221 

38 

34 

j 

14520 

1 8677 

12 

51 

1 6133 

14 

52 

1 

- 23 

12 

-1 2450 

19 

16 

- 0 8922 

26 

54 

j 

29040 

2 1641 

11 

5 

1 9968 

12 

1 


16 


-1 6170 

14 

50 

- 1 2855 

18 

40 


25 

58080 

2 6288 

9 

8 

2 5535 

9 

24 

1 


35 

-2 1611 

11 

6 

- 1 8575 

12 

55 

j 


* These two classes of oscillations have been already encountered in the plane problem of 
Art 211 
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The quickest oscillation of the Second Class has m each case a period of 
over a day , and the periods of the remainder are very much longer 

As regards the forced, oscillations of the ‘ Second Species,’ Laplace’s 
conclusion that when c= co, exactly, the diurnal tide vanishes m the case of 
uniform depth, still holds The computation for the most important lunar 
diurnal tide, for which <x/co = 92700, shews that with such depths as we have 
considered the tides are small compared with the equilibrium heights, and 
are m the main inverted 

Of the forced oscillations of the ‘ Third Species,’ we may note first the 
case of the solar semi-diurnal tide, for which o-= 2eo with sufficient accuracy. 
For the four depths given m our tables, the ratio of the dynamical tide-height 
to the conventional equilibrium tide-height at the equator is found to be 

+ 7 9548, — 1 5016, - 234 87, +21389, 

respectively 

“ The very large coefficients which appear when hgj4<cD 2 a? = ^ indicate 
that for this depth there is a period of free oscillation of semi-diurnal type 
whose period differs but slightly from half-a-day. On reference to the 
tables it will be seen that we have, in fact, evaluated this period as 
12 hours 1 minute, while for the case hg / 4co 2 a 2 = ^ we have found a period 
of 12 hours 5 minutes* We see then that though, when the period of 
forced oscillation differs from that of one of the types of free oscillation by as 
little as one minute, the forced tide may be nearly 250 times as great as the 
corresponding equilibrium tide, a difference of 5 minutes between these 
periods will be sufficient to reduce the tide to less than ten times the 
corresponding equilibrium tide It seems then that the tides will not tend 
to become excessively large unless there is very close agreement with the 
period of one of the free oscillations 

“The critical depths for which the forced tides here treated of become 
infinite are those for which a period of free oscillation coincides exactly with 
12 hours They may be ascertained by putting [ o- = 2co ] m the period- 
equation for the free oscillations and treating this equation as an equation 
for the determination of h The two largest roots are , and the corre- 
sponding critical depths are about 29,182 feet and 7375 feet .. 

“ It will be seen that m three cases out of the four here considered the 
effect of the mutual gravitation of the waters is to increase the ratio of the 
tide to the equilibrium tide [cf Art 220] In two of the cases the sign is 
also reversed This of course results from the fact that when [p/p 1 — 0 18093] 
one of the periods of free oscillation is rather greater than 12 hours, when 
[p/p 1 = 0] the corresponding period will be less than 12 hoursf.” 

* [Belonging to a mode which comes next m sequence to the one having a period of I7h. 59 m ] 

f Hough, Phil Trans , A. t cxci, pp 178, 179. 
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Hough has also computed the lunar semi-diurnal tides for which 

+ = 0 96350 

2 co 

For the four depths aforesaid the ratios of the equatorial tide-heights to their 
equilibrium values aie found to be 

-2-4187, — 1 8000, +11 0725, +19225, 

respectively 

“On comparison of these numbers with those obtained for the solar 
tides . , we see that for a depth of 7260 feet the solar tides will be direct 
while the lunar tides will be inverted, the opposite being the case when the 
depth is 29,040 feet This is of course due to the fact that m each of these 
cases there is a period of free oscillation intermediate between twelve solar 
(or, more strictly, sidereal) hours and twelve lunar hours The critical depths 
for which the lunar tides become infinite are found to be 26,044 feet and 
6448 feet 

“ Consequently this phenomenon will occur if the depth of the ocean be 
between 29,182 feet and 26,044 feet, or between 7375 feet and 6448 feet 
An important consequence would be that for depths lying between these 
limits the usual phenomena of spring and neap tides would be reversed, the 
higher tides occurring when the moon is in quadrature, and the lower at new 
and full moon* ” 


223 It is not easy to estimate, m any but the most general way, the 
extent to which the foregoing conclusions of the dynamical theory would 
have to be modified if account could be taken of the actual configuration of 
the ocean, with its irregular boundaries and irregular variation of depth f 
One or two points may however be noticed 

In the first place, the formulae (17) of Art. 205 would lead us to expect 
for any given tide a phase-difference, variable from place to place, between 
the tide-height and the disturbing force Thus, m the case of the lunar 
semi-diurnal tides, for example, high-water or low-water need not synchronize 
with the transit of the moon or f anti-moon across the meridian More 
precisely, m the case of a disturbing force of given type for which the 
equilibrium tide-height at a particular place would be 

f = a cos art, . . (1) 

the dynamical tide-height will be 

£ = A cos (at — e), (2) 

where the ratio A/ a, and the phase-difference e, will be functions of the 
speed a. 

* Hough, Ic , where reference is made to Lord Kelvin’s Popular Lectuies and Addresses , 
London, 1894, t 11 p 22 (1868) 

t As to the general mathematical problem reference may be made to Poincard, “ Sur lAqui- 
libre et les mouvements des mers,” Liowbille (5), t n pp 57, 217 (1896) 

X This term is explained m the Appendix to this Chapter (p 340) 
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Again, consider the superposition of two oscillations of the same type but 
of slightly different speeds, e g the lunar and solar semi-diurnal tides. If the 


origin of t be taken at a syzygy, we have 

f = a cos at 4- o! cos at, (3) 

and £ = A cos (at — e) 4 A' cos (at — e) (4) 

This may be written 

f = (A + A' cos <£) cos (at - e) 4 A' sin c/> sm (at - e), . . .(5) 

where <j> = (a — a) t — e 4- e' . (6) 


If the first term m the second member of (4) represents the lunar, and the 
second the solar tide, we shall have a < a' } and A > A' If we write 


we get 
where 


A 4 A' cos <j> = Ceos a, i'sin^Osma, ... (7) 

f = C cos (<r£ — e — a), . . (8) 

<7 = (J. 2 + 2AA' cos <f> 4- A'*)*, a==tan_1 ZTF^- - (9) 


This may be described as a simple-harmonic vibration of slowly varying 
amplitude and phase The amplitude ranges between the limits A ± A', 
whilst a may be supposed to lie always between + \n r The f speed ; must 
also be regarded as variable, viz. we find 


da _ aA 2 4 (a 4 a) A A' cos c/> 4 a' A' 2 
dt A 2 4 2AA' cos <j> 4 A' 2 


.. . ( 10 ) 


This ranges between* 


Aa 4 A! a 
" A 4 i r 


and 


Act -IV 
A - A' 


,(ii) 


The above is the well-known explanation of the phenomena of the spring- 
and neap-tides]* , but we ate now concerned further with the question of 
phase On the equilibrium theory, the maxima of the amplitude G would 
occur whenever 

(a — a) t — 2 nir, 

where n is integral. On the dynamical theory the corresponding times of 
maximum are given by 

(a' — a) t — (e' — e) = 2mr, 

i.e. the dynamical maxima follow the statical by an interval^ 

O' - e)/(</ - a). 

If the difference between a and a were infinitesimal, this would be equal to 
dej da 

* Helmholtz, Lehre von den Tonempfindungen (2° Aufl ), Braunschweig, 1870, p. 622. 
t Cf. Thomson and Tait, Natural Philosophy , Art 60. 

X This interval may of course be negative 
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The fact that the time of high-water, even at syzygy, may follow or 
precede the transit of the moon or anti-moon by an interval of several hours 
is well known * The interval, when reckoned as a retardation, is, moreover, 
usually greater for the solar than for the lunar semi-diurnal tide, with the 
result that the spring-tides are in many places highest a day or two after 
the corresponding syzygy The lattei circumstance has been usually ascribed 
to the operation of Tidal Friction (for which see Chap xi), but it is evident 
that the phase-differences which are incidental to a complete dynamical 
theory, even m the absence of friction, cannot be ignored m this connection. 
There is reason to believe that they are, indeed, far more important than 
those due to friction. 

Lastly, it was shewn in Arts 205, 216, that the long-period tides may 
deviate very consideiably from the values given by the equilibrium theory, 
owing to the possibility of certain steady motions m the absence of disturbance 
It has been pointed out by Lord Rayleigh f that these steady motions may 
be impossible in certain cases where the ocean is limited by perpendicular 
barriers Referring to Ait. 213 (6), it appears that if the depth h be 
constant, f must (in the steady motion) be a function of the co-latitude B 
only, and therefore by (4) of the same Art, the eastward velocity must 
be a function of the latitude This is inconsistent with the existence of 
a perpendicular barrier extending along a meridian The objection would 
not apply to the case of a sea shelving giadually from the central parts 
to the edge 


224 We may complete the investigation of Art 199 by a brief notice 
of the question of the stability of the ocean, in the case of rotation. 

It has been shewn m Art. 204 that the condition of secular stability is 
that V- T 0 should be a minimum in the equilibrium configuration If we 
neglect the mutual attraction of the elevated watei, the application to the 
present problem is very simple The excess of the quantity V— 1\ over its 
undisturbed value is evidently 

//{/ o ^ dz \ dS ’ (!) 

where T denotes the potential of the earth’s attraction, BS is an element of 
the oceanic surface, and the rest of the notation is as before Since T - 
is constant over the undisturbed level (z= 0), its value at a small altitude z 
may be taken to be gz + const , where, as in Art 212, 

(2 ) 

* The values of the retardations (which we have denoted by e) for the various tidal com- 
ponents, at a number of ports, are given by Baird and Darwin, “Results of the Harmonic 
Analysis of Tidal Observations,” Pioc R S, t xxxix p 135 (1885), and Darwin, “Second 
Series of Results ,” Proc R S , t xlv p 556 (1889) 

f “Note on the Theory of the Fortnightly Tide,” Phil Map (6), t v. p 136 (1903) 
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Since JJ£dS = 0, on account of the constancy of volume, we find from (1) that 
the increment of V — T 0 is 

iM 2 dS (3) 

This is essentially positive, and the equilibrium is therefore secularly stable*. 

It is to be noticed that this proof does not involve any restriction as to 
the depth of the fluid, or as to smallness of the ellipticity, or even as to 
symmetry of the undisturbed surface with respect to the axis of rotation 

If we wish to take into account the mutual attraction of the water, the 
problem can only be solved without difficulty when the undisturbed surface 
is nearly spherical, and we neglect the variation of g The question (as to 
secular stability) is then exactly the same as m the case of no rotation 
The calculation for this case will find an appropriate place m the next 
chapter The result, as we might anticipate from Art 199, is that the 
necessary and sufficient condition of stability of the ocean is that its density 
should be less than the mean density of the earth*. 

225 This is perhaps the most suitable occasion for a few additional 
remarks on the general question of stability of dynamical systems We 
have m the mam followed the ordinary usage which pronounces a state of 
equilibiium, or of steady motion, to be stable or unstable according to the 
character of the solution of the approximate equations of disturbed motion 
If the solution consist of series of terms of the type Ce ±u , where all the 
values of X are puie imaginary (le of the form ur), the undisturbed state is 
usually reckoned as stable, whilst if any of the Vs are real, it is accounted 
unstable In the case of disturbed equilibrium, this leads algebraically to 
the usual criterion of a minimum value of V as a necessary and sufficient 
condition of stability 

It has m recent times been questioned whether this conclusion is, from 
a practical point of view, altogether warranted It is pointed out that since 
Lagrange's equations become less and less accurate as the deviation from the 
equilibrium configuration increases, it is a matter for examination how far 
rigorous conclusions as to the ultimate extent of the deviation can be drawn 
from themf 

The argument of Dmchlet, which establishes that the occurrence of 
a minimum value of V is a sufficient condition of stability, m any practical 
sense, has already been referred to No such simple proof is available to 
shew without qualification that this condition is necessary . If, however, we 
recognize the existence of dissipative forces, which are called into play by 
any motion whatever of the system, the conclusion can be drawn as m 
Art 204 

* Cf Laplace, Mteanique CSleste , Livie 4 mo , Arts 13, 14 
t See papers by Liapounoff and Hadamard, Liouville (5), t. in (1897) 

L 22 
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A little consideration will shew that a good deal of the obscurity which 
attaches to the question arises from the want of a sufficiently precise 
mathematical definition of what is meant by 'stability.' The difficulty 
is encountered in an aggravated form when we pass to the question of 
stability of motion The various definitions which have been propounded 
by different writers are examined critically by Klein and Sommerfeld in 
their book on the theory of the top* Rejecting previous definitions, they 
base their criterion on the character of the changes produced in the path of 
the system by small arbitrary disturbing impulses If the undisturbed path 
be the limiting form of the disturbed path when the impulses are indefinitely 
diminished, it is said to be stable, but not otherwise For instance, the 
vertical fall of a particle under gravity is reckoned as stable, although for 
a given impulsive disturbance, however small, the deviation of the particle’s 
position at any time t from the position which it occupied m the original 
motion increases indefinitely with t Even this criterion, as the writers 
referred to themselves recognize, is not free from ambiguity unless the phrase 
'limiting form/ as applied to a path, be strictly defined It appears moreover 
that a definition which is analytically precise may not m all cases be easy to 
reconcile with geometrical prepossessions")" 

The foregoing considerations have reference, of course, to the question of 
'ordinary 5 stability The more important theory of 'secular 5 stability (Art 204) 
is not affected We shall meet with the criterion for this, under a somewhat 
modified form, at a later stage m our subject j 

* Ueber die Theone des Kieisels , Leipzig, 1897 , p 342. 

+ Some good illustrations are furnished by Particle Dynamics Thus a particle moving m a 
circle about a centre of force varying inversely as the cube of the distance will if slightly disturbed 
either fall into the centre, oi recede to infinity, after describing m either case a spiral with an 
infinite number of convolutions Each of those spirals has, analytically, the circle as its 
< limiting form,’ although the motion m the latter is most naturally described as unstable 
Of. Korteweg, Wiener Ber , May 20, 1886 

A narrowei definition has been given by Love, and applied by Bromwich to several dynamical 
and hydrodynamical problems , see JProc Bond Math Soc , t xxxm p. 32, *> (1901) 

$ This summary is taken substantially from the Art “Dynamics, Analytical,” m flncyc. 
But , t xxvn (1902) 
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TO CHAPTER VIII 


ON TIDE-GENERATING FORCES. 

a. If, in the annexed figure, 0 and G be the centies of the earth and of the disturbing 
body (say the moon), the potential of the moon’s attraction at a point P near the earth’s 
surface will be — yM/GP , where M denotes the moon’s mass, and y the giavitation- 



constant If we put OC—D , OP= ?, and denote the moon’s (geocentric) zenith-distance 
at P, viz the angle POG , by $, this potential is equal to 

_y]lf _ 

(. D 2 — 2 rL cos 3 4* r 2 )^ 

We require, however, not the absolute accelerative effect at JP, but tho acceleration 
relative to the earth Now tho moon produces m the whole mass of tho earth an 
acceleration yJ///) 2 * paiallel to OC , and the potential of a uniform field of force of this 
intensity is evidently 

yM q 
— 7v> ? cos 3 
IP 


Subtracting this from the former result we get, for the potential of the relative attraction 
at P , 


yM 

(Z) 2 ~2ri)cos&-B 2 )* 


yM 

IP 


r cos 3. 


(i) 


This function SI is identical with the c disturbing-function ’ of planetary theory 


Expanding m powers of ?//), which is m our case a small quantity, and retaining only 
tho most important term, we find 

(2) 


Considered as a function of the position of P , this is a zonal harmonic of the second 
degree, with GO as axis 


* The etfect of this is to produce a monthly inequality m the motion of the earth’s centre 
about the sun The amplitude of the inequality in radius vector is about 3000 miles , that of 
the inequality m longitude is about 7"; see Laplace, Mecamqne CSleste , Livre 6 me , Art 80, and 
Livre 13 me , Art 10 
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The reader will easily verify that, to the order of approximation adopted, £2 is equal to 
the joint potential of two masses, each equal to placed, one at (7, and the other at a 
point O' m GO produced such that OC'~OC*. 

"b. In the ‘equilibrium-theory 5 of the tides it is assumed that the free surface takes 
at each instant the equilibrium-form which might be maintained if the disturbing body 
were to retain unchanged its actual position relative to the rotating earth In other 
words, the free surface is assumed to be a level-surface under the combined action of 
gravity, of centrifugal force, and of the disturbing force The equation to this level- 
surface is 

^ \ 6) 2 cr 2 + £2 = const , (3) 

where oo is the angular velocity of the rotation, sr denotes the distance of any point from 
the earth’s axis, and ^ is the potential of the earth’s attraction If we use square 
brackets [ ] to distinguish the values of the enclosed quantities at the undisturbed level, 
and denote by £ the elevation of the water above this level due to the disturbing 
potential £2, the above equation is equivalent to 


- \oo 2 tzr 2 ] + E7 2 ) J £ + £2 = const , 


( 4 ) 


approximately, where d/dz is used to indicate a space-differentiation along the normal 
outwards The first term is of course constant, and we therefore have 


l-l+c, 


where, as m Art 212, 




(5) 

(«> 


Evidently, g denotes the value of 4 apparent gravity’ , it will of course vary more or less 
with the position of P on the earth’s surface 

It is usual, however, in the theory of the tides, to ignoro the slight variations in the 
value of g , and the effect of the ellipticity of the undisturbed level on the surface- value 
of £2 Putting, then, r=a, g—yE/a 2 , where E denotes the earth’s mass, and a the mean 
radius of the surface, we have, from (2) and (5), 

f=iT(cos 2 S~£)+tf, . . (7) 


where 


iP 


■* f ©• 


a, 


(8) 


as m Art 179 Hence the equilibrium-form of the free surface is a harmonic spheroid of 
the second order, of the zonal type, having its axis passing through the disturbing body 

C. Owing to the diurnal rotation, and also to the orbital motion of the disturbing 
body, the position of the tidal spheroid relative to the earth is continually changing, 
so that the level of the water at any particular place will continually rise and fall. 
To analyse the character of these changes, let 0 be the co-latitude, and cj> the longitude, 
measured eastward from some fixed meridian, of any place P, and let A be the north-polar- 
distance, and a the hour-angle west of the same meridian, of the disturbing body. 
We have, then, 

cos 3- = cos A cos 6 + sin A sin $ cos (a + <j6), . (9) 


* Thomson and Tait, Art 804 
‘ anti-moon,’ respectively 


These two fictitious bodies are designated as ‘ moon ’ and 
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and thence, by (7), 

(—%H (cos 2 A-J) (cos 2 6 - £) 

4 -\H sin 2 a sin 2 6 cos (a + (j>) 

4 \1I sin 2 A sm 2 6 cos 2 (a + <£) + £7 ... .(10) 

Each of these terms may be regarded as representing a partial tide, and the results 
superposed. 

Thus, the first term is a zonal harmonic of the second order, and gives a tidal spheroid 
symmetrical with respect to the earth’s axis, having as nodal lines the parallels for which 
cos 2 6 = J, or 6 = 90° ± 35° 16' The amount of the tidal elevation in any particular latitude 
varies as cos 2 A - J In the case of the moon the chief fluctuation m this quantity has 
a period of about a fortnight, we have here the origin of the ‘lunar fortnightly’ or 
c declmational ’ tide When the sun is the disturbing body, we have a ‘solar semi-annual’ 
tide It is to be noticed that the mean value of cos 2 A — J with lespect to the time is not 
zero, so that the inclination of the orbit of the disturbing body to the equator involves as 
a consequence a permanent change of mean level Cf Art. 182 

The second term in (10) is a spherical harmonic of the type obtained by putting n— 2, 
5=1 m Art 86 (7) The corresponding tidal spheroid has as nodal lines the meridian 
which is distant 90° from that of the disturbing body, and the equator The disturbance 
of level is greatest m the meridian of the disturbing body, at distances of 45° N and S of 
the equator The oscillation at any one place goes through its period with the hour- 
angle a,te in a lunar or solar day The amplitude is, however, not constant, but varies 
slowly with A, changing sign when the disturbing body crosses the equator This term 
accounts for the lunar and solar ‘diurnal’ tides 

The thud term is a sectorial harmonic (n= 2, 5 = 2), and gives a tidal spheroid having 
as nodal lines the meridians which are distant 45° E and W from that of the disturbing 
body The oscillation at any place goes through its period with 2a, % e m half a (lunar or 
solar) day, and the amplitude vanes as sin 2 A, being greatest when the disturbing body is 
on the equator We have hero the origin of the lunar and solar ‘semi-diurnal’ tides. 

The ‘constant’ G is to be determined by the consideration that, on account of the 
invariability of volume, we must have 

JJ (dS— 0, . . (II) 

where the integration extends over the surface of the ocean. If the ocean cover the 
whole earth we have (7=0, by the general property of spherical surface-harmonics quoted 
in Art 87 It appears from (7) that the greatest elevation above the undisturbed level is 
then at the points 3 = 0, 3 = 180°, te at the points where the disturbing body is in 
the zenith or nadir, and the amount of this elevation is \ll The greatest depression is at 
places wheio 3 = 90°, the disturbing body is on the horizon, and is \E. The greatest 
possible range is therefore equal to II 

In the case of a limited ocean, G docs not vanish, but has at each instant a definite 
value depending on the position of the disturbing body relative to the earth This value 
may be easily written down from equations (10) and (11) , it is a sum of spherical 
harmonic functions of A, a, of the second order, with constant coefficients m the form of 
surface-integrals whose values depend on the distribution of land and water over the 
globe The changes m the value of (7, duo to relative motion of the disturbing body, 
give a general rise and fall of the free surface, with (m the case of the moon) fortnightly, 
diurnal, and semi-diurnal periods This ‘ correction to the equilibrium-theory ’ as usually 
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presented, was first fully investigated by Thomson and Tait* The necessity for a 
correction of the kind, m the case of a limited sea, had however been recognised by 
D Bernoulli t 


d. We have up to this point neglected the mutual attraction of the particles of the 
water To take this into account, we must add to the disturbing potential the 
gravitation-potential of the elevated water In the case of an ocean covering the earth, 
the correction can be easily applied, as m Art 199 If we put % = 2 in the fommlao of 
that Art, the addition to the value of Q is -^p/p 0 ffC , and we thence lmd without 
difficulty 




( 12 ) 


It appears that all the tides are increased, in the ratio (l-|p/p 0 ) 1 If wc assume 
p/p 0 = 18, this ratio is 1 12 


e. So much for the equilibrium-theory For the purposes of the kinetic theory 
of Arts 212 — 223, it is necessary to suppose the value (10) of f to be expanded m a 
series of simple-harmonic functions of the time The actual expansion, taking account of 
the variations of A and a, and of the distance D of the chstuibmg body, (which enters 
into the value of E\ is a somewhat complicated problem of Physical Astronomy, into 
which we do not enter J. 

Disregarding the constant 0, which disappears in the dynamical equations (1) of 
Art 214, the constancy of volume being now secured by the equation of continuity (2), it 
is easily seen that the terms m question will be of three distinct types 

First, we have the tides of long period, for which 

C=U' (cos 2 d-J) COS (<r£4-e) ,(13) 

The most important tides of this class are the ‘lunar fortnightly’ for which, m degrees 
per mean solar hour, <r=l° 098, and the 1 solar semi-annual’ for winch <r = 0° 082. 

Secondly, we have the diurnal tides, for which 

f=i7"sindcos<9 cos(<rrf-f c^-j-e), ... . .(14) 

where <r differs but little from the angular velocity w of the earth’s rotation. These 
include the ‘lunar diurnal’ (o-= 13° 943), the ‘solar diurnal’ (<r= 14“ 959), and tho ‘lum- 
solar diurnal ’ (o-= oo — 15° 041) 


* Natural Philosophy, Art 808, see also Prof G H Darwin, “On tho Collection to tho 
Equilibrium Theory of the Tides for the Continents,” Pioc Roy Soc , April 1, 1880 It appears 
as the result of a numerical calculation by Prof H H Turner, appended to this papci, that 
with the actual distribution of land and water the correction is of little importance 

t Traits sur le Flux et Reflux de la Me », o xi (1740) This essay, as well as the one by 
Maelaurm cited on p 293, and another on the same subject by Euler, is reprinted in Le Senr and 
Jacquier s edition of Newton’s Pnncipia 

$ Eeference may be made to Laplace, MScanique Celeste, Livre 13™, Art 2 , to the investiga- 
tions of Loid Kelvin and Prof G H Darwm m the But A&s Reports for 1868, 1872, 1876*1883 
1885, and to the Arts on “Tides,” by the latter author, m the Encyc Bntann (9thed), tt xxm * 
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Lastly, we have the semi-diurnal tides, for which 

C=H'" sm 2 <9 cos (o-t+2cf> + e), . (15)* 

where <r differs but little from 2 © These include the ‘lunar semi-diurnal 5 (or = 28° 984), 
the ‘solar semi-diurnal 5 (<r =30°), and the ‘lum-solar semi-diurnal 5 (<r=2a = 30° 082) 

For a complete enumeration of the more important partial tides, and for the values 
of the coefficients II', E", E"' m the several cases, we must refer to the papers by 
Lord Kelvin and Prof G PI Darwin, already cited In the Harmonic Analysis of Tidal 
Observations, which is the special object of these investigations, the only result of 
dynamical theory which is made use of is the general principle that the tidal elevation at 
any place must be equal to the sum of a series of simple-harmonic functions of the time, 
whose periods are the same as those of the several terms m the development of the 
disturbing potential, and are therefore known cl prion The amplitudes and phases 
of the various partial tides, for any particular port, are then determined by comparison 
with tidal observations extending over a sufficiently long period!. Wo thus obtain 
a practically complete expression which can be used for the systematic prediction of the 
tides at the port m question 

f. One point of special interest m the Harmonic Analysis is the determination of the 
long-period tides It has been already stated that owing to the influence of dissipative 
forces these must tend to approximate more or less closely to their equilibrium values 
Unfortunately, the only long-period tide, whose coefficient can be inferred with any 
certainty from the observations, is the lunar fortnightly, and it is at least doubtful whether 
the dissipative forces are sufficient to produce m this case any great effect m the direction 
indicated Hence the observed fact that the fortnightly tide has less than its equilibrium 
value does not entitle us to make any inference as to elastic yielding of the solid body of 
the earth to the tidal distorting forces exerted by the moon \ 


* It is evident that over a small area, near the poles, which may be tieated as sensibly plane, 
the iormulae (14) and (15) make 

f oc r cos (ert + ^ + c), and f oc r 2 cos (<rt + 20 + e), 
respectively, where r, w are plane polai cooidmates These forms have been used by anticipation 
in Arts 190, 210 

+ It is of interest to note, m connection with Art 185, that the tide-gauges, being situated 
m relatively shallow water, are sensibly affected by certain tides of the second order, which there- 
fore have to be taken account of m the general scheme of Harmonic Analysis 

i Prof G H Darwin, Ic ante p 316 See, howevei, the paper by Lord Bayleigh cited on 
p. 336 ante 
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226 We have now to investigate, as far as possible, the laws of wave- 
motion m liquids when the vertical acceleration is no longer neglected The 
most important case not covered by the preceding theory is that of waves 
on relatively deep water, where, as will be seen, the agitation rapidly 
diminishes m amplitude as we pass downwards from the surface, but it 
will be understood that there is a continuous transition to the state of 
things investigated m the preceding chapter, where the horizontal motion 
of the fluid was sensibly the same from top to bottom. 

We begin with the oscillations of a horizontal sheet of water, and we will 
confine ourselves m the first instance to cases where the motion is m two 
dimensions, of which one (a?) is horizontal, and the other (y) vertical The 
elevations and depressions of the free surface will then present the appearance 
of a series of parallel straight ridges and furrows, perpendicular to the 
plane xy. 


The motion, being assumed to have been generated originally from rest 
by the action of ordinary forces, will necessarily be irrotational, and the 
velocity-potential cj> will satisfy the equation 


with the condition 
at a fixed boundary 


^ 4 -^ = 0 

dx 2 dy 2 9 


a) 

( 2 ) 


To find the condition which must be satisfied at the free surface 
(P = const )> let the origin 0 be taken at the undisturbed level, and let Oy 
be drawn vertically upwards The motion being assumed to be infinitely 
small, we find, putting fi =gy m the formula (4) of Art. 20, and neglecting 
the square of the velocity ( q) } 


p _dcf> 
p 3 1 


-gy + F(t) 


..( 3 ) 



General Conditions 


345 


226 - 227 ] 


Hence if j] denote the elevation of the surface at time t above the point (a?, 0), 
we shall have, since the pressure there is uniform, 



...(4) 


provided the function F(t ), and the additive constant, be supposed merged 
m the value of dcf>/dt Subject to an error of the order already neglected, 
this may be written 

i[M 

v gldt. 


(5) 

y =0 


Since the normal to the free surface makes an infinitely small angle 
(drj/dx) with the vertical, the condition that the noimal component of the 
fluid velocity at' the fiee surface must be equal to the normal velocity of the 
surface itself gives, with sufficient approximation, 


drj 

dt 



.( 6 ) 


This is m fact what the general surface condition (Art 10 (3)) becomes, if 
we put F (x, y , z , t) = y — r) } and neglect small quantities of the second order 


Eliminating 97 between (5) and (6), we obtain the condition 

a ¥ + 9dj- 0 ’ 


■ (0 


to he satisfied when y — 0 

In the case of simple-harmonic motion, the time-factor being e x ^ tJre \ this 


condition becomes 


cr 2 4> = g 


d<fi 
3 y' 


( 8 ) 


227 Let us apply this to the free oscillations of a sheet of water, or 
a straight canal, of uniform depth h , and let us suppose for the present that 
there are no limits to the fluid m the direction of x, the fixed boundaries, if 
any, being vertical planes parallel to xy 

Since the conditions are uniform m respect to x, the simplest supposition 
we can make is that <j> is a simple-harmonic function of x , the most general 
case consistent with the above assumptions can be derived from this by 
superposition, m virtue of Fourier’s Theorem 


We assume then 

<f> = P cos kx e 1 ^ fe) , . . (1) 

where P is a function of y only. The equation (1) of Art 226 gives 

dVP 

dy* 

P = Ae k v + Be-** 


— 7c 2 P = 0, 


whence 


•( 2 ) 

( 3 ) 
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The condition of no vertical motion at the bottom is d<j>/dy =0 for y = — h ? 
whence 

Ae~- kh — Be kh f = \C, say. 

This leads to cj> = G cosh k (y 4- h ) cos hoc . (4) 

The value of a is then determined by Art 226 (8), which gives 

a 2 = gk tanh kh (5) 

Substituting from (4) m Art. 226 (5), we find 


or, writing 


i) = cosh kh cos kx e^+ e ), 
9 

a — — — cosh kh, 

9 


( 6 > 


and retaining only the real part of the expression, 

?? = &cosfec sm (cr£+e). .. .. (7) 

This represents a system of ‘ standing waves/ of wave-length A, = 27 r/k, 
and vertical amplitude a The relation between the period (27 r/cr) and the 
wave-length is given by (o). Some numerical examples of this dependence 
are given on p. 350 

In terms of a we have 

ga cosh k (y 4- h) 


<£ = -< 


cosh kh 


cos kx cos (at -1- e), 


( 8 ) 


and it is easily seen from Art 62 that the corresponding value of the stream- 
function is 

-(- + •> 0 » 

If x, y be the co-ordinates of a particle relative to its mean position 
(x, y), we have 

= = no\ 

dt dx’ di d y 9 ^ ' 

if we neglect the differences between the component velocities at the points 
(x, y) and (#4- x,y + y), as being small quantities of the second order 

Substituting from (8), and integrating with respect to t, we find 


. _ _ „ cosh h (y + h) . 


smh kh 


sin kx sm (at 4- e), 


smh k (y 4- h) 7 , , 

y= a ~~ M h cos kx.sm(at+e), 


(ID 


where a slight reduction has been effected by means of (5). The motion of 
each particle is rectilinear, and simple-harmonic, the direction of motion 
varying from vertical, beneath the crests and hollows (fec = m 7 r),to horizontal, 
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beneath the nodes (kx = (m+-|-) tt). As we pass downwards from the surface 
to the bottom the amplitude of the vertical motion diminishes from a cos kx 
to 0, whilst that of the horizontal motion diminishes in the ratio coshM, 1. 

When the wave-length is very small compared with the depth, kh is large, 
and therefore tanh kh= 1* The formulae (11) then reduce to 

x = — ae ky sinkx sm(cn5 + e), y = ae ky coskx sin (cr£ + e), ... (12) 

with o- 2 = gk (13) 

The motion now diminishes rapidly from the surface downwards , thus at 
a depth of a wave-length the diminution of amplitude is in the ratio e~~ 2ir or 
1/535 The forms of the lines of (oscillatory) motion (^ = const ), for this 
case, are shewn m the annexed figure 



In the above investigation the fluid is supposed to extend to infinity in 
the direction of x , and there is consequently no lestriction to the value of k 
The formulae also, give, however, the longitudinal oscillations m a canal of 
finite length, provided k have the proper values If the fluid be bounded by 
the vertical planes a? = 0, x — l (say), the condition 3$/ dx = 0 is satisfied at 
both ends provided sm kl = 0 , or kl — mir, where m = 1, 2, 3, . The wave- 

lengths of the normal inodes are therefoie given by the formula X = 2 i/m. 
Of Art 177 

228 The investigation of the preceding Art relates to the case of 
‘standing’ waves, it naturally claimed the first place, as a straightforward 
application of the usual method of treating the free oscillations of a system 
about a state of equilibrium 

In the case, however, of a sheet of water, or a canal, of uniform depth, 
extending horizontally to infinity m both directions, we can, by super- 
position of two systems of standing waves of the same wave-length, obtain 
a system of progressive waves which advance unchanged with constant 
velocity For this, it is necessary that the crests and troughs of one 
component system should coincide (horizontally) with the nodes of the other, 


* This case may of course be more easily investigated independently 
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that the amplitudes of the two systems should be equal, and that their 
phases should differ by a quarter-period 

Thus if we put v = ? 7 i ± 7] 2) • (1) 

where Vi — a sm cos at, = a cos koc sm at, . . (2) 

we get 7] — a sm (Jcx ± ert), .. * --(3) 

which represents an infinite tram of waves travelling in the negative or 
positive direction of respectively, with the velocity c given by 

c = J=(f tanh kfbj , .... . .(4) 

where the value of a has been substituted fiom Art 227 (5) In teims of 
the wave-length (A) we have 

c -(£ tanii? ?)* ■■ - - (5) 
When the wave-length is anything less than double the depth, we have 
tanh kh = 1, sensibly, and theiefore * 



On the other hand when A is moderately large compared with h we have 
tanh kh — kh , nearly, so that the velocity is independent of the wave-length, 
being given by 

(7) 

as m Art 169 This result is here obtained on the assumption that the 
wave-profile is a curve of sines, but Fourier’s theorem shews that the 
restriction is now to a great extent unnecessary 

It appears, on tracing the curve y = (tanh x)jx, or from the numerical 
table to he given presently, that for a given depth h the wave-velocity 
increases constantly with the wave-length, from zero to the asymptotic 
value (7) 

Let us now fix our attention, for definiteness, on a train of simple-harmonic 
waves travelling m the positive direction, le we take the lower sign in (1) 
and (3). It appears, on comparison with Art 227 (7), that the value of v) t is 
deduced by putting e=\ir, and subtracting |tt from the value of kef, and 
that of t? 2 by putting e= 0, simply. This proves a statement made above as 
to the relation between the component systems of standing waves, and also 
enables us to write down at once the proper modifications of the remaining 
formulae of the preceding Art 

* Green, “Note on the Motion of Waves in Canals,” Camb Trans , t. vn (1889) [Math 
Papers, p 279]. 

t This is merely equivalent to a change of the origin from which x is measured. 
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Thus, we find, for the component displacements of a particle, 

cosh k(y + h) /7 . ^ 

x = X! - x 2 = a ~~ — ■' cos (kx — at), 

smh kh v 

smh A (y + A) . /7 I 

y~ 7 .-y.-a ».n(fa,-rf) j 


.( 8 ) 


This shews that the motion of each particle is elliptic-harmonic, the 
period ( 27 r/cr, = X/c) being that m which the disturbance travels over a wave- 
length The semi-axes, horizontal and vertical, of the elliptic orbits are 


cosh k (y + h) 
a smh kh 


and 


smh k ( y + h) 
a smh kh ’ 


respectively These both dimmish from the surface to the bottom {y = — A), 
where the latter vanishes The distance between the foci is the same for all 
the ellipses, being equal to acosechAA It easily appears, on comparison 
of (8) with (3), that a surfacc-particle is moving in the direction of wave- 
propagation when it is at a crest, and in the opposite direction when it is m 
a trough* 

When the depth exceeds half a wave-length, e~~ kh is very small, and the 
formulae (8) reduce to 

x = ae hy cos (kx — at), y = ae ky sm (kx — at), (9) 

so that each particle describes a circle, with constant angular velocity 
a, = (2t rg/Xfif The radii of these circles are given by the formula ae k v, 
and therefore dimmish rapidly downwards 

In the first table on the next page, the second column gives the values 
of sech kh corresponding to vauous values of the xatio A/\ This quantity 
measures the ratio of the horizontal motion at the bottom to that at the 
surface The third column gives the ratio of the vertical to the horizontal 
diameter of the elliptic orbit of a surface particle The fourth and fifth 
columns give the ratios of the wave-velocity to that of waves of the same 
length on water of infinite depth, and to that of ‘long’ waves on water of 
the actual depth, respectively. 

The tables of absolute values of periods and wave-velocities, which are also 
given on p 350, are abridged from Airy's treatise J The value of g adopted 
by him is 32T6 f.s.s 

The possibility of progressive waves advancing with unchanged form is 
limited, theoretically, to the case of uniform depth , but the numerical 
results shew that a variation m the depth will have no appreciable influence, 
provided the depth everywhere exceeds (say) half the wave-length. 


* The results of Arts 227, 228, for the case of finite depth, were given, substantially, by Airy, 
“ Tides and Waves,” Arts 160 (1845) 

f Green, Z c ante p 848 


X “ Tides and Waves,” Arts 169, 170 
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7i/X 

sech kh 

tanh kh 

cKgk- 1 ^ 

cl (sty* 

0 00 

1000 

0 000 

0 000 

1000 

01 

998 

063 

250 

999 

02 

992 

125 

354 

997 

03 

983 

186 

432 

994 

04 

969 

246 

496 

990 

05 

953 

304 

552 

984 

06 

933 

360 

600 

977 

07 

911 

413 

643 

970 

08 

886 

464 

681 

961 

09 

859 

512 

715 

951 

10 

831 

557 

746 

941 

20 

527 

850 

922 

823 

30 

297 

955 

977 

712 

40 

161 

987 

993 

627 

50 

086 

996 

998 

563 

60 

046 

999 

999 

515 

70 

025 

1000 

1 000 

477 

80 

013 

1000 

1 000 

446 

90 

007 

1000 

1000 

421 

1 00 

004 

1000 

1 000 

399 

00 

000 

1000 

1 000 

000 


Depth, of 



Length of 

wave, in feet 

watei , 







in feet 

1 

10 

100 

1000 

10,000 





Penod of wave, m seconds 

1 

0 442 

1873 

17 645 

176 33 

1763 3 


10 

0 442 

1 398 

5 923 

55 80 

557 62 


100 

0 442 

1398 

4 420 

18 73 

176 45 


1000 

0 442 

1398 

4 420 

13 98 

59 23 


10,000 

0 442 

1398 

4 420 

13 98 

44 20 








__ 

— - — 

Depth of 



Length of 

wave, in feet 


water, 







m feet 

1 

10 

100 

1000 

10,000 

00 

— 


Wave- velocity, 

m feet pez 

second 


1 

2 262 

5 339 

5 667 

5 671 

5 671 

5 671 

10 

2 262 

7154 

16 88 

17 92 

17 93 

17 93 

100 

2 262 

7154 

22 62 

53 39 

56 67 

56 71 

1000 

2 262 

7154 

22 62 

71 54 

168 8 

179 3 

10,000 

2 262 

7154 

22 62 

71 54 

226 2 

567 1 


We remark, finally, that the theoiy of progressive waves may be obtained, 
without the intermediary of standing waves, by assuming at once m place 
of Art. 227 (1), 

<jf> = Pe z (<rt-Jcx) 


( 10 ) 
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The conditions to be satisfied by P are exactly the same as before, and we 
easily find, m real form, 

rj = a sm (kx — at), . (11) 

ga cosh k(y + h) 




cos (kx — at), 


( 12 ) 


with the same determination of a as before From (12) all the preceding 
results as to the motion of the individual particles can be inferred without 
difficulty 

229 The energy of a system of standing waves of the simple-harmonic 
type is easily found If we imagine two vertical planes to be drawn at unit 
distance apart, parallel to xy, the potential energy per wave-length of the 
fluid between these planes is, as m Ait 173, 

r * 

rj-dx. 


fa I 


Substituting the value of rj from Art 227 (7), we obtain 

lgpa?\ sin 2 (crt + e) .. .. 
The kinetic energy is, by the formula (I) of Art 61, 


( 1 ) 


tot. 


<P 


d<j> 


dx 


L dyjv=o 

Substituting from Art 227 (8), and remembering the relation between a and 
k, we obtain 

lgpa 2 X cos 2 (at -t- 6) . (2) 

The total energy, being the sum of (1) and (2), is constant, and equal to 
igpaPX We may express this by saying that the total energy per unit area 
of the water-surface is {gpa? 

A similar calculation may be made for the case of progressive waves, or 
we may apply the more general method explained in Art 173 In either 
way we find that the eneigy at any instant is half potential and half kinetic, 
and that the total amount, per unit area, is \gpar. In other words, the 
energy of a progressive wave-system of amplitude a is equal to the work 
which would be required to raise a stratum of the fluid, of thickness a, 
thiough a height \a 

230 The theory of progressive waves may be investigated, m a very 
compact manner, by the method of Art. 174* 

Thus if (j>, be the velocity- and stream-functions when the problem has 
been reduced to one of steady motion, we assume 

~ = — (x + ly) 4- %oce' lk( ' x+iy) 4 ifte~ 




* Lord Rayleigh, l c ante p 246 
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whence — = — % — ( ue~ ky — @e ky ) sin kx, 

° l (1) 

— = —y + ( ae~ ky + (3e kv ) cos kx 
C / 

This represents a motion which is periodic m respect to x, superposed on 
a uniform current of velocity c We shall suppose that ka and 1c j3 are small 
quantities, m other words, that the amplitude of the disturbance is small 
compared with the wave-length 

The profile of the free surface must be a stream-lino , we will take it to 
be the line ^ = 0 Its form is then given by (1), viz to a first approximation 
we have 

y — (a + j3) cos lex , (2) 

shewing that the origin is at the mean level of the surface Again, at the 
bottom ( y — — h ) we must also have i/r = const , this requires 

ae hh _j_ foQ-M = 0 


The equations (1) may therefore be put m the forms 

$ — —x + C cosh k(y + h) sin kx, 
c 

r 

V/' 

j- = —y+ C$mh.h(y + h) cos Lx 
c i 

The formula for the pressure is 

c 2 

= const - gy - - {1 - 2 kC cosh ic (y + h) cos kx}, 


.. .( 3 ) 


if we neglect k 2 C 2 Since the equation to the stream-lme ^ = 0 is 

y — C sinh Ich cos kx, (4) 

approximately, we have, along this line, 


— = const + ( kc 2 coth Ich — g ) y . 

p 

The condition for a free surface is therefore satisfied, provided 


c-=gh.~ 


tanh kh 


This determines the wave-length (2tt/Jc) of possible stationary undulations on 
a stream of given uniform depth h, and velocity c. It is easily seen that the 
value of kh is real or imaginary according as c is less or greater than (gh) K 

If we impress on everything the velocity - c parallel to x, we get 
progressive waves on still water, and (5) is then the formula for the wave- 
velocity, as in Art 228 
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' he depth t0 the ' ra ™ J “ g ‘ h ,e snSama * 


t = ~ x + /3eLy Sln kx > ^ — ~V + fie ky cos hoc, . . (6) 

leading to £ = const. -yy-~{l- 2 -k/3e* cos kx + &&&) 

If we neglect T&fP, the latter equation may be written 


•• • (0 


P 


Hence if 


= const. + ( kc 2 -g)y + kef-. 

c ”--2 

C ~k’ 


• (8) 
(9) 


the pressure will he uniform not only at the upper surface, but along every 
stream-line * = const * This point is of some importance , for it shews that 
the solution expressed by (6) and (9) can be extended to the case of any 
number of liquids of different densities, arranged one over the other m 
horizontal strata, provided the uppermost surface be free, and the total depth 
infinite And since there is no limitation to the thinness of the strata we 

may even include the case of a heterogeneous liquid whose density varies 
continuously with the depth. y 

2 , 31 The method of the preceding Art can be readily adapted to a 
number of other problems r 

1° For example, to find the velocity of propagation of waves over the 
common horizontal boundary of two masses of fluid which are otherwise 
unlimited, we may assume 


~ = ~y + ^y cos ho, ~ = ~y + pe-*y cos he, 


( 1 ) 


where the accent relates to the upper fluid For these satisfy the condition 
of lr rotational motion V** - 0 , and they give a uniform velocity c at a great 
distance above and below the common surface, at which we have * = *' =o 
say, and therefore y = ft cos hoc, approximately Y ’ 9 


The piessure-cquations are 


P 

- = const 


9V — 2 O’ ~ 2k/3e ky cos hoc), 


P' 

const ~gy 


— 2 (I + %kf3e~ h J cos hx), 


.( 2 ) 


Z t p be 36 n 4 ted ’ " *° CaSe ° f mfiwte de P th » ™ 

L 

23 
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which give, at the common surface, 

- = const — (g — kc 2 ) y , 

P 

^ = const — (g 4- he 2 ) y, 

P } 


( 3 ) 


the usual approximations being made The condition p—p' thus leads to 


c 


2 = 9 P-P 

h p + p" 


.. (4) 


a result first obtained by Stokes 

The presence of the upper fluid has therefore the effect of diminishing 
the velocity of piopagation of waves of any given length m the ratio 
{(1 — $)/(l + $)}£, where s is the ratio of the density of the upper to that of 
the lower fluid This diminution has a two-fold cause , the potential energy 
of a given deformation of the common surface is diminished m the ratio 
1 - 5 , whilst the inertia is increased m the ratio 1+s* As a numerical 
example, m the case of watei over mercury (s'" 1 = 13 G) the wave-velocity 
is diminished m the latio 929 


It is to be noticed, m this and m other problems of the kind, that there 
is a discontinuity of motion at the common suiface The normal velocity 
(d^/dx) is of course continuous, but the tangential velocity (- 3 yjr/dy) changes 
from c ( 1 — 7c (3 cos hx) to c ( 1 + kj8 cos kx) as we cross the surface, m other 
words we have (Art 151) a voitex-sheet of strength — 2kcp cos lx This is 
an extreme lllustiation of the remark, made m Art 17, that the fiee oscil- 
lations of a liquid of vanable density axe not necessanly mutational. 


If p < p', the value of c is imaginary The undisturbed equilibrium- 
arrangement is then unstable 

2° The case where the two fluids are confined between ligid horizontal 
planes y = — h, y = h', is almost equally simple We have, m place of (1), 

£ _ _ _ o Ic iv - ] il cos j cx 

c - J P smli kb! COhte; 

■ • («) 

& = l P~p' 

k p coth Ich 4- p' coth Ich' 


t = -y+/3 COS kx, 

■C 


smh kh 


leading to 


( 6 ) 


* This explains why the natural penods of oscillation of the common surface of two liquids 
of veiy nearly equal density aie very long compared with those of a free surface of similar extent 
The fact was noticed hy Benjamin Franklin m the case of oil over watei , see a letter dated 
1762 (Complete Works , London, n d , t n. p 142) 

Again, near the mouths of some of the Norwegian fiords there is a layei of fresh over salt 
water Owing to the comparatively small potential energy involved m a given deformation of the 
common boundary, waves of considerable height m this boundary are easily produced. To this 
cause is ascribed the abnormal resistance occasionally experienced by ships in those waters See 
Ekman, “On Dead-Water,” Scientific Results of the Norioegian North Polar Expedition, pt xv , 
Christiania, 1904 
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When kh and kh are both very great, this reduces to the form (2). When 
kh' is large, and kh small, we have 

c2= ( 1- p)^ (0 

the mam effect of the presence of the upper fluid bemg now the change m 
the potential energy of a given deformation ' 

3° When the upper surface of the upper fluid is free, we may assume 




c 
'yjr 


' V + (/3 cos h ley + 7 smh Icy) cos kx, 


.( 8 ) 


and the conditions to bo satisfied at the common boundary, and at the free 
surface, then lead to the equation 

c 4 ( p coth kh coth kh' 4- p‘) — &p (coth Ich' + coth kli)^ + (p — p') = 0 • .(9) 

Since this is a quadratic in c 2 , there are two possible systems of waves of any 
pven length (2 rrjle) This is as we should expect, since when the wave- 
length is prescribed the system has virtually two degrees of freedom, so that 
there are two independent modes of oscillation about the state of equilibrium 
For example, m the extreme case where p'jp is small, one mode consists 
mainly in an oscillation of the upper fluid which is almost the same as if 
the lower fluid weie solidified, whilst the other mode may ho desenbed as an 

oscillation of the lower fluid which is almost the same as if its upper surface 
wore free r 

The ratio of the amplitudes at the uppei and lower surfaces is found to be 

kc 1 

k& cosh kh' — g smh kh ' * ' * 0-®) 

Of the various special cases that may be considered, the most interesting 
is that m which kh is large , i e the depth of the lower fluid is great compared 
with the wave-length Putting coth kh = 1, we see that one root of (9) is now 

c “ = !’ (ii) 

exactly as m the case of a single fluid of infinite depth, and that the ratio of 
he amplitudes is e * This is merely a particular case of the general result 
stated at the end of Ait 230, it will m fact be found on examination that 
there is now no slipping at the common boundary of the two fluids The 
second root of (9) is J ms ine 

p — p' a 

— ( 12 ) 




p coth kh' + p' k’ 
and for this the ratio (10) assumes the value 




1 )e 


>—kh * 


.(13) 


23—2 
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If in (12) and (13) we put kh' = <x>, we fall back on a former case , whilst if 
we make kh! small, we find 

C 2 =(i -£)gK ( 14 > 

and the ratio of the amplitudes is 

-(r 1 ) (15) 

These problems were first investigated by Stokes* * * § The case of any 
number of superposed strata of different densities has been treated by Webbf 
and GreenhillJ For investigations of the possible rotational oscillations m 
a heterogeneous liquid the reader may consult the papers cited below§ 


232 As a further example of the method of Art 230 let us suppose that 
two fluids of densities p, p , one beneath the other, aie moving parallel to x 
with velocities U, U r , respectively, the common surface (when undisturbed) 
being of course plane and horizontal This is virtually a problem of small 
oscillations about a state of steady motion 


The fluids being supposed unlimited vertically, we assume, for the lower 
fluid 

y/r = — U[y — /3e hj cos kx), . . . (1) 


and for the upper fluid 


y]r' = — V ' [y— fie~~ kv cos kx), 


( 2 ) 


the origin being at the mean level of the common surface, which is assumed 
to be stationary, and to have the form 


y = /3 cos kx 

The pressure-equations give 


P 

P 


— const — gy — \ L 7 2 (1 — 2Jc/3e hj cos kx), 


t 

P 


const — gy — \ U' 2 (1 + 2/c/3e~" A;2/ cos kx), 


( 3 ) 

(4) 


* “ On the Theory of Oscillatory Waves,” Camb Trans , t vm (1847) [ Math and Phys . 
Pajpeis, tip 212] 

1 Math Tripos Papers , 1884 

I ‘Wave Motion m Hydrodynamics,” Amer Journ Math , t ix (1887) 

§ Lord Rayleigh, “ Investigation of the Character of the Equilibrium of an Incompressible 
Heavy Fluid of Variable Density,” Proc Lond Math Soc t xiv p 170 (1888) [Sc Papers, t u 
p 200], Burnside, “On the small Wave-Motions of a Heterogeneous Fluid under Gravity, ” 
Pioc Lond Math Soc, t xx p 392 (1889), Love, “Wave-Motion m a Heterogeneous Heavy 
Liquid,” Pioc Lond Math Soc , t xxn p 307 (1891). 
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whence, at the common surface, 


P 


P 


= const + (k TJ 2 — g) y , 


7 = const — (IcU's + g)y 
r 

Since we must have p = p' over this surface, we get 

P u*+p'tr* = Z(p-p') .. 


35r 


(5) 


.( 6 ) 


This is the condition for stationary waves on the common surface of the 
two currents TJ, TJ' It may be written 

(pl T + p'Uf 


\ p+p' 


_9 P~P 


PP 


t (U-uy 


•(0 


The quantity 


k p + p' (p + p'Y 

pTJ+ p'U’ 

P + p' 

may be called the mean velocity of the two currents , and it appears that 
relatively to this the waves have velocities + c, given by 


C" — c 0 2 - 


.-PP. (TJ. 

{P + P'P 


Tjy, 


.( 8 ) 


where c 0 denotes the wave- velocity m the absence of currents (Art 231) 

If the relative velocity | TJ — U'\ of the cuirents exceed a ceitam limit, 
given by 




9 P'-P- 


1c pp' 


(9) 


the value of c is imaginary, indicating instability This uppei limit diminishes 
indefinitely with the wave-length 

This result would indicate that, if there were no modifying circumstances, 
the slightest breath of wind would be sufficient to ruffle the surface of water. 
We shall give, later, a more complete investigation of the present problem, 
taking account of capillary forces, which act in the direction of stability. 


It appears from (7) that if p = p', or if <7 = 0, the plane form of the 
surface is unstable for all wave-lengths This result illustrates the state- 
ment, as to the instability of surfaces of discontinuity m a liquid, made m 
Art 79* 


When the currents are confined by fixed horizontal planes y = —h, y=h\ we assume 


-*{■ 




smh h (y ■+• h) 
smh kh 


cos kx 






sinh k (y - h!) 
smh kh! 


cos kx > 


( 10 ) 


The instability was first remarked by Helmholtz, l c. ante p 20 
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The condition for stationary waves on the common surface is then found to be 


pU 2 coth. Lk+p'U' 2 coth. &A'=| (p~p f ) . . (11)* 


It appears on examination that the undisturbed motion is stable or unstable, according 


as 


U- U’\ 


p coth Teh + p' coth Ik' 

(pp coth Ik coth Jck')% ° ’ 


( 12 ) 


where c 0 is the wave-velocity m the absence of currents When k and k' both exceed half 
the wave-length, this reduces practically to the former result (9) 


233 These questions of stability are so important that it is worth while 
to give the more direct method of treatment f 


If cp be the velocity-potential of a slightly disturbed stream flowing with 
the general velocity U parallel to x, we may write 


where <jb x is small 


p> — — Ux -f (pi, 

The pressure-formula is, to the first order, 




(i) 

..( 2 ) 


and the condition to be satisfied at a bounding surface y = rj, where rj is small, 
is 


, tt Sty _ _ d<Pi 
d t* dm" dy 


(3) 


To apply this to the problem stated at the beginning of Art. 232, we 
assume, for the lower and upper fluids, respectively, 


p l = (**-«■*), <p{ = C'e-icy+iifa-crt) ? 

with, as the equation of the common surface, 


(4) 


t] = ae t < to “ crt > , (5) 

The continuity of the pressure at this surface requires, by (2), 

p{i(<7-kU)C + ga} = p'{i(cr-kU')C' + ga}, ( 6 ) 

whilst the surface-condition (3) gives 

*(<r -kU)a = kO, i(er — Jc U') a = — JcC' (7) 

Eliminating a, G, G', we get 


whence 


P (a - Jelly + p' (or - Tc uy = gk (p - p), 


cr 

V 


pU + p'U ' 
P + P 


P~P 
P + P 


PP 


(p + p 7 


(it- uy 


..( 8 ) 

..(9) 


* G-reenhill, l c ante p 356 

t Sir W Thomson, “Hydrokinetic Solutions and Observations ” Phil Mag (4), t xh (1871) 
l Baltimore Lectures , p 590], Lord Bayleigh, “On the Instability of Jets,” Proc Lond. Math , 
Soc , t x p 4 (1878) [Sc. Papers , t i p 361] 
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leading to the same conclusions as m Art 232 If 

(U-UJ>^±pc^. (10) 

where c 0 is the wave-velocity in the absence of currents, cr is imaginary, of 
the form a ± ^/3. The complete solution then contains a term with e ^ as 
a factor, indicating indefinite increase of amplitude 

If p = p , it is evident from (8) that <y will be imaginary for all values of k 
Putting U* — — we get 

cr — ±ikU . ... (11) 

Hence, taking the real part of (5), we find 

V = ae ±km cos kx (12) 

The upper sign gives a system of standing waves whose height continually 
increases with the time, the rate of increase being greater, the shorter the 
wave-length. 

The case of p — p\ with U = U\ is of some interest, as illustrating the 
flapping of sails and flags* We may conveniently simplify the question by 
putting IT = TJ' = 0 , any common velocity may be superposed afterwards if 
desired On these suppositions, the equation (8) reduces to <x 2 = 0 On 
account of the double root the solution has to be completed by the method 
explained m books on Differential Equations In this way we obtain the 
two independent solutions 

v =ae^, fa = 0 , fa' = 0, . .(18) 

and 7 ] = ate lkx , fa = — | e ky e lkx , fa' = ~ e~ ly e lkx . . . (14) 

The former solution represents a state of equilibrium , the latter gives a 
system of stationary waves with amplitude increasing proportionally to the 
time In this form of the problem there is no physical surface of separation 
to begin with , but if a slight discontinuity of motion be artificially produced, 
eg by impulses applied to a thm membrane which is afterwards dissolved, 
the discontinuity will peisist, and, as we have seen, the height of the cor- 
rugations will continually increase 

The above method, when applied to the case where the fluids are confined between two 
rigid horizontal planes y= -h, y=zh\ leads to 

p (<r~klT) 2 cothM-b/ ('a-- foil') 2 ooth kb' = gk (p ~ p') } . . (15) 

which is equivalent to Art 232 (11) 


Lord Bayleigh, l c. 



360 Surface Waves [chap, ix 

234 The investigations of the preceding Arts relate to a special 
type of waves, the profile is simple-harmonic, and the tram extends to 
infinity m both directions But since all our equations are linear (so long 
as we confine ourselves to a first approximation), we can, with the help of 
Fourier’s theorem, build up by superposition a solution which shall represent 
the effect of arbitrary initial conditions Since the subsequent motion is in 
general made up of systems of waves, of all possible lengths, travelling m 
either direction, each with the velocity proper to its own wave-length, the 
form of the free surface will continually alter The only exception is when 
the wave-length of every system which is present m sensible amplitude is 
large compared with the depth of the fluid The velocity of propagation 
(gh)% is then independent of the wave-length, so that m the case of waves 
travelling in one direction only, the wave-profile remains unchanged in form 
as it advances (Art. 169). 

The effect of a local disturbance of the surface, m the case of infinite 
depth, will be considered presently, but it is convenient to introduce m 
the first place the very important conception of ‘ group-velocity,’ which has 
application, not only to water-waves, but to every case of wave-motion 
where the velocity of propagation of a simple-harmonic train varies with the 
wave-length 

It has often been noticed that when an isolated group of waves, of sensibly 
the same length, is advancing over relatively deep water, the velocity of the 
group as a whole is less than that of the waves composing it. If attention 
be fixed on a particular wave, it is seen to advance through the group, 
gradually dying out as it approaches the front, whilst its former place m 
the group is occupied m succession by other waves which have come forwaid 
from the rear* 

The simplest analytical representation of such a group is obtained by the 
superposition of two systems of waves of the same amplitude, and of neaily 
but not quite the same wave-length The corresponding equation of the 
free surface will be of the form 

7} = a sin (kx — at) + a sin (k'x — at) 

= 2 a cos { | (k — k')x—^(a — a) sin {|- ( Ic +• Ic') x — % (a -1- a') t] 

a) 

If k, k' be very nearly equal, the cosine in this expression varies very slowly 
with x , so that the wave-profile at any instant has the form of a curve of 
sines m which the amplitude alternates gradually between the values 0 and 
2 a. The surface therefore presents the appearance of a series of groups of 
waves, separated at equal intervals by bands of nearly smooth water The 
motion of each group is then sensibly independent of the presence of the 


Scott Kussell, “Report on Waves,” But Ass Hep 1844, p 369. 
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others. Since the distance between the centres of two successive groups is 
27r / (k — lc'), and the time occupied by the system m shifting through this 
space is 2w/(cr - o'), the group-velocity ( U, say) is = (<r — <r')/(Jc - lc'), or 



.( 2 ) 


ultimately 


In terms of the wave-length \ (= 2w/&), we have 


tt _d ( kc ) 

~w 


= c — A. 


dc 

dX’ 


where c is the wave- velocity. 


( 3 ) 


This result holds for any case of waves travelling through a uniform 
medium In the present application we have 




tanh kh 


and therefore, for the group-velocity, 


d (kc) - /_ smh 2 kh\ 

—dr = * c V + ~2kh~) 


..(4) 


.(5) 


The ratio which this bears to the wave- velocity c increases as kh diminishes, 
being | when the depth is very great, and unity when it is very small, 
compared with the wave-length. 


The above explanation seems to have been first given by Stokes*. The 
extension to a more general type of group was made by Kayleighf and 
Gouyl The argument of these writers admits of being put very concisely 
Assuming a disturbance 

y = XO cos (at — kx + e), (6) 

where the summation (which may of course be replaced by an integration) 
embraces a series of terms m which the values of a } and therefore also of k , 
vary very slightly, we remark that the phase of the typical term at time 
t + At and place x-{-Ax differs from the phase at time t and place x by the 
amount a At — h Ax Hence if the variations of a and lc from term to term 
be denoted by ha and h/c, the change of phase will be sensibly the same for 
all the terms, provided 

haAt-hkAx = 0 ( 7 ) 

The group as a whole therefore travels with the velocity 


Ax da 
At ~ dk * 


...( 8 ) 


Smith’s Prize Examination, 1876 [Math, and Phys Papers, t v p 362] See also Lord 
Rayleigh, Theory of Sound, Art 191. 

+ Nature , t xxv p 52 (1881) [£c. Papers, 1 . 1 p 540] 

J “ Sur la vitesse de la lumi&re,” Ann. de Chirn et de Phys , t xvi p. 262 (1889) 
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Another derivation of (3) can be given which is, perhaps, more intuitive 
In a medium such as we are considering, where the wave- velocity varies with 
the frequency, a limited initial disturbance gives rise m general to a wave- 
system m which the different wave-lengths, travelling with different velocities, 
are gradually sorted out (Arts 236, 237) If we regard the wave-length X 
as a function of x and t, we have 

l +tr £-° < 9 > 


since X does not vary m the neighbourhood of a geometrical point travelling 
with velocity U , this is, m fact, the definition of U Again, if we imagine 
another geometrical point to travel with the waves , we have 


dX 3c__ ic dX 

dt ^ 0 dx dx dX dx 9 


( 10 ) 


the second member expressing the rate at which two consecutive wave-crests 
are separating from one another Combining (9) and (10), we are led, again, 
to the formula (3)* 

The formula (3) admits of a simple geometrical representation -f* If 
a curve be constructed with X as abscissa and e as ordinate, the group- 
velocity will be represented by the intercept made by the tangent on the 



axis of c. Thus, m the figure, PN represents the wave-velocity for the wave- 
length ON, and OT represents the group-velocity The frequency of 
vibration, it may be noted, is represented by the tangent of the angle PON 

In the case of gravity-waves on deep water, c oc X * , the curve has the 
form of the parabola y 2 = 4<ax, and OT ~\PN, % e , the group-velocity is one- 
half the wave-velocity. 

* See a paper “ On Group- Velocity,” Proc Lond. Math Soc. (2), t i p 473 (1904) 

+ Manch Mem., t xliv No 6 (1900) 
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235 The group- velocity has moreover a dynamical, as well as a geo- 
metrical, significance This was first shewn by Prof Osborne Reynolds*, m 
the case of deep-water waves, by a calculation of the energy propagated 
across a vertical plane In the case of infinite depth, the velocity-potential 
corresponding to a simple-harmonic tram 


7j = a sm k (x — ct) } . . , (11) 

is cj> = ac e ly cos h (x — ct), .. (12) 

as may be verified by the consideration that for y = 0 we must have 
drj/dt = — d<p/dy The variable part of the pressure is pd<f>/dt t if we neglect 
terms of the second order, so that the rate at which work is being done on 
the fluid to the right of the plane x is 

— J P^j~dy = pa 2 kPc* sm 2 k (x — ct) J e 2hy dy 


= ^ypcv l csm 2 k(x — ct) 1 . . . (13) 

since c 2 = gjk The mean value of this expiession is \gpcPc It appears on 
reference to Art. 229 that this is exactly one-half of the energy of the waves 
which cross the plane m question pei unit time Hence m the case of an 
isolated group the supply of energy is sufficient only if the group advance 
with half the velocity of the individual waves 


It is readily proved m the same manner that m the case of a finite depth 
h the average energy transmitted per unit time isf 


, > /_ 2 Jch \ 

iC/pa-c (1 + —£2 , 

which is, by (4), the same as 


•• ( 14 ) 


\gpu? x - 


d dec) 


die 


(15) 


Hence the rate of transmission of energy is equal to the group-velocity, 
d(Jcc)/dk, found independently by the former line of argument 

This identification of the kinematical group- velocity of the preceding 
Art. with the rate of transmission of energy has been extended to all kinds 
of waves by Lord Rayleigh (l c ) 

From a physical point of view the group- velocity is perhaps even more 


* “On the Bate of Progression of Groups of Waves, and the Bate at which Energy is 
Transmitted by Waves,” Nature , t xvi p 343 (1877) [Sc Papers, t i p 198], Piofessor 
Beynolds has also constructed a model which exhibits m a very striking manner the distinction 
between wave-velocity and group-velocity m the case of the transverse oscillations of a row of 
equal pendulums whose bobs are connected by a string. 

t Lord Bayleigh, “On Progressive Waves,” Proc Lond. Math. Soc , t ix. p 21 (1877) 
[Sc Papeis, t i p 322], Theory of Sound, t l , Appendix 
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important and significant than the wave-velocity The latter may he greater 
or less than the former, and it is even possible to imagine mechanical media 
m which it would have the opposite direction , i e a disturbance might be 
propagated outwards from a centre m the form of a group, whilst the in- 
dividual waves composing the group were themselves travelling backwaids, 
coming into existence at the front, and dying out as they approach the 
rear* Moreover, it may be uiged that even m the more familiar pheno- 
mena of Acoustics and Optics the wave-velocity is of importance chiefly 
so far as it coincides with the group-velocity 

236 The theory of the waves pioduced m deep water by a local 
disturbance of the surface was investigated m two classical memoirs by 
Cauchyf and Poisson! The problem was long regarded as difficult, and 
even obscure, but in its two-dimensional form, at all events, it can be pre- 
sented m a comparatively simple aspect 

It appears from Arts 40, 41 that the initial state of the fluid is deter- 
minate when we know the foim of the boundary, and the boundary-values of the 
velocity-potential <fi, or of the normal velocity d^/dn Hence two forms of 
the problem naturally present themselves, we may start with an initial 
elevation of the free surface, without initial velocity, or we may start with 
the surface undisturbed (and therefoie honzontal) and an initial distribution 
of surface-impulse (p<fio) 

If the ongm be m the undisturbed surface, and the axis of y be drawn 
vertically upwards, the typical solution for the case of initial rest is 

7) = cos at cos kx, (1.) 

— g — - — e ky cosfcr, . . . ...(2) 

provided cr 2 = gk , . . (3) 

m accordance with the ordinary theory of “ standing ” waves of simple- 
harmonic profile (Art 227) 

If we generalize this by Fourier’s double-integral theorem 

l r°° r°° 

/(#) = — / dk /(a) cos k(x— a) da, (4) 

7T J o J -oo 

then, corresponding to the initial conditions 

V =/(«), <£o = 0, . (5) 

* Pioc Lond Math Soc (2), t i p 473 
t l c ante , p 15 

t “ Memoire sur la theorie des oncles,” M€m da VAcad Roy des Science «, t i (1816) 
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where the zero suffix indicates surface-value ( y = 0), we have 

l r°° f°° 

7] = — / cos crtdk /(a) cos k (x — a) da, . .. (6) 

7T J 0 J — oo 

4>=~J — 3 e ky dk J f (a) cos k(x — a) da ( 7 ) 


If the initial elevation be confined to the immediate neighbourhood of 
the origin, so that /(a) vanishes for all but infinitesimal values of a, we have, 
assuming 



da— 1 3 


( 3 ) 


<f> = £ f ” — ™ e h,J cos kx dk. 
7tJ 0 cr 

This may be expanded m the form 


4> = 


7T Jo 


9* h , (gt 2 Y 

3* + 51 


& + “r~ k 2 — [• cos kx dk , 


where use is made of (3) If we write 

— y = r cos d? = r sin 0, . . 

we have, y being negative*, 


( 9 ) 

.( 10 ) 

(ii) 


r°° 77 1 

J cos dk — — ^ cos (/& + 1 ) 0, 

so that (10) becomes 
gt fcos 0 




7r { r 


--l(m^+sr 6 (W 


cos 3<? 


( 12 ) 


...(13) 


a result which is easily verified From this the value of rj is obtained by 
Art 226 (5), putting 6 = ± Thus, for x > 0, 


A M 2 

7nr (2d? 


1 fgty 1 fg&v 

3 5 \2&y + 3 5.7 9 


... .(14) 


It is evident at once that any particular phase of the surface disturbance, 
eg , a zero or a maximum or a minimum of tj, is associated with a definite 
value of gtffax, and therefore that the phase m question travels over the 
surface with a constant acceleration The meaning of this somewhat 
remarkable result will appear presently (Art 238) 


* This formula may be dispensed with It is sufficient to calculate the value of <p at points 
on the vertical axis of symmetry, its value at other points can then be written down at once by a 
pioperty of harmonic functions (cf Thomson and Tait, Art 498) 
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The series m (14) is virtually identical with one (usually designated by M*) which 
occurs m the theory of Fresnel’s diffraction-integials In its present form it is convenient 
only when we are dealing with the initial stages of the disturbance , it converges very 
slowly when gt 2 /^v is no longer small The series may, however, be summed as follows 
Writing, with a slight change from the usual convention, 


M—co-^r - r + 


3 5 3 5 7 9 




13 135713579 II 


and 
we find 

or 


ico i 2 m 2 i d m 3 , 

i 3 + l 35 + 1 35 7 
2co^=X + ^(l+x) } 


+ 


dm 


dm \Jm 


L W(fV 

mj “ \s] mj 


2^/oo 


(15) 


(16) 


(17) 


The solution of this equation, subject to the condition that x must ultimately vary as co, 
when co is small, is 

roi .-A iu 

(18) 


. 0 




- dii 


Hence, equating separately imaginary and real parts, we obtain 


3 

> 

11 

| COS ^00 j 

f cos \u + Bin W | 

f W L (iu \ 

I sm i u -r- I 

0 " si'll) 

\ 

' ? 

;v=-y«> | 

blU*.j 

f cos hi - cosico | 

0 - Vw 44 J 

f w , du 

Sin iu , 

1 o - 

k 


(19) 


which arc, virtually, well-known lesults t 


The equation (14) is equivalent to 



a/ CO 
^ ~ 2m 

^cos Jew 

f w - du - 

COS tll-y -f Sill 4 CO 

/<> 2 */u 

f“ , du) 

• -(20) 

where 



s 

II 

s i 

. . 

• .(21) 


This agrees with a result given by Poisson The definite mtegials are 
practically of Fresnel’s forms, and may be considered as known functions , so 
that the present problem may be regarded as completely solved Moreover, 
Lommel, in his researches on Diffraction J., has given a table of the function 
Mjco We are thus enabled to delineate the first nine or ten waves with great 
ease The fig on the next page shews the variation of rj with the time, at a 
particular place , for different places the intervals between assigned phases 


* Cf Bayleigh, Sc Papeis, t m p. 129 
f Cf Bayleigh, l c 

X “Die Beugungserschemungen geradlimger begrenztei Schirme,” Abh d. k. Bayer, Akad, d, 
Wm , 2* 01 , t xv (1886) 
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vary as yto, whilst the corresponding elevations vary inversely as x The 
diagrams on p 368, on the other hand, shew the wave-profile at a particular 
instant, at different times, the horizontal distances between corresponding 
points vary as the square of the time that has elapsed since the beginning 
of the disturbance, whilst corresponding elevations vary inversely as the 
square of this time 



[The unit of the horizontal scale is That of the vertical scale is Q/irsc, 

if Q be the sectional area of the initially elevated fluid ] 


When gtf/2x is large, the definite integrals m (19) approximate to the 
limit yV*> and we then have 


■ ■ <**> 

in agreement with a result of Poisson and Cauchy 

Expressions for the remainder are also given by these writers Thus 
Poisson obtains (virtually) the semi-convergent expansion 

M = f \A>“) (cos \co + sm ■£■«) - -j- - — - ° + 1 '-It- 5 . - • • • 1 (23) 

(GO CO 3 J V J 

This is readily obtained from (18) Thus 


= (1 - ty«r + 2<r W-* + l -^+ L + . . } , 

lor or an J 


by a series of partial integrations Since M is the real part of ~ix, the result (23) follows 


Q cos -j- = 2 J2 / co sv^dv-fj-ir. 


* Thus 
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237 In the case of initial impulses applied to the surface, supposed 
horizontal, the typical solution is 

P<f> = cos at e ly cos kx, (25) 


rj = — - a sin at cos has, 


with a- 2 = gk as before. Hence, if the initial conditions be 

p<f> 0 = F(x), ?? = 0, 

we have d> = — [ cos n-t efcy M f F /~\ 7„ <■ .. ,.\ j .. 


. (27) 


J ^ cos at e^dhj F(a) cos k (x - a.) da, ..(28) 


7J-p J 0 J “ W 

1 [°° /•« 

V = ~~l ^ asmatdkj F (a) cos k (x -a) da. (29) 

For a concentrated impulse acting at the point x = 0 of the surface, we 
have, putting 

\ F (a) da = 1, (30) 


0 = — J cos at e ky cos kx dk (31) 

I his integral may be treated m the same manner as (9), hut it is evident 
that the results may be obtained immediately by performing the operation 
1 19P ■ upon those of Art 236 Thus from (13) and (14) we derive 
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The formula (33) may also he written 

t dM t ( M „\ 

^ Trpa? do o 2irpx i V co ) ’ (^) 

where M and N are defined by (15), and w=gt 2 /2x, as before The function 
17/© has also been tabulated by Lommel, so that the forms of the first few 
waves can be traced without difficulty The fig on p 369 shews the rise and 
fall of the surface at a particular place , for different places the time-intervals 
between assigned phases vary as V*. as m the former case, but the corre- 
sponding elevations now vary inversely as xl In the diagrams on p 370, 
which give an instantaneous view of the wave-profile, the horizontal distances 
between corresponding points vary as the square of the time, whilst corre- 
sponding ordinates vary inversely as the cube of the time 


For large values of gt s /2x, we find, performing the 
upon (22), 


approximately. 




2 1 , 


7 T^pOO* 


gt 2 . at 2 

cos * sin v- 

„ 4a? 4a?, 


operation 1/gp d/dt 

(35) 


238 It remains to examine the meaning and the consequences of the 
results above obtained It will be sufficient to consider, chiefly, the case of 
Art 236, where an initial elevation is supposed to be concentrated in a lin e 
of the surface 

At any subsequent time t the surface is occupied by a wave-system whose 
advanced portions are delineated on p 368. For sufficiently small values of 
oo the form of the waves is given by (22) , hence as we approach the origin 
the waves are found to dimmish continually in length, and to increase 
continually m height, in both respects without limit 

As t increases, the wave-system is stretched out horizontally, proportionally 
to the square of the time, whilst the vertical ordinates are correspondingly 
diminished, in such a way that the area 

J dec 

included between the wave profile, the axis of x, and the ordinates corre- 
sponding to any two assigned phases (ie., two assigned values of ®) is 
constant* The latter statement may be verified immediately from the 
mere form of (14) or (20) 


* This statement does not apply to the case of an initial impulse The corresponding pro- 
position then is that 

J<p 0 dx, 

taken between assigned values of w, is constant. This appears from (32) 


24 — 2 
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The oscillations of level, on the other hand, at any particular place, are 
represented on p 367. These follow one another more and more rapidly, with 
ever increasing amplitude For sufficiently great values of t, the course 
of these oscillations is given by (22) 

In the region where this formula holds, at any assigned epoch, the 
changes m length and height from wave to wave are very gradual, so that 
a considerable number of consecutive waves may be represented approxi- 
mately by a curve of sines The circumstances are, in fact, all approximately 
reproduced when 

A j- 2 = 27 t (30) 

4<x 


Hence, if we vary t alone, we have, putting A t = r, the period of oscillation. 


whilst, if we vary x 
we find 


T = 

alone, putting 


4)ttx ' 

~¥' 

A x = — X, where X is 


(37) 

the wave-length, 


X = 


8 not? 


(38) 


The wave-velocity is to be found from 


this gives 


A* 

AS 




(30) 

.(40) 


by (38), as in the case of an infinitely long tram of simple haimomc waves 
of length X 

We can now see something of a reason why each wave should be con- 
tinually accelerated The waves m front are longer than those behind, and 
are accordingly moving faster. The consequence is that all the waves arc 
continually being drawn out in length, so that their velocities of propagation 
continually increase as they advance. But the higher the rank of a wav o m 
the sequence, the smaller is its acceleration 

So far, we have been considering the progress of individual waves But, 
if we fix our attention on a group of waves, characterized as having (approxi- 
mately) a given wave-length X, the position of this group is regulated 
according to (40) by the formula 



i.e., the group advances with a constant velocity equal to half that of the 
component waves The group does not, however, maintain a constant 
amplitude as it proceeds, it is easily seen from (22) that for a given value 
of X the amplitude varies inversely as fx 
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It appears that the region in the immediate neighbourhood of the origin 
may be regarded as a kind of source, emitting on each side an endless 
succession of waves of continually increasing amplitude and frequency, whose 
subsequent careers are governed by the laws above explained This peisistent 
activity of the source is not paradoxical , for our assumed initial accumulation 
of a finite volume of elevated fluid on an infinitely narrow base implies an 
unlimited store of energy 

In any practical case, however, the initial elevation is distributed over 
a band of finite breadth , we will denote this breadth by l The disturbance 
at any point P is made up of parts due to the various elements, Sa, say, of 
the bieadth l , these are to be calculated by the preceding formulae, and 
integrated over the breadth of the band In the result, the mathematical 
infinity and other perplexing peculiarities, which we meet with m the case 
of a concentiated line-source, disappear It would be easy to write down the 
requisite formulae, but, as they aie not very tractable, and contain nothing 
not implied m the preceding statement, they may be passed over. It is 
more instructive to examine, m a geneial way, how the previous results will 
be modified 

The initial stages of the disturbance at a distance x, such that l/x is 
small, will evidently be much the same as on the former hypothesis , the 
parts due to the various elements Sa will simply reinforce one another, and 
the result will be sufficiently expressed by (14) or (22) provided we multiply 
by 

f f (a) da., 

J — oo 

ie, by the sectional area of the initially elevated fluid The formula (22), 
m paiticular, will hold when gtf/2x is large, so long as the wave-length X 
at the point considered is large compared with l, i.e , by (38), so long as 
gt 2 j 2x l\x is small But when, as t increases, the length of the waves at x 
becomes comparable with or smaller than l, the contributions from the 
different parts of l are no longer sensibly m the same phase, and we have 
something analogous to ‘ interference ’ in the optical sense The result 
will, of couise, depend on the special character of the initial distribution of 
the values of /(a) over the space but it is plain that the increase of 
amplitude must at length be arrested, and that ultimately we shall have 
a gradual dying out of the disturbance. 

There is one feature generally characteristic of the later stages which 
must be more particularly adverted to, as it has been the cause of some 
perplexity , viz. a fluctuation m the amplitude of the waves. This is readily 
accounted for on 'interference' principles As a sufficient illustration, let 

* Of Burnside, “On Deep-water Waves resulting from a Limited Original Disturbance,” 
Pioc Lond Math Soc , t xx p 22 (1888) 
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us suppose that the initial elevation is uniform over the breadth l , and that 
we are considering a stage of the disturbance so late that the value of X m 
the neighbourhood of the point x under consideration has become small 
compared with l We shall evidently have a series of groups of waves 
separated by bands of comparatively smooth water, the centres of these bands 
occurring whenever l is an exact multiple o± X, say l = nX Substituting m 
(38), we find 



1 e , the bands m question move forward with a constant velocity, which is, m 
fact, the group-velocity corresponding to the average wave-length m the 
neighbourhood * 

The ideal solution of Ait 236 necessarily fails to give any information as to what 
takes place at the origin itself To illustrate this point m a special case, we may assume 

/m-?s4s <"> 

the formula (6) then gives 

A-fQ [‘‘E^ety-VcoeiUdl ( 44 ) 

7T J 0 Or 

The surface-elevation at the origin is 

ri =a ~ f cos crt e~ M> dk = ^ f coh crt e'~ cr2 ^/' / <r dcr .. ( 45 ) 

tt J o vg ] o 

The definite integral cannot be expressed m finite terms, but its form shows that rj is 
always less than the initial value Q/wb, and tends with increasing t to the limit 0 It may 
be proved without difficulty that rj passes once only through the value zero, and that its 
asymptotic value is 

gt 2 ’ 

approximately t 

239 From the effects of an instantaneous impulse we might by super- 
position pass to the case of a surfacc-pi assure varying with the time according 
to any assigned law The case of a periodic (simple-harmonic) pressure 
possesses a certain interest, but is more easily treated independently, as 
follows 

It is to be noted that the problem is to a certain extent indeterminate, 
for on any motion satisfying the prescribed pieasure-conditions we may 
superpose any system of free waves To isolate that part of the solution 

* This fluctuation was first pointed out by Poisson, in the particular case where the initial 
elevation (or rather depression) has a parabolic outline 

t The preceding investigations have an mteiest extending beyond the present subject, as 
shewing how widely the effects of a single initial impulse m a dispersive medium (i e one m 
which wave-velocity varies with wave-length) may differ from what takes place m the case of 
sound, or m the vibrations of an elastic solid 
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which is due solely to the given disturbing force, we may avail ourselves of 
an artifice due to Lord Rayleigh , viz. we introduce a small frictional force 
proportional to the velocity This law of resistance does not profess to be 
altogether a natural one, but it serves to represent m a rough way the effect 
of small dissipative forces, and it has the great mathematical convenience 
that it does not interfere with the irrotational character of the motion For 
if we write, m the equations of Art 6, 

X = — fjiu, Y= — g — /jlv, Z = — gw, (1) 

the investigation of Art. 33, when applied to a closed circuit, gives 

(D . \f, „ 


/ D \ r 

{jot + vJ + + w ^ == ® > ( 2 ) 


whence 


(udx + vdy + wdz) = Ge~^ f . 


Hence the circulation m a circuit moving with the fluid, if once zero, is 
always zero 

If <jf> be the velocity-potential, the equations of motion have now the 
integral 

v = p(^-gy+^) ( 4 ) 


this gives 


13^0 . p , Po 

V — ~t H — <Po 

g dt g Y g P 


where the suffixes indicate surface- values, as before The kinematical relation 
(6) of Art. 226 holds as always 

Hence, corresponding to an applied surface-pressure 

jp 0 = e wt cos k (x — a), (6) 

~ A „„„ 9 k ^irrt 7. -A /*7\ 


we find 


or, writing) 


glc ■— cr 2 + 'ifjbcr 


e lcrt cos k (x — a), 


gpr > = ~ k=J7~- cos 

It will be noticed that 27 t/jc would bo the length of free waves having 
the imposed period 2wl<r. 

Generalizing (9) by Fourier’s method, we find that a surface-pressure 

Po —f 0*0 elcrt (10) 

produces a surface-elevation given by 

<u) 
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or, as it may conveniently be written, 


1 , , 3 f” dh 
2m 6 dx J o k — (K— ^/l 1 ) 


TOO 

) - e -^ x -^}f(a)doc ( 12 ) 

J —00 


We shall suppose, for the most part, that /(a) is sensible only for values 
of a lying between certain finite limits At points of the surface beyond 
these limits, to the right of the origin, x — a will be positive, and we then 
have 


roo e -2k(x-a.) dk 


■■ — 2tti e «) 4. 


00 dm 

o m — ifc — fjbj* 


J 0 J o m-zfc-fij’ 

roo e ilr(x-a) dfo ~ r*> dm ( . 

J o k — ^ — ifAj) J $ m +i/c + fa’ 

as will be shewn presently (Art. 241) m connection with a related problem 

Substituting m (12), and putting = 0, since the frictional term m (4) 
has now served its purpose, we find 


gpr) = — e z<rt ; 


g-lK.(x-a) 


K f“ dm 


7TJ 0 m 2 + K 2 


— \f(a)da ..,(15) 


At distances from the seat of the applied pressure which are great 
compared with r/tc, the definite integral with respect to m is negligible, 
and we have 


gpTj — ifcj e i[<rt-K{x a )]f(a')da = i(A+iB)e^ trt ~ KX \ ...(16) 

J —00 

provided 

r oo roo 

A = /c f(a) cos kol da, B = k /(a) sm tea da . . .(17) 

J —CO J - 00 

Hence, taking the real parts of our expressions, we find that the waves 
produced by an applied surface-pressure 

p Q —f (oo) cos at (18) 

are represented, at a sufficiently great distance on the positive side of the 
origin, by 

gpn = ~lsm (at — kx) — B cos (at — kx) (19)* 

This represents a tram of progressive waves whose wave-length and wave- 
velocity are related m the usual way to the imposed penod. If the pressure 
p 0 be symmetrical with respect to the origin, B — 0. 

When the surface-pressure (18) is concentrated at the origin, so that f(a) 
vanishes for all but infinitesimal values of a, we write 

[ f(a)da = P, (20) 

J —oo 


Cambridge Mathematical Tripos, Part II , 1901, 
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and obtain from (15) 

■d ofrrf kP e lat [°° e~ mx mdm 

gprj = %kP * x > I 

7T Jo 
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7 T 
trJP 

= %tcP ^(° r ^~ /c ' r ) 

7 T 


m 2 + /c 2 

2 3^ J2 __ 

/c 4 x 4 /c {] x e> 


.( 21 ) 


where the series m { } is semi-convergent 

In the case of an integral pressure Pe wt uniformly distributed over the 
space between x — ± a, we should obtain 


gpv = 


sm /ca 
a 




rcP 
. ( 

7 ra 


■I 


00 sinh ma 

m? + fC“ 


dm 


( 22 ) 


This is on the supposition that x is positive and greater than a If x lie 
between 0 and a, the details of the work require some modification , it will 
be found that 


gpv = 


P , , v tcP 

— • cog KX _j e i 

a 7 ra 


"i 


°° e~ ma cosh mx 


o m 2 4- k- 

At the point as — a the values of 77 given by (22) and (23) differ by 

P 


dm .(23) 


2 gpa 


,lcrt 


the amplitude of this discontinuity being exactly that which would be caused 
by a statical difference of pressure P\2a 


Again, if 


Po = 


we should find 


7 r i> 2 -f aP 
P 


^ _ qIi rt __ g^< 

7 T 


t j e -kb cog j cx dfe, (24) 

Jo 


jP roc 

gpr) = %rcP e~ Kh $*(«*-*»> 

77" J 0 


f 00 /c cos mfr + m sin 


m 2 + ac 2 


e~ mx mdm. . .(25) 


It is of some interest to calculate the mean rate at which an integral 
pressure P cos <x£ does work m generating waves In the case of a con- 
centrated pressure, taking the real part of (2l), we have, at the origin (# = 0), 

drj _ /caP 
dt 


gp 


• cos crt H“ a term in sm at 


(26) 


The required mean rate is therefore 

/caP 

%gp 


or 


<r J P 2 

Wp* 


.(27) 


varying as the cube of the frequency. The circumstance that the ineffectual 
term involving sm at, m (26), is infinite need not dismay us The difficulty 
does not occur when the pressure is diffused. Thus, in the case of a uniform 
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pressure distributed over the space between x — ± a, we easily find from 
(23) that the mean rate of work is 


cHP 2 /sm /ea\ 2 
Zg 2 p V tea ) 

This agrees with (27) when tea is infinitely small*. 


(28) 


240. We may next calculate the effect of an aibitrary, but steady, 
application of pressure to the surface of a stream. We shall consider only 
the state of steady motion which, under the influence of dissipative forces, 
however small, will ultimately establish itself f. 

In the absence of such forces, the problem is, like that of Art 239, 
indeterminate, foi we can always superpose a tram of free waves, of arbitrary 
amplitude, and of wave-length such that their velocity relative to the water 
is equal and opposite to that of the stream, m which case they will maintain 
a fixed position m space. 

To avoid this indeterminateness, we will assume that the deviation of any 
particle of the fluid from the state of uniform flow is resisted^by a force 
proportional to the relative velocity, so that 

X = Y= —ff — fiv, (1) 

where c denotes the velocity of the stream in the direction of ^-positive. 
We now have 

^ = const -gy + ^(cx + <$>)- (2) 

r 

this being, m fact, the form assumed by Art. 21 (2) when we write 

& = (jy~fA(cx + cl>), (3) 

m accordance with (1) above 

To calculate, m the first place, the effect of a simple-harmoruc distribution 
of pressure we assume 

^ = - x + sin kx, ^ = - y + fie*® cos he. ...(4) 

* The substance of Arts 236—239 is taken fiom a papei “ On Deep-Water Waves,” Proc 
Lond Math Soc (2), t n p. 371 (1904) 

+ The first steps of the following investigation are adapted from a paper by Lend Rayleigh, 
“ The Form of Standing Waves on the Surface of Running Water,” Proc Pond Math So< [ 
t xv p 69 (1883) [Sc Papers , tup 258], being simplified by the omission, foi the present, of 
all reference to Capillarity The definite mtegials involved are treated, however, m a somewhat 
more general manner, and the discussion of the results necessarily follows a different course 

The problem had been treated by Topoff, “ Solution d’un probldme sur les ondes permanentes,” 
Liouville (2) t in p 251 (1858), bis analysis is correct, but regard is not had to the inde- 
terminate character of the problem (m the absence of friction), and the results are consequently 
not pushed to a practical interpretation 
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The equation (2) becomes, on neglecting the square of k( 3, 

- = — gy + fte hy {kc 2 cos kx -1- gc sm kx) . . (5) 


This gives for the variable part of the pressure at the upper surface = 0) 
Po — p/3 {{kc 2 - g) cos kx + gc sm kx }, ... (6) 

which is equal to the real part of 

p/3 ( kc 2 — g — igc) e lhx 

If we equate the coefficient to G , we may say that to the pressure 

p 0 = Ge 1 ^ . (7) 

coriesponds the surface-form 


9PV “ 


fC 

k — tc — ^p > 1 


Ce* 4 ®, 


.( 8 ) 


where we have written k for $/c 2 , so that 27 r//c is the wave-length of the free 
waves which could maintain their position against the flow of the stream 
We have also put fi/c = /jl 19 for shortness 


Hence, taking the real parts, we find that the surface-pressure 


produces the wave-form 


p 0 = G cos kx 


gpy = tcC 


{k — ic) cos kx — fjb x sm kx 
(k — /e) 2 -I- p*! 2 


(9) 

... . ( 10 ) 


This shews that if g be small the wave-crests will coincide in position 
with the maxima, and the troughs with the minima, of the applied pressure, 
when the wave-length is less than 27 r/tc , whilst the reverse holds in the 
opposite case This is m accordance with a general principle If we impress 
on everything a velocity — c parallel to x, the result obtained by putting 
jUj == 0 m (10) is seen to be merely a special case of Art 167 (13) 


In the critical case of k — tc, we have 

kC 7 

gpy = — - sm kx } 
Pi 


.. (ii) 


shewing that the excess of pressure is now on the slopes which face down the 
stream This explains roughly how a system of progressive waves may be 
maintained against our assumed dissipative forces oy a properly adjusted 
distribution of pressure over their slopes 


241 The solution expressed by (10) may be generalized, m the first 
place by the addition of an arbitrary constant to x, and secondly by a sum- 
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mation with respect to k In this way we may construct the effect of any 
arbitrary distribution of pressure, say 

Po =/(«), - • (12) 

with the help of Fourier’s theorem (Ait 236 (4)) 

We will suppose, in the first instance, that f(x) vanishes for all but 
infinitely small values of x, for which it becomes infinite in such a way that 

[ f(x)dx = P , (13) 

I -oo 


this will give ns the effect of an integral pressure P concentrated on an 
infinitely narrow band of the surface at the origin Replacing G m (10) by 
P/tt $Jc, and integrating with respect to h between the limits 0 and oo , 
we obtain 





z — fc) cos kx - /ij sm kx 


(14) 


If we put C —k+vm, where fc, m aie taken to be the rectangular coordinates of a variable 
point m a plane, the properties of the expression (14) are contained m those of the complex 
integral 

f -di . . .. (15) 


/, 


It is known that the value of this integral, takon round the boundary of any area 
which does not include the singular point (£=<j),is zero In the piesent case we have 
c=K+ifx 11 where a and ju x are both positivo 


Let us first suppose that x is positive, and let us apply the above theorem to the region 
which is bounded externally by the line m = 0 and by an miimto semicncle, dosenbed with 
the origin as centre on the side of this line for which m is positive, and internally by 
a small circle surrounding the point (*, /x x ) The part of the integral duo to the infinite 
semicircle obviously vanishes, and it is easily seen, putting £ — c — 7o t0 , that the part due 
to the small circle is 


if the direction of integration be chosen in accordance with the rule of Art 3!2 
obtam 



pikx 


k-(t c-HjUji) 


r 00 pikx , , . 

dk+ . dk-^i^ K+ ^ x =0, 

J 0 £-(k + ¥ i) 


Wo thus 


which is equivalent to 


/: 


j) 




/: 


k + (< -H/aj) 


dk 


(16) 


On the other hand, when x is negative we may take the integral (15) round the contour 
made up of the line m — 0 and an infinite semicircle lying on the side for which m is 
negative This gives the same result as before, with the omission of the term duo to the 
singular point, which is now external to the contour Thus, for x negative, 


/ 


o ^-(k+^j) 


dk 


-r 


fl—ikx 

dk 

K +(k+1^i 1 ) 


(17) 
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An alternative form of the last term m (16) may be obtained by integrating round the 
contour made up of the negative portion of the axis of k, and the positive portion of the 
axis of m, together with an infinite quadrant We thus find 


/ 0 Q%kx r oo mx 

- ^ 7 ^) di+ J o ^ 7 +S lc * ro=0 ’ 


which is equivalent to 


/ 


o k + (lC + Ifa) 


di 


= f 00 e 

J o m- 




dm 


(18) 


This is for x positive In the case of x negative, we must take as our contour the 
negative portions of the axes of k, m, and an infinite quadrant This leads to 

^ "** 'l JiiQG 


/: 


dk 




gW£C 


• dm , , 


(19) 


/^“h(/c+ 2-jLq) 7 0 fll + fq — fcjc' 

as the transformation of the second membei of (17) 

In the foregoing argument is positive The corresponding results for the integral 


I, 






( 20 ) 


- ( K — *A*l) 

are not required for our immediate purpose, but it will be convenient to state them for 
future reference For x positive, we find 


„ /■» t; f 

J o h - ( K -Vj ** - j „ * = J 


0 m+pj + iA. 




( 21 ) 


whilst, for x negative, 


7 o — 


■/: 


X + (K-lpi) 




= f" 

J 0 ft] 

The verification is left to the reader* 


gWl£C 

fX x - iK. 


dm 


( 22 ) 


If we take the real parts of the formulae (16), (18), and (17), (19), respectively, we 
obtain the results which follow 


The formula (14) is equivalent, for x positive, to 


*JP y = . 
K P J 


■ 2tt6 mx sm kx 


■ "lire <*i® sm kx -f 


/, 


and, for x negative, to 


(Ic j- tc) cos kx — fij sm kx 
0 (& + k) 2 + P'1 

(m — fi x ) e~ mx dm 
o (m ~ /lJ 2 + k* 


die 


Trgp _ f 00 (m + /x x ) e mx dm 


(23) 


(24) 


i o (m + /x-j) 2 4 - /c 2 

The interpretation of these results is simple The first term of (23) 
represents a train of simple-harmonic waves, on the down-stream side of the 

* Tor another treatment of these integrals, see Dmchlet, Voi lesunqen ueber d. Lehre v d 

evnfachen u. mehrfachen bestimmten Integralen (ed. Arendt), Braunschweig, 1904, p 170. 
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origin, of wave-length 27 tc 2 /<7, with amplitudes gradually diminishing accoidmg 
to the law e~^ x The remaining part of the deformation of the ffee-surface, 
expressed by the definite integrals m (23) and (24), though very great for 
small values of x, diminishes very rapidly as x increases, however small the 
value of the frictional coefficient 


When fji, is infinitesimal, our results take the simpler forms 

? die 


Trap „ f 00 cos kx 

— y = — 27r sin kx + J 


= — 2t t sm kx + 


0 Jc + K 
me' 


”00 
J 0 


t —inx 


for x positive, and 


irqp f” cos kx „ f° 

iP-v-l. Jo 


m 2 + /c 

me mx 
m 2 + k 2 


dm, 


dm, 


. (25) 

... (26) 


for x negative The part of the disturbance of level which is represented 
by the definite integrals m these expressions is now symmetrical with respect 
to the origin, and diminishes constantly as the distance from the origin 
increases When kx is moderately large we have, as m Art. 239, the semi- 
convergent expansion 


r °° me~ mx , _ 1 3 1 5 1 

0 m 2 + k 1 m k 2 x 2 /e 4 # 4 kV 


.. (27) 


It appears that at a distance of about half a wave-length from the origin, 
on the down-stream side, the simple-harmonic wave-profile is fully 
established 


The definite integrals m (25) and (26) can be reduced to known functions as follows 
If we put ( k + K .) x = u , we have, for x positive, 


r °° cos&£ 7J f* 


cos (kx— u) 


du 


f kx 

• = — Ci kx cos kx -j- (^tt - Si kx) sm kx , . . . (28) 

where, m conformity with the usual notation, 


Glu= ~j 


00 cos u 
u 


du , Si u 


-/ 


u sm u 
o U 


du .. 


.. . (29) 


The functions Ci u and Si u have been tabulated by Glaisher* It appears that as u 


* “Tables of the Numerical "Values of the Sme-Integral, Cosine-Integral, and Exponential- 
Integral,” Phil. Trans , 1870 The expression of the last integral m (26) in terms of the sme~ 
and cosine-integrals, was obtained, m a different manner from the above, by Schlonulch, “ Bur 

/ oo 

0 J*Ta 2e ~ Xd ” Gielle > * xxxm * (1846) , see also De Morgan, Differential and 
Integral Calculus , London, 1842, p 654, and Dirichlet, Voi lesungen, p 208 
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increases from zero they tend very rapidly to their asymptotic values 0 and respectively 
Foi small values of u we have 


Ci u s= y + log u - 


V? 'iff 
2 2 i + 4~4~i 


Si u—u — 

where y is Euler’s constant 5772 , 


u z u 5 
3 3 , + 5~5T“* 


• (30) 


It is easily found from (23) and (24) that when ^ is infinitesimal, the 
integral depression of the surface is 

(3l) 

exactly as if the fluid were at rest 


242 The expressions (23), (24) and (25), (26) alike make the elevation 
infinite at the origin, but this difficulty disappears when the pressure, which 
we have supposed concentrated on a mathematical line of the surface, is 
diffused over a band of finite breadth. 


To calculate the effect of a distnbuted pressure 

Po «/(«?), • • (32) 

it is only necessary to write x- a for x in (25) and (26), to replace P by 
/(a) 8a, and to integrate the resulting value of y with respect to a between 
the proper limits It follows from known principles of the Integral Calculus 
that if be finite the integrals will be finite for all values of x 


In the case of a uniform pressure p 0} applied to the part of the surface 
extending from — oo to the origin, we easily find by integration of (23), for 
x > 0, 


o , #Po r e ~ mx 

m = -2p aOOBKa! +JLJ o - F — r> . .(33) 

where /jl x has been put = 0 Again, if the pressure p Q be applied to the part 
of the surface extending from 0 to + oo , we find, for x < 0, 


m 


= #Po f 
7T J ( 


' dm 


o m- + k 1 


(34) 


From these results we can easily deduce the requisite formulae foi the case 
of a uniform pressure acting on a band of finite breadth. The definite 
integral m (33) and (34) can be evaluated in terms of the functions Ci u, 
Si u , thus m (33) 

f 00 e~ mx dm f°°smkx 77 71 _ . 

K I V - — = I J — — die = (^7T — bl fex) cos tex + Ci kx sm KX . . ,(3o) 

J 0 Wf Hr x J o t* fc 
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In this way the diagram on p 384 was constructed , it represents the 
case where the band ( AB ) has a breadth hT \ or 159 of the length of a 
standing wave 

The ciicu instances m any such case might be realized approximately by 
dipping the edge of a slightly inclined board into the surface of a stream, 
except that the pressure on the wetted area of the board would not be uniform, 
but would dimmish from the central parts towards the edges To secure 
a uniform pressure, the board would have to be curved towards the edges, to 
the shape of the portion of the wave-profile included between the points 
A, B m the figure. 

It will be noticed that if the breadth of the band be an exact multiple 
of the wave-length (27r//c), we have zero elevation of the surface at a distance, 
on the down-stream as well as on the up-stream side of the source of 
disturbance. 


The diagram shews certain peculiarities at the points A , B due to the 
discontinuity in the applied pressure A more natural representation of a 
local pressure is obtained if we assume 

_P b ,o*\ 

P °~TT + ^ 


We may write this in the form 

P 1 


■rr b — ix 7r 


e~ u+lkx dk, 


• ..(37) 


provided it is understood that, m the end, only the real part is to be 
retained On refeience to Art 240 (7), (8) we see that the corresponding 
elevation of the free surface is given by 

g p y - _ I ® dh (38) 

7. T ] 0 k-/C-lfr 

By the method of Art. 241, we find that this is equivalent, for 
x > 0, to 


gpy = -±- ^ + 


o m — fjb x + i/c 


dm \ , ... .(39) 


and, for x < 0, to 


fcP f 00 gwnb+mx 


7 r Jo m + fii — %tc 


( 40 ) 


Hence, taking real parts, and putting = 0, we find 
_ 7 P f ' 30 m cos mb — /c sm mb , 


• 2tcPe~ Kh sm kx + : 


fcP f 00 m cos mb — /c sm mb 
’ 7 T Jo m 2 H-/c 2 


m 2 -f /c 2 


e mx 


~ e~ mx dm } [x > 0], (41) 


[*<0]. .(42) 


L 


25 
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The factor e~ Ki m the first term of (41) shews the effect of diffusing the 
pressure. It is easily proved that the values of y and dyjdx given by these 
formulae agree when * = 0*. 

243 If m the problem of Art 240 we suppose the depth to be finite 
and equal to h, there will be, in the absence of dissipation, mdeterminateness 
or not, according as the velocity c of the stream is less or greater than (gKft, 
the maximum wave-velocity for the given depth, see Art. 230 The difficulty 
presented by the former case can be evaded by the introduction of small 
frictional forces , but it may be anticipated from the preceding investigation 
that the main effect of these will be to annul the elevation of the surface 
at a distance on the up-stream side of the region of disturbed pressure, 
and if we assume this at the outset we need not complicate our equations 
by retaining the frictional terms f. 

For the ease of a simple-harmonic distribution of pressure we assume 

<b \ 

jl = — x + yS cosh k ( y + h) sm kx , 

c /-. \ 

_ y -f /3 suih k (y + h) cos kx, 
c 

as in Art 230 (3) Hence, at the surface 

y = /3 smh kh cos kx, (2) 

we have 

■2° = — gy — ^ (cj* — c 2 ) = /3 ( kc 2 cosh kh — g smh kh) cos kx, . (3) 

P 

so that to the imposed pressure 

p 0 = G cos kx, (4) 

will correspond the surface-form 

G smh kh 7 /K . 

^ ~~ p * kd 2 cosh kh — g smh kh C0S X ^ 

As in Art. 240, the pressure is greatest over the troughs, and least over the 
crests, of the waves, or vice versd, according as the wave-length is greater or 
less than that corresponding to the velocity c , m accordance with general 
theory 

The generalization of (5) by Courier’s method gives 

__P r°° smh kh cos kx „ 

^"~7rp Jo ~kc l cosh fch-g smh Ich * 

* A different treatment of the problem of Aits 241, 242, is given m a recent paper by Ijoid 
Kelvin, “Deep Water Ship-Waves,” Proc R. S Edm , t xxv p 562 (1905) [PhiL Mag (6), t ix 
p 733] 

t There is no difficulty m so modifying the investigation as to take the frictional forces into 
account, when these are very small. 
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as the representation of the effect of a pressure of integral amount P applied to a narrow 
band of the surface at the origin This may be written 


w, 


,0 ° cos (xu/h) 
o u coth u — gh/c 2 


Now consider the complex integral 


J fcothf-flrA/c*^ (8) 

where (—u+iv The function under the integral sign has a singular point at f=:^oo, 
according as x is positive or negative, and the remaining singular points are given by the 
roots of 

tanh t c 2 

£ ~ gh' ^ 

Since (6) is an even function of x , it will be sufficient to take the case of x positive 

Let us first suppose that c 2 >gh The roots of (9) are then all pure imaginaries , viz 
they are of the form ±i(3, where /3 is a root of 


tan/3 c 2 

0 ~gh (1 °) 

The smallest positive root of this lies between 0 and r, and the higher roots approximate 
with increasing closeness to the values 0+£) tt, where s is integral. We will denote these 
roots m order by /3 0 , /3 X , /3 2 , . Let us now take the integral (8) round the contour made 
up of the axis of u, an infinite semicircle on the jiositive side of this axis, and a series of 
small circles surrounding the singular points £=if 3 0 , ifa, ift 2 The part due to the 
infinite semicircle obviously vanishes Again, it is known that if a be a simple root of 
f(0 — 0 the value of the integral 


taken m the positive direction round a small circle enclosing the point f =a is equal to* 


Now in the case of (8) we have 


«*(«) 

/(«) 


/'(a)=COtha-a(coth 2 a-l)=i ^1 ~~t) + a 2 - > 


whence, putting a=t0 8 , the expression (11) takes the form 

2 wB a e~W h , 

toVi.va 7? 


The theorem in question then gives 


(“$) 


J -oo u coth u—gh/c 2 J 0 u coth u - ghjc 1 ~ 

If m the former integral we write —u for u, this becomes 


oo a 11. 

rr tt* du—iir'2, B e e-W h = 0. 

u coth u - gh/c 2 o 8 


r “ cos (xujh) 
o u coth u - ghjc 2 * 


o * 


Forsyth, Theory of Functions, Art 24. 


25—2 
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The surface-form is then given by 

yP 2 “ B,e~W h . . . (17) 

J pc* 0 

It appears that the surface-elevation (which is symmetrical with respect to the origin) 
is insensible beyond a certain distance from the seat of disturbance 

When, on the other hand, e 2 <p&, the equation (9) has a pair of real roots ( ± «, say), the 
lowest roots ( ± £ 0 ) of ( 10 ) having now disappeared The integral (7) is then indeterminate, 
owing to the function under the integral sign becoming infinite within the range of 
integration One of its values, viz the ‘puncipal value,’ m Cauchy’s sense, can however 
be found by the same method as before, provided we exclude the points £= ±« from the 
contour by drawing semicircles of small radius € round them, on the side for which v is 
positive The parts of the complex integral (8) due to these semicircles will be 

•where/' (a) is given by (12) , and their sum is therefore equal to 

27rJ.sm^r, (18) 


where 


A = 


a 



(19) 


The equation corresponding to (16) now takes* the form 


f r a—e Too J COS XUlh 7 , (lV -Bje/h 

\ + } __ — - — du=* — ttA sm - 7 - + ir2, B s e \ 

(Jo J «+e J U coth u -grh/c 2 h i 


(20) 


so that, if we take the principal value of the integral m (7), the surface-form on the side 
of ^-positive is 


P . ax P 

y = J sm -y H — o 

J pc 2 h pc 2 


2 B 6 e 


-pMh 


. ( 21 ) 


Hence at a distance from the origin the deformation of tho surface consists of the 
simple-harmonic tram of waves indicated by the hist term, the wave-length 27 r/i/a being 
that corresponding to a velocity of propagation c relative to still water 


Since tho function (7) is symmetrical with respect to the origin, the corresponding 
result for negative values of x is 


p , ... . «* . P_ 2 » B ^/\ 


y — — 5 A sin 
J pc 2 


h pc* 


. ( 22 ; 


The general solution of our indeterminate problem is completed by adding to (21) and 
(22) terms of the form 

s* a# , n ax 

C cos y + D sm -£• (2d) 


The practical solution, including the effect of infinitely small dissipative forces, is obtained 
by so adjusting these terms as to make the deformation of the surface insensible at 
a distance on the up-stream side "Wo thus get, finally, for positive values of r, 


y=-—jA sm 4- — » 2 °° B s e~ (24) 

pc 2 h pc 2 i 
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and, for negative values of a, 

v=~. i 2"’B s e^ xlh (25) 

''pc 2 1 

For a different method of reducing the definite integral m this problem we must refer 
to the paper by Lord Kelvin cited below 


244 The same method can be employed to investigate the effect on a 
mnifoim stream of slight inequalities in the bed* 

Thus, m the case of a simple-harmonic coirugation given by 

* y = — h 4* 7 cos kx , (1) 


the origin being as usual m the undisturbed surface, we assume 

i. = — x + (a cosh ky + ft sinh ky) sm kx , 
c 

- 

= - y + (a sinh ky + ft cosh ky) cos kx 
c 

The condition that (1) should be a stream-line is 

ry = — a sinh kh + /3 cosh kh. 


( 2 ) 

. ... (3) 


The pressure-formula is 


2 = const - gy + kc 1 (a cosh ky + /3 sinh ky) cos kx (4) 

P 

approximately, and therefore along the stream-line yjr = 0 

■2 = const + (kc 2 a — g/3) cos kx, 

P 

so that the condition for a fiee surface gives 

Ic&ol - gfi = 0 (5) 

The equations (3) and (5) determine a. and j3 The profile of the free surface 
is given by 

y = /3 cos kx 

= — T-r, %rz T-Ti cos hx (6) 

cosh kh - y/kd 2 . sinh kh 

If the velocity of the stream be less than that of waves m still water 
of uniform depth h, of the same length as the corrugations, as determined by 
Art. 228 (4), the denominator is negative, so that the undulations of the free 
surface are inverted relatively to those of the bed In the opposite case, the 
undulations of the surface follow those of the bed, but with a different vertical 


* Sir W Thomson, “On Stationary Waves m Flowing Water,” Phil Mag (5), t. xxn pp 353, 
445, 517 (1886), and t xxm. p 52 (1887) 
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scale When c has precisely the value given by Art. 228 (4), the solution 
fails, as we should expect, through the vanishing of the denominator To 
obtain an intelligible result m this case we should be compelled to take special 
account of dissipative forces. 


The above solution may be generalized, by Fourier’s Theorem, so as to apply to the 
case where the inequalities of the bed follow any arbitrary law Thus, if the profile of 
the bed be given by 

j/=-A+/(t)=-A+] [ dk f /(£)cosJ(*-£)d£, ... . (7) 

' J 0 J —oo v ' 

that of the free surface will be obtained by superposition of terms of the type (6) due to 
the various elements of the Fourier-integral , thus 


f 00 dk f 00 - f M c08 ^.zJL _ rjt 

7T J o J coshM-^/Ac 2 smh kh * 


. . ( 8 ) 


In the case of a single isolated inequality at the point of the bed vertically beneath 
the origin, this reduces to 


f m C0S ^ dh 

7T J o cosh kh—gjlcti 1 smh kh 

__ Q_ f°° u cos (xu/h) 

t rh J o u u—gh/c 2 smh u U ’ ^ 

where Q represents the area included by the profile of the inequality above the general 
level of the bed For a depression Q will of course be negative 

The discussion of the integral 

f £e ta * /h d£ 

J £ cosh f-y/i/c 2 smh £ 

can be conducted exactly as m Art. 243 The function to be integrated differs only by 
the factor £/( smh £) , the singular points therefore are the samo as before, and we can at 
once write down the results 


Thus when c 2 >gh we find, for the surface-form, 

y=f 2 * 

h 0 Sill & 5 

the upper or the lower sign being taken accoidmg as % is positive or negative 
When c 2 <gh, the 1 practical 9 solution is, for x positive, 

2 Q 


,Qs 

A smh a a,ul h h * x ° sm i 




.( 11 ) 


.( 12 ) 


and, for x negative, 5" R _£», ,, ,s 

h , * sin ft 

The symbols a, ft, A, B „ have hero exactly the same meanings as m Art. 243*. 


A very interesting drawing of the wave-profile produced by an isolated inequality m the bed 
is given m Lord Kelvin’s paper, Phil Mag (5), t xxu p. 529 The effect of an abrupt ohange of 
level m the bed has been discussed by Wien, Hychodynamik, p. 201 
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245 . If in the problems of Arts 241, 243 we impress on everything a 
velocity — c parallel to x, we get the case of a pressure- disturbance advancing 
with constant velocity c over the surface of otherwise still water In this 
form of the question it is not difficult to understand, m a general way, the 
origin of the tram of waves following the disturbance 

If, for example, equal impulses be applied in succession to a seiies of 
equidistant parallel lines of the surface, at equal intervals of time, each 
impulse will produce on its own account a system of waves of the character 
investigated in Art. 237 The systems due to the different impulses will 
be superposed, with the obvious result that the only parts which reinforce 
one another will be those which have the wave-length appropriate to the 
velocity c with which the disturbing influence advances over the surface, 
and which are (moreover) travelling m the direction of this advance And 
the investigations of Arts 234, 238 shew that the groups of waves, of this 
particular length, which are produced, are continually being left behind 

These results have a bearing on such questions as the ‘ wave-resistance ’ 
of ships It appears from Art 243, in the two-dimensional form of the 
problem, that a local disturbance of pressure advancing with velocity 
o [ < (gh)*] over still water of depth h is followed by a simple-harmonic tram 
of waves of the length ( 27 t/k) appropriate to the velocity c, and determined 
therefore by Art 228 (4) , whilst the water m front of the disturbance is 
sensibly at rest If we imagine a fixed vertical plane to be drawn m the rear 
of the disturbance, the space m front of this plane gams, per unit time, the 
additional wave-energy \ gpa?c, where a is the amplitude of the waves gene- 
rated. The energy transmitted across the plane is given by Art 235 (14) 
The difference represents the work done by the disturbing force Hence if 
R denote the horizontal resistance experienced by the disturbing body, 
we have 

R = lgpa>( l-~£j 0) 

As c increases from zero to ( gh )*, kJi diminishes from oo to 0, and therefore 
R diminishes from \gpa? to 0* 

When c > (gh)\ the water is unaffected beyond a certain small distance 
on either side, and the wave-resistance R is then zero - ] - . 

An interesting variation of the question is presented when we have a 
layer of fluid on the top of another fluid of somewhat greater density If 

* It must be remarked, however, that the amplitude a due to a disturbance of given character 
will also vary with c This is exemplified m Art 242 (41), in the case ol infinite depth. It 
appears that, if P be given, a a ice"* 6 , where K=g/c 2 

+ Of Sir W Thomson “ On Ship Waves,” Proc. Inst Mech Eng , Aug 3, 1887 [ Popular 
Lectures and Addresses, London, 1889-94, t m p 450] A formula equivalent to (1) was given 
in a paper by the same author, Phil Mag (5), t xxn p 451. 



392 


Surface Waves [chap, ix 

p, p' be the densities of the lower and upper fluids, respectively, and if the 
depth of the uppei layer be hf , whilst that of the lower fluid is practically 
infinite, the results of Stokes quoted m Art 231 shew that two wave-systems 
may be generated, whose lengths (27 t//c) are related to the velocity c of the 
disturbance by the formulae 

C-= / ~ (2) 

ic p coth k/i 4* p tc J 

It is easily proved that the value of k detei mined by the second equation is 
real only so long as 

c 2 < ~ — £~gh' (3) 

P 

If c exceeds the critical value thus indicated, only one type of waves 
will be generated, and if the difference of densities be slight the wave- 
resistance will be practically the same as m the case of a single fluid, the 
circumstances being similar to those of Art 241. But if c fall below the 
critical value, a second type of waves may be produced, in which the amplitude 
at the common boundary greatly exceeds that at the upper surface , and it 
is to these waves that the 'dead-w r ater resistance' referred to in Art 231 is 
attributed* 


Waves of Finite Amplitude. 

246 . The restriction to 'infinitely small’ motions, m the investigations 
of Arts 226, . implies that the ratio (a/X) of the maximum elevation to the 
wave-length must be small The determination of the wave-foims which 
satisfy the conditions of uniform propagation without change of type, when 
this restriction is abandoned, forms the subject of a classical research by 
Stokes f 

The problem is most conveniently treated as one of steady motion. If 
we neglect small quantities of the older the solution of the problem in 
the case of infinite depth is contained m the formulae j 

~ = _ x -f ft e k v sm kx, ^ = — y + ft e h v cos kx . (1) 


* Ekman, l c. ante p 354 

t “On the theory of Oscillatory Waves,” Camb Trans, t vm (1847) [lepnnted, with a 
“ Supplement,” Math and Phys Papers, t i pp 197, 314] 

The outlines of a more general investigation, including the case of permanent waves on the 
common surface of two horizontal currents, have been given by von Helmholtz, “ Zm Theone 
von Wind und Wellen,” Perl Monatsber , July 25, 1889 [Ges Abh , t in p 309] See also Wien, 
Hydrodynamih, p 169 

t Lord Rayleigh, l c ante p. 246 
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The equation of the wave-profile ^ = 0 is found by successive approxi- 
mations to be 

y = /3e ly cos kx = ft (1 + ky 4- \k 2 y 2 4- . .) cos kx 
= +■ f3 (1 + f/c 2 /3 2 ) cos 4- |&/3 2 cos 2kx 4- cos 4- . , (2) 

or, if we put /3 (1 + /c 2 /3 2 ) = a, 

y — |7ca 2 = a cos fes 4- J&a 2 cos 2kx 4- \k 2 a z cos 3Jcx + . . . .(3) 

So fai as we have developed it, this coincides with the equation of a trochoid, 
m which the circumference of the rolling circle is 27 r/Jc, or X, and the length 
of the arm of the tracing point is a 

We have still to shew that the condition of uniform pressuie along this 
stream-line can be satisfied by a suitably chosen value of c We have, from 
(1), without appioximation 

£ = const, -gy - ^c 2 {1 - Zkfie ky cos kx 4- k 2 /3 2 e^}, (4) 

P 

and therefore, at points of the line y = fie ky cos kx , 

- = const, 4- ( lee 2 — g) y — ^k 2 c 2 /3 2 e 2ky 
P 

= const 4- (kc 2 — g — k s c 2 /3 2 ) y 4- (5) 

Hence the condition for a free surface is satisfied, to the present order of 
approximation, provided 

c 2 = | + fcV/3 2 = | (1 + (6) 

This determines the velocity of progressive waves of permanent type, and 
shews that it increases somewhat with the amplitude a 

For methods of proceeding to a higher approximation, and for the 
treatment of the case of finite depth, we must refer to the original in- 
vestigations of Stokes 

The figure shews the wave-profile, as given by (3), in the case of Jca~ \ } 
or a/X = 0796 



The approximately trochoidal form gives an outline which is sharper near 
the crests, and flatter m the troughs, than in the case of the simple-harmonic 
waves of infinitely small amplitude investigated m Art 228, and these 
features become accentuated as the amplitude is increased. If the trochoidal 
form were exact, instead of merely approximate, the limiting form would 
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have cusps at the crests, as in the case of Gerstner’s waves to be considered 
presently 

In the actual problem, which is one of irrotational motion, the extreme 
form has been shewn by Stokes*, in a very simple manner, to have sharp 
angles of 120°. The question being still treated as one of steady motion, 
the motion near the angle will be given by the formulae of Art 63 , viz if 
we introduce polar coordinates r, 6 with the crest as origin, and the initial 
line of 0 drawn vertically downwards, we have 

yjr = Or m cos md, (7) 

with the condition that ^fr = 0 when 6 — ± ol (say), so that mot = \tt This 
formula leads to 

q = mCr m ’~ 1 , . . ( 8 ) 

where q is the resultant fluid velocity But since the velocity vanishes at 
the crest, its value at a neighbouring point of the free surface will be given by 

q 2 = 2 gr cos a, (9) 

as m Art. 24 (2). Comparing (8) and (9), we see that we must have m=§, 
and therefore a = f . 

In the case of progressive waves advancing over still water, the particles 
at the crests, when these have their extreme forms, are moving forwards with 
exactly the velocity of the wave. 

Another point of interest m connection with these waves of permanent 
type is that they possess, relatively to the undisturbed water, a certain 
momentum m the direction of wave-propagation The momentum, per wave- 
length, of the fluid contained between the free surface and a depth h (beneath 
the level of the origin) which we will suppose to be great compared with X, is 

- p \\ d ~ty dxd y= p chx > ( 10 ) 

since = 0, by hypothesis, at the surface, and = ch, by (1), at the great depth 
h In the absence of waves, the equation to the upper surface would be 
y = Pa 2 , by (3), and the corresponding value of the momentum would 
therefore be 

pc (h + P<x 2 ) X, (11) 

The difference of these results is equal to 

TTpaPc, (12) 


* Math and Phys. Payers, t 1 . p 227. 

t The wave-profile has been investigated and traced by Michell, “ The Highest Waves in 
Water,” Phil. Mag (5), t xxxvi p 430 (1893). He finds that the extreme height is 142 X, and 
that the wave-velocity is greater than in the case ot infinitely small height in the ratio of 1-2 to 1. 
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which gives therefore the momentum, per wave-length, of a system of 
progressive waves of permanent type, moving over water which is at rest at 
a great depth. 

To find the vertical distribution of this momentum, we remark that the 
equation of a stream-lme f = ch' is found from (2) by writing y + h! for y, 
and fie~ w for /3. The mean-level of this stream-line is therefore given by 

y=-h'+ \lcft 2 e~ 2hh ' (13) 

Hence the momentum, in the case of undisturbed flow, of the stratum of 
fluid included between the surface and the stream-lme m question would 
be, per wave-length, 

pc\ [V + P/3 2 (1 - e~ 2kh ')} (14) 

The actual momentum being pch% we have, for the momentum of the same 
stratum m the case of waves advancing over still water, 

7 rpa?c (1 — e~ 2kK ) (IS) 

It appears therefore that the motion of the individual particles, m these 
progressive waves of permanent type, is not purely oscillatory, and that there 
is, on the whole, a slow but continued advance in the direction of wave- 
propagation* The rate of this flow at a depth V is found approximately by 
differentiating (15) with respect to h\ and dividing by p\, viz. it is 

k 2 a 2 ce~ 2W (16) 

This diminishes rapidly from the surface downwards 

247 A system of eocact equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, was given so long ago as 1802 
by Gerstner")", and at a later period independently by Rankmeij The 
circumstance, however, that the motion m these waves is not irrotational 
detiacts somewhat from the physical interest of the results 

If the axis of ^ be horizontal, and that of y be drawn vertically upwards, 
the formulae m question may be written 

x = a + - e kb sm k ( a + ct), y ~b — ^e kb cos k ( a 4- ct), . . . .(1) 

where the specification is on the Lagrangian plan (Art. 16), viz, a, b are two 
parameters serving to identify a particle, and x> y are the cooidmates of this 
particle at time t The constant k determines the wave-length, and c is the 
velocity of the waves, which are travelling m the direction of ^-negative 

* Stokes, l c ante p 392 Another very simple proof of this statement has been given by 
Lord Rayleigh, l c ante p 246 

f Professor of Mathematics at Prague, 1789-1823 His paper, “ Theone der Wellen,” was 
published m the Abh d k bohm Ges . d Wiss , 1802 [Gilbert’s Annalcn d Physik, t xxxii (1809)]. 

J “ On the Exact Form of Waves near the Surface of Deep Water,” Phil Trans , 1863 
[Sc Papers, p 481] 
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To verify this solution, and to determine the value of c, we remark, m 
the first place, that 

IfefJ- 1 -'* (2) 

so that the Lagrangian equation o f continuity (Art 16 (2)) is satisfied. Again, 
substituting from (1) m the equations of motion (Ait 13), we find 

^ (p + 5=5 ^ c2&kb sin ^ ( a + ci )> | 

^ + gyj = — kc 2 e kb cos 1c ( a + ct) + kc 2 e 2kb , 


whence 


= const. — g | b — ^ e kb cos k (a + c£) j — c 2 e kb cos k ( a +■ ct) + ^c 2 e 2kb . . .(4) 


For a particle on the free surface the pressure must be constant, this 
requires 

,2 


as m Art. 228 This makes 


= const — gb -f \d*e? kh (6) 


It is obvious from (1) that the path of any particle (a, b) is a circle of 
radius ]<r l e kb 



The figure shews the forms of the lines of equal pressure b = const., for 


Gerstner's Waves 
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a senes of equidistant values of 6*. These curves aie trochoids, obtained by 
rolling circles of radii lc~ l on the under sides of the lines y = b + k” 1 , the 
distances of the tracing points from the respective centres being /c _1 e kb Any 
one of these lines may be taken as representing the free suiface, the extreme 
admissible form being that of the cycloid The dotted lines represent the 
successive forms taken by a line of particles which is vertical when it passes 
through a crest or a trough 

It has already been stated that the motion of the fluid m these waves is 
rotational To prove this, we remark that 

uSx + vSy = (& d £ + y d £j 8a + (« + » 


= ~ 8 { e kb sm h ( a + c^)} + ce 2jcb 8a, ... . (7) 

which is not an exact differential. 


The circulation m the boundary of the parallelogram whose vertices 
coincide with the particles 

(cl, b), (a + 8a, b), (a, b 4 8b), (<x 4 8a, b 4 8b) 

is, by (7), -~(ce* b 8a)8b, 

and the area of the circuit is 


|f^Sa86 = (l-e 2to ) Set 86 
9 (a, b) v 

Hence the angular velocity ( co ) of the element (a, b) is 

Icce 2kb 

® = ~ 


- -(B) 


Tins is greatest at the surface, and diminishes rapidly with increasing depth 
Its sense is opposite to that of the revolution of the particles m their circular 
orbits 


A system of waves of the present type cannot therefore be originated 
from rest, or destroyed, by the action of forces of the kind contemplated m 
the general theorem of Arts 17, 33 We may however suppose that by 
properly adjusted pressures applied to the surface of the waves the liquid is 
gradually reduced to a state of flow m horizontal lines, m which the velocity 
(vl) is a function of the ordmate (y) only-f*. In this state we shall have 
dos'/da = 1, while y is a function of b determined by the condition 

d <>', ?/) d(a>,y) 

d (a, b) ~ d (a, 6) 5 W 


* The diagram is very similar to the one given ongmally by G-erstner, and copied more or 
less closely by subsequent writeis. A version of Gerstner’s investigation, including m one 
respect a correction, was given m the preceding edition of this work, Ail 233. 

t For a fuller statement of the argument see Stokes, Math and Phys Papers, t 1 p 222 
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or 



(10) 




db 


This makes 

0m' 

db 


(11) 

and therefore 


u' — ce 2kb . 

(12) 


Hence, for the genesis of the waves by ordinary forces, we require as a 
foundation an initial horizontal motion, m the direction opposite to that of 
propagation of the waves ultimately set up, which diminishes rapidly from 
the surface downwards, according to the law (12), where & is a function of yf 
determined by 

y' = b — e 2kb (13) 

It is to be noted that these rotational waves, when established, have zero 
momentum. 


248 Scott Russell, m his interesting experimental investigations^, was 
led to pay great attention to a particular type which he calls the ‘ solitary 
wave.’ This is a wave consisting of a single elevation, of height not necessarily 
small compared with the depth of the fluid, which, if properly started, may 
travel for a considerable distance along a uniform canal, with little or no 
change of type. Waves of depression, of similar relative amplitude, were 
found not to possess the same character of permanence, but to break up mto 
series of shorter waves. 

The solitary type may be regarded as an extreme case of Stokes’ 
oscillatory waves of permanent type, the wave-length being great compared 
with the depth of the canal, so that the widely separated elevations are 
practically independent of one another. The methods of approximation 
employed by Stokes become, however, unsuitable when the wave-length 
much exceeds the depth; and subsequent investigations of the solitary 
wave have proceeded on different lines 

The first of these was given independently by Boussmesqf and Lord 
Rayleigh The latter writer, treating the problem as one of steady motion, 
starts virtually from the formula 

c p + iTjr = F (x + iy) = e Vdx F{x) ) (1) 

where F(x) is real. This is especially appropiiate to cases, such as the 


* “Beport on Waves,” Brit Ass Bep , 1844 
t Comptes Bendus , June 19, 1871. 
t l.c ante p. 246 
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present, where one of the family of stream -lines is straight. We derive 
from (1) 

= + = y F'-g [ F'" + g ] F'- . , ( 2 ) 

where the accents denote differentiations with respect to x The stream-line 
\jr = 0 here forms the bed of the canal, whilst at the free surface we have 
\jr — — ch, where c is the uniform velocity, and A the depth, m the parts of 
the fluid at a distance from the wave, whether in front or behind 

The condition of uniform pressure along the free surface gives 


y? + v 2 = c 2 — 2g (y — h\ (3) 

or, substituting from (2), 

F' 2 - y 2 F'F' / ' + y 2 F" 2 + . = c 2 - 2# (y - h) (4) 

But, from (2) we have, along the same surface, 

yF'-^F'" + ...=- ch. (5) 


It remains to eliminate F between (4) and (5) ; the result will be a differential 
equation to determine the ordinate y of the free surface If (as we will 
suppose) the function F' (x) and its differential coefficients vary so slowly 
with x that they change only by a small fraction of their values when x 
increases by an amount comparable with the depth A, the terms m (4) and 
(5) will be of gradually diminishing magnitude, and the elimination in 
question can be carried out by a process of successive approximation 


Thus, from (5) 


ch +\ sr " + .—<*{1 + ^( 1 )" + ..} ( 6 ) 


and if we retain only terms up to the order last written, the equation (4) 
becomes 


1V_ 1 2 g (y - h) 


or, on reduction. 


y) h 2 


1 , 2 _ 1 = 1 _ (y - K) 

y 2 ~^ S y 3 y 2 h 2 c 2 h 2 


If we multiply by y, and integrate, determining the arbitrary constant so 
as to make y' — 0 for y = A, we obtain 


1 , 1 y /2 1 , y~ h 9 (.y - h )- 

y~*~ 3 y h ^ A 2 c 2 h 2 ’ 
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Hence y f vanishes only for y — h and y = c 2 /g, and since the last factor 
must be positive, it appears that c*/g is a maximum value of y . Hence the 
wave is necessarily one of elevation only, and, denoting by a the maximum 
height above the undisturbed level, we have 

c 2 = g(h + a\ (9) 

which is exactly the empirical formula for the wave-velocity adopted by 
Russell 

The extreme form of the wave must, as m Art 246, have a sharp crest of 
120°, and since the fluid is there at rest we shall have c 2 = 2ga. If the 
formula (9) were applicable to such an extreme case, it would follow that 
a = h. 


If we put, for shortness, 


, h 2 (h + a) 7<> 

= 3 a-- V - 

(10) 

we find, from (8) 


’ 

(11) 

the integral of which is 


r) — a sech 2 £ ~ , 

(12) 


if the origin of x be taken beneath the summit 


There is no definite ‘length’ of the wave, but we may note, as a rough 
indication of its extent, that the elevation has one- tenth of its maximum 
value when xjb = 3 636 



x' 


X 


The annexed drawing of the curve 

V - 1 + §■ sech 2 

represents the wave-profile in the case a=\h For lower waves tin- sonic 
o y must be contracted, and that of x enlarged, as indicated by the annexed 

** determines the h.ri„„t„l fnr ^ 
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It will be found, on reviewing the above investigation, that 
the approximations consist m neglecting the fourth power of 
the ratio (A + a)/2b 

If we impress on the fluid a velocity — c parallel to x we 
get the case of a progressive wave on still water It is not 
difficult to shew that, when the ratio a/h is small, the path of 
each particle is then an arc of a parabola having its axis ver- 
tical and apex upwards* 

It might appear, at first sight, that the above theory is 
inconsistent with the results of Art 185, where it was argued that a wave of 
finite height whose length is great compared with the depth must inevitably 
suffer a continual change of form as it advances, the changes being the more 
rapid the greater the elevation above the undisturbed level The in- 
vestigation referred to postulates, however, a length so great that the vertical 
acceleration may be neglected, with the result that the horizontal velocity 
is sensibly uniform from top to bottom (Art 171) The numerical table 
above given shews, on the other hand, that the longer the ‘ solitary wave ’ is, 
the lower it is. In other words, the more nearly it approaches to the 
character of a ‘ long’ wave, in the sense of Art 171, the more easily is the 
change of type averted by a slight adjustment of the particle- velocities f. 

The motion at the outskirts of the solitary wave can be represented by a very simple 
formula. Considering a progressive wave travelling m the direction of ^-positive, and 
taking the origin m the bottom of the canal, at a point m the front part of the wave, we 
assume 


</> = Ae “ m (* ~ ct ) cos my 

• - 03) 

This satisfies V 2 </>=0, and the surface-condition 


0 2 d> deb 

0 #^|=° 

(14) 

will also be satisfied for y—h, provided 


0 7 tan mh 

*=9 h mk 

(15) 

This will be found to agree approximately with Lord Rayleigh’s 

investigation if we put 

The above remark, which was kindly communicated to the author by the late Sir George 
Stokes was suggested by an investigation by McGowan §, who shewed that the formula 

(#-My)+ a tanh£m(#+fcy), 

(16) 


a/h 

6/A 

1 

1 915 

2 

1*414 

3 

1 202 

•4 

1080 

*5 

1*000 

*6 

*943 

7 

*900 

8 

866 

9 

*839 

10 

*816 


* Boussinesq, l.c 

i Stokes, “ On the Highest Wave of Uniform Propagation,” Proc Camb Phil Soc , t. iv. 
p 861 (1883) [ Math and Phys Papers, t v p 140] 
x Cf. his Math and Phys. Papers , t v p 162 
§ “ On the Solitary Wave,’* Phil. Mag (5), t. xxxn p 45 (1891). 
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satisfies the conditions very approximately, provided 

° 2= m ta,nm A’ (17) 

an d ma=5sm 2 m(A + -|a), a=atan^wi(A+a), .. .(18) 

where a denotes the maximum elevation above the mean level, and a is a subsidiary 
constant In a subsequent paper* the extreme form of the wave when the crest has a 
sharp angle of 120° was examined The limiting value of the ratio a/A was found to be 78, 
m which case the wave-velocity is given by c 2 = l 5 Qgh 


249 By a slight modification the investigation of Rayleigh and 
Boussmesq can be made to give the theory of a system of oscillatory waves 
of finite height m a canal of limited depth *f* In the steady-motion form of 
the problem the momentum per wave-length (X) is represented by 

/ Jpudccdy = -pfJ; dxdy = - pf.X, (19) 

where corresponds to the free surface If h be the mean depth, this 
momentum may be equated to pchX, where c denotes (m a sense) the mean 
velocity of the stream On this understanding we have, at the surface, 
^ - ch, as before The arbitrary constant m (3), on the other hand, must 

be left for the moment undetei mined, so that we write 


We then find, in place of (8), 


u 2 + v 2 ~ C — 2 gy. 


y* = % (y - 0 (X -y)(y- K), 


where h ly h 2 are the upper and lower limits of y, and 

l — c ^ 2 

yhqfl 2 

It is implied that l cannot be greater than h 2 

If we now write y-K cos 2 x + K sin 2 %, . 

/3^ = V{l-/r 2 sin 2 % }, . . 


where 



7,2 \ ~ ^ 2 

h-l 


. . .( 20 ) 
.... ( 21 ) 

.. ..( 22 ) 

. ...( 23 ) 
.. ..( 24 ) 

( 25 ) 


* “ On the Highest Wave of Permanent Type,” Phil Mag (5), t. xxxvm p 851 (1894) 
t Korteweg and DeVries, “On the Change of Form of Long Waves advancing m a Rect- 
angular Canal, and on a New Type of Long Stationary Waves,” Phil Mag (5), t xxxix p 422 
(1895) The method adopted by these writers is somewhat different Moreover, as the title 
indicates, the paper includes an examination of the manner m which the wave-profile is chang- 
ing at any instant, if the conditions for permanency of type are not satisfied 

For other modifications of Lord Rayleigh’s method reference may be made to G-wyther Phil 
Mag (5), t. 1 pp 213, 808, 849 (1900) ’ 
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Hence, if the origin of ,r hi* taken nt a crest, wo have 




(26) 

and ;t h,, + (/;, - h,) on* ^ . [ mod. /,:] 

(27)* 

Thv i.H ftivm by 


X • 2d j dx 2!ib\ (/,•). .. 

; i. \'(1 -• A- Hin-*x> 

(28) 

Again, from (23) and (24), 


/> < K :: :’ x ^7" x 

Since tins must be equal to /tX, we have 

-W&) } 
(29) 

( A- />/',<*•) *' Oh-Ol'J^k) 

(80) 


In equations (26), (28), (30) we have four relations commoting the six 
quant it iew A,, /t„ l, l\ X, (i, m that, if two of thorn* ho assigned the rost are 
itnidj Ideally determinate. Tin* wave-velocity a in then given by (22)f, For 
example, the fotm of the waves, and their velocity, an* determined by the 
length X, and the height, /i, of the crests above the bottom. 

The solitary wave of Art. 248 in included as a particular ease. If wo 
put, / - ■ A,, we have k l, and the formulae (28) and (30) then shew that 
X f , /hi " /*» 


260. The theory of waves of permanent type lias been brought into 
relation with general dynamical principles by von Helmholtz}:. 

If in the equations of motion of a ‘ gyrostatie, ’ system, Art, 141 (24), wo 


• 0 ) 


1>Ut ?l,r () dV U dV 

where V is the potential energy, it appears that the conditions for steady 
motion, with i/,, ... constant, are 


'Vt 


( V f K ) o. 




(V+K) 0, 


In 


(V+ ...(2) 


* Till, waves rr j nr.’, ..nt.'* t l.y I‘t7 ) an* oil ted * mental waves* by the authors cited. tor tho 
me tiled of j’reereiltnr te a liinln-i appinxintiithin wo luted infer to the originat pxper. 

t* Wltcii the depth in Unite, a <|itei tieii areieii ns te what i.i meant exactly hy the ‘velocity of 
}>re]ini’ntieii.‘ 'I he vi lenity adopted in the text ill that ef the wave- pro file relative to the centre 
ef mi 1 till el the init-.a ef ltuid itieUldul helve ell fwe vertical planeH at a distance apart equal to 
the wave len«th. t'f, Htekce, Math ami I'lui*. /Viper*, t. i. p. StllU. 

; '‘ISi- Kneujie tier Wepeti uml don Window," lirrl. Monatubtr. July 17, 1H90 I Oe». Abh., 

t. in. p. j:ks|. 


26—2 
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where K is the energy of the motion corresponding to any given values of 
the coordinates q lt q 2 , . q n when these are prevented from varying by the 

application of suitable extraneous forces. 

This energy is here supposed expressed m terms of the constant momenta 
corresponding to the ignored coordinates %, and of the palpable 

coordinates q 1} q 2i . q n It may however also be expressed m terms of the 
velocities x '> ... and the coordinates q ly q 2) >q n ^ m this form we denote it 
by T 0 It may be shewn, exactly as in Art 142, that dT 0 /dq r — — dK/dq r) so 
that the conditions (2) are equivalent to 

A(F-r,)-o, 4(F-r.)-o, . , |;(F-E)= 0. ..(3) 

Hence the condition for free steady motion with any assigned constant 
values of q l} q 2i ... q n is that the corresponding value of F+ K, or of V — 1 \ , 
should be stationary. Cf Art. 202 (11) 

Further, if m the equations of Art 141 we write —dV/d q r + Q> for Q r> so 
that Q r now denotes a component of extraneous force, we find, on multiplying 
by q l9 q 2 , .. q n m order, and adding, 

^(©+ V+K) = Q 1 q 1 + Q 2 q 2 + ... + Q n q n , ... .(4) 

where ® is the part of the energy which involves the velocities q lf q< 2 , . . q n 
It follows, by the same argument as in Art. 204, that the condition for 
( secular stability, when there are dissipative forces affecting the coordinates 
*• #n> but not the ignored coordinates x, •••> is that V+K should 
be a minimum. 

In the application to the problem of stationary waves, it will tend to 
clearness if we eliminate all infinities from the question by imagining that 
the fluid circulates in a ring-shaped canal of uniform rectangular section (the 
sides being horizontal and vertical), of very large radius. The generalized 
velocity x corresponding to the ignored coordinate may be taken to be the 
flux per unit breadth of the channel, and the constant momentum of the 
circulation may be replaced by the cyclic constant tc. The coordinates 
**?n of the general theory are now represented by the value of the 
surface-elevation ( v ) considered as a function of the longitudinal space- 
coordinate ^ The corresponding components of extraneous force are repre- 
sented by arbitrary pressures applied to the surface 

If l denote the whole length of the circuit, then considering unit breadth 
of the canal we have 



( 5 ) 
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where <rj is subject to the condition 


a 

r\dx = 0 

J o 
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( 6 ) 


If we could with the same ease obtain a general expression for the kinetic 
energy of the steady motion corresponding to any prescribed form of the 
surface the minimum condition m either of the forms above given would, by 
the usual processes of the Calculus of Variations, lead to a determination of 
the possible forms, if any, of stationary waves* 

Practically, this is not feasible, except by methods of successive approxi- 
mation, but we may illustrate the question by reproducing, on the basis of 
the present theory, the results already obtained for ‘long’ waves of infinitely 

small amplitude 

If h be the depth of the canal, the velocity in any section when the surface is maintained 
at rest, with Arbitrary elevation * is X M+t), where * » the flux Hence, for the cyclic 
constant, , 

lc=x /'(A+,rcte=|(l+ M //^), • (?) 

approximately, where the term of the first order m r, has been omitted, m virtue of (6) 

The kinetic energy, lp*x, may be expressed in terms of either * or k. We thus obtain 
the forms 

•• (8) 

( 9 ) 


The variable part of V- T 0 is 


and that of V+K is 


*-l P T ('-«/»• 
/> 


( 10 ) 


(ID 


It is obvious that these are both stationary for ^=0; and that they will be stationary 
for any infinitely small values of * provided ^=gh\ or J=ghP If we put x -ck, or 
K = cL this condition gives 

c 2 =<?/&, . . 

in agreement with Art 174 

It appears, moreover, that ,=0 makes V+K a maximum or a minimum according as 
c2 1S greater or less than gh. In other words, the plane form of the surface is secularly 

* For some general considerations bearing on the problem of stationary waves on the common 
surface of two currents reference may be made to von Helmholtz’ paper This also contains at 
the end, some speculations, based on calculations of energy and momentum, as to the 1™8 
the waves which would be excited in the first instance by a wind of given velocity These appear 
to involve the assumption that the waves will necessarily be of permanent type, since it is on y 
on some such hypothesis that we get a determinate value for the momentum of a train of wa 
of email amplitude 
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stable if, and only if, c < J (gh) It is to be remarked, however, that the dissipative forces 
here contemplated are of a special character, viz. they affect the vertical motion of the 
surface, but not (directly) the flow of the liquid It is otherwise evident from Art 174 
that if pressures be applied to maintain any given constant form of the surface, then if 
c 2 >gh these pressures must be greatest over the elevations and least over the depres- 
sions Hence if the pressures be removed, the inequalities of the surface will tend to 
increase 


. .. ( 1 ) 


Wave-Propagation in Two Dimensions 

251 We may next consider some cases of wave-propagation m two 
horizontal dimensions x } y The axis of z being drawn vertically upwards, 
we have, on the hypothesis of infinitely small motions, 

lJA- gz+F{t)< (i) 

where 4> satisfies V 2 <£ = 0 (2) 

The arbitrary function F(t) may be supposed merged m the value of d <p/dt 

If the origin he taken m the undisturbed surface, and if f denote the 
elevation at time t above this level, the pressure-condition to be satisfied at 
the surface is 

r-i|¥l ™ 


^ L ^ 

and the kinematical surface-condition is 


cf Art. 226 Hence, for z = 0, we must have 


dt* +g dz ’ 


• •• (4) 


(5) 


or, m the case of simple-harmonic motion, 


if the time-factor be 


of dcf> 

°* =g Tz 


The fluid being supposed to extend to infinity, horizontally and down- 
wards, we may briefly examine, m the first place, the effect of a local initial 
disturbance of the surface, m the case of symmetry about the origin 

The typical solution for the case of initial rest is easily seen, on reference 
to Art 100, to be 

= g e kz J 0 (kzr\ 

= cos at J 3 (levy 
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provided a*=gk, 

as m Art 227. 

To generalize this, subject to the condition of symmetry, we have 
recourse to the theorem 


( 9 ) 

( 10 ) 
.( 11 ) 


y ( OT ) = J J 0 (lev r) AdA f (a) Jo (ka) “da • • 

of Art 100 (12). Thus, corresponding to the initial conditions, 

£=/(«•), <#>»=o, 

we have <#.-<,/; M*-)** j/W'W «*»■ 

? = J°° COS at Jo (Aw) AdA |"/(«) do (A*) “da. 

If the initial elevation be concentrated in the immediate neighbourhood 
of the origin, then, assuming 

f°° f(„\ VnrnAa = 1 ■ ••'•( 1 ^) 

sm at e b J„ (levy) kdk 


we have 


. i_r 

^ 27tJo 


Expanding, and making use of (8), we get 


fid | 

^~27T 


If we put 
we have 
by Art 102 (9), and thence* 


10 3 1 ^ 5 1 

^ = — r cos 0, to = r sm 0, 


. 1 e fcz Jo (A®) dfc 


J“ e te Jo(Avj-) d/c — ~ > 


"OO ( 

e te J 0 (Aw) A m dA = ( ; 
Jo '* 


/0\»1 .Pn(^) 

= (=-1 - = m'-rs+r 


jw r 


1 ’ 


(14) 

■ (15) 

(16) 

• • (17) 


where g. — cos 6 (cf Art. 85). Hence 


4> : 


gt (PiM .g? 2 ' P g Qt ) + - ..1 (18) 


2ir 


3 ! r 3 


5> 


From this the value of f ,» .0 be ob.amod by (3) It W*- <*" 
Arts 84, 85 that ^ g (2n — 1) 

P„ +1 (0) = o, J\n (0) = ( - )“ ' -2 4 . 2ri ’ 


-(18) 


t v „r , x <j„, t -ocv w 72 73 This formula may, however, be 
* Hobson, P?oc Lond Math Sot . , t xxv. pp > 

dispensed with, see the foot-note on p. 365 ante 
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whence 


27T'CT 2 [2 1 'ST 6 1 V 'BT/ 


l 2 3 2 5 2 /^ 2 y 
10 1 wy 


( 20 )* 


It follows that any particular phase of the motion is associated with 
a particular value ofgP/m, and thence that the various phases travel radially 
outwards from the origin, each with a constant acceleration 


No exact equivalent for (20), analogous to the formula (20) of Art 236 which was 
obtained m the two-dimensional form of the problem, and accordingly suitable for dis- 
cussion m the case where gt 2 jm is large, has as yet been discovered Cauchy and Poisson 
have, however, given processes of approximation The method of the latter writer is 
substantially as follows Since, by Art 100(7), 

e/ 0 (te)=- cos (Jen: cos ft) dft ) . ,(21) 

w J 0 

the second of the equations (11) may be written, under the present circumstances, 

f =hm ~ cos o-te^dJc cos (Jem cos ft) dp J , . (22) 

where z is supposed to be negative before the limit It may be shewn, exactly as m 
Art 236, that when gt 2 l 2m, and therefore, a fortiori, gt 2 /(2m cos ft) is large, 

lim [ cos <r£ cos (£nr cos /3 ) «*• dk — (cos i <»' + sm A a>' ), . (23) 

z=o J o 2m cos ft x s ' 

where ©' —gt 2 / (2m cos ft) Hence 


1 0 2 fi 7T 

f ! = " jfa—jpp ¥ 2 1 J o ^ cos sec ® + sm & ® sec 


dp 

cos^ ft ’ 


2® 


where 

The definite integral in (24) is equivalent to 

r qo 

I {cos (i 6) cosh u) + sm (£© cosh u)} V(cosh u) du , . 

or /; {cos ( J o) + co smh 2 ^ v) 4- sm (-J © -f © smh 2 %u)} 

x ( 2 d (smh j w)+ w (nnh»i w )l 
1 2 ' V(cosh a) + cosh | a J 


..(24) 

(25) 

• (26) 

• (27) 


Since 


f cos (a> smh 2 %u)d (smh ( sin (a> sinh 2 £w)d(sinh$t«)=£ J~ (28) 

Jo j o \/ 2 co 7 

the first part of the integral (27) reduces to 

x/^ cos i“ ■ • • ..(29) 

The coefficient of d (smh 2 J-w), m the second part, vanishes for u—0 and u= qo , and Poisson 


This result was given by Cauchy and Poisson 
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proceeds to shew by a series of partial integrations that, when <o is large, this second part 
mayte neglected Hence, substituting the form (29) m (24), we find 


f— ; 


1 a 2 gt 2 

— COS — 


.(30) 


(31) 


• CUte , . 

tfv'usg dt 4nr 

or keeping, for consistency, only the most important term, 

gt 2 gt 2 

t= -f — cos '}— , . 

51 2W 4ct 

a result given by Cauchy and Poisson 

It is not necessary to dwell on the interpretation, which will be readily 
from what has been said in Art 238 jwith respect to the two-dnnemional case T 
consequences were worked out in some detail by Poisson on the hypothesis of an imtia 
paraboloidal depression. 

When the initial data are of impulse, the typical solution is 
<£ = cos at e kz J, o (Jets ■), 

t sz - -asm at Jo (&w), 

9 

which, being generalized, gives, for the initial conditions 

Pk-F(m), r=o, 

the solution 


• (32) 


.(33) 


•(34) 


1 

6 = 1 [“ cos at e kz J 0 (kv) k die f°° F(a)J 0 (tea) a da, 

Y pJ o J# 

y— — — f asm at J 0 (kvr) k die f F (a) J 0 (lea) a da. 

gpJo Jo 

In particular, for a concentrated impulse at the origin, such that 

f 00 i?»2wada = l, ( 35 > 

Jo 

we find </> = ^ / # 

Since this may be written 


cos 


<#> = 


’ 27 rp j o 

1 3f“ sm at 


at e* z J 0 (Jcvr) kdk (36) 


e kz Jo (Jcvr) k dk, (37 ) 


27 rp dt J o 

we find, performing 1 /gp ■ 0/3* on the results contained in (18) and (20), 

j 1 (PJfi) gt 2 2 ' P 2 0*) (gff _ . 1 ) 

$ = 2wn 1 r*~~ 2' ‘ r s 4! t* J 


? = 


27 Tpl 


l 2 3 2 (gty i 2 3 2 5 2 (gf\ 
1 ~ ~WT~ W) + 9' U/ 


(38) 


Again, when gt z / 2ar is large, we have, in place of (31), 


at* 9$ 

£= sin — — . 

1 2^p*r 4 


. ( 39 ) 
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252 We may next investigate the effect of a local periodic pressure 
applied to the surface, following the method of Art 239. 

In the three-dimensional form of the problem, we have, in place of 
Art 239 (4), 


This gives 


P = P hj “ 9* + 


uldku. p 0 
S-gdi + g^-fp’ - 


( 1 ) 


.. . ( 2 ) 


subject to the kinematical condition (4) of Art 251 

In the case of symmetry about the axis of z , assuming 

Po = J 0 (Act) e tcrt , <j> = Oe l<rt+kz J 0 (Act), (3) 


and thence 


where 

as m Art 239 


(, gk 2 — <r 2 + ifbcr) C = — , 
f> 

9p S~~ - W) J ° (fe) eWt> - 


Hence, corresponding to a symmetrical surface-pressure 

Po=f(^)e Mt , 

we find (see Art. 251 (9)) 


(5) 

( 6 ) 


• •• 00 


Thus, for an integral pressure Pe wt distributed uniformly over a circle 
of radius a, we have 


/o f (a) (ka) ada= ^ J“ J ° (*“) (*«). (9) 


and thence 


g p £ = _ e *rf r JJM)Ji(ka) 

" f tto- Jo A — (/e — ^ya 1 ) J 


Returning to the general case, since 


= --11 CT ^Lj- o(fe); (11) 


by the differential equation of we have 


apt=e^ — j f°° JAff)dk 

w9w 3wJ 0 («_ J 0 /( a )*7o(&a)a<2a (12) 
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For a concentrated pressure Pe wt at the origin, this becomes 
„ Pe w * 1 d d f” J 0 (k*r)dk 

2w -cr Sot W Sw J o k ~{k — 

2 r°° 

Now, since «/ 0 (&*r) = - sin (few cosh u) <Z«, (14) 

TT J 0 

by Art 192 (7), we have 

r°° / 0 (few)dfe _ ^ r du r ^ Mh, -«" hr " ll * 1 ;j. 

Jo fe — (« — i/ii) w Jo Jo fe-(/c-»^i) 

roo r foe /j-mwcosh -Z4 /7 W 'j 

where the definite integral with respect to fe has been transformed by the 
method of Ait 241 

We may now put ^ = 0 without inconvenience; thus 

r J»(kw)dk n , \ 2 * /--j.. /■“«-*•«*•*» /n 

j, '0 6 > 

where P„ is the function defined in Art 192. Hence (13) becomes* 


gpt — ^ 


(V I 

Jo Jo 


g-wm-cosht* m 2 r / w 

m 1 2 + /c 2 


. . ,-(17) 


= - -|« 2 Pe lor( P 0 («' CT ) - -|r-- l-j— j TT d yz? • • [> 

■5 V ' 2W [)£'J7 J /e'-w” k'-et J 

where the series in { } is of the semi-convergent kind. At distances w 
which are great compared with 2 tt/*, the first term only is sensible, and we 
have 

Wf— 7(5^,) - w > - 08) 

approximately This gives a system of annular waves whose amplitude 
varies inversely as the square root of the distance from the origin 

Taking the real part of our expressions, we find, from (17), 

- ~ = *L - jr (kot) cos at + terms in sin at (19) 

at zgp 

Hence the mean rate at which the concentrated pressure P cos at does 
work m generating waves is 

K 2 aP 3 a*P- 


* Use is here made of the identity 

1 d _ ^ -miarcosh' 
w Star dur 


1 ^ jL e ~ mrjr C0H h u ~ ~ ' mTtr cosh u ~ mi,r cosl1 w smh w) 

T 7 t 7 * 117 ! CT dll ' ' 
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varying as the fifth power of the frequency The contrast with the case of 
a periodic force acting at a point m an infinite elastic solid, and other similar 
problems, where the rate of work varies as the square of the frequency, is 
interesting from the point of view of the dynamics of dispersive media * 


253 We proceed to consider the effect of a local disturbance of pressure 
advancing with constant velocity over the surface This will give us, at all 
events as to the main features, an explanation of the peculiar system of waves 
which is seen to accompany a ship moving through sufficiently deep water 


A complete investigation, after the manner of Arts 240, 241, would 
appear to be somewhat difficult ; but the general characteristics can readily 
be made out with the help of preceding results. 

Let us suppose that we have a pressure -point moving with velocity c 
along the axis of x, in the negative direction, and that at the instant under 
consideration it has reached a point 0. The elevation f at any point P may 
be regarded as due to a series of infinitely small impulses applied at equal 
infinitely short intervals at points of the axis of x to the right of 0 Of the 
annular wave-systems thus successively generated, those only will combine 
to produce a sensible effect at P w r hich had their origin in the neighbourhood 
of a certain point Q, determined by the consideration that the phase at P is 
‘stationary’ for variations m the position of Q. Now if t is the time which 
the source of disturbance has taken to travel from Q to 0, the phase of the 
waves at P, originated at Q, is 



.( 1 ) 


where m = QP (Art 251 (39)) 


Hence the condition for stationary phase is 



. .. . ( 2 ) 



Since, m this differentiation, 0 and P are regarded as fixed, we have 
where 8 = OQP , hence 


0Q = ct — 2'sr sec 0, 


vr = C cos 9, 


( 8 ) 


Arts 251, 252 are taken from 


a paper cited on p 378 ante 
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It is further evident that the points m the immediate neighbourhood 
of P, for which the resultant phase is the same as at P, will lie m a line 
perpendicular to QP A glance at the figure on the opposite page then shews 
that the curve of the wave-ridges is characterized by the property that the 
tangent bisects the interval between the origin and the foot of the normal. 
If p denote the perpendicular from the origin to the tangent, and 6 the angle 
which p makes with the axis of x, we have, by a known formula, 

whence ^ cot 0, . . ... • 

-p=acos 2 0 (5) 

For consecutive wave-ridges the values of the arbitrary constant a differ by 
2 ttc 2 /<7 This is easily seen by considering the parts of the curves for which 6 
is small 



The forms of the curves are shewn in the annexed figure*, traced from 
the equations 


x = jp cos 6 — sin 9 = (5 cos 6 — cos 3 6), 

y—p sin 6 + ^ cos d = — (sin 6 + sm 3d). 


( 6 ) 


* Cf Sir W Thomson, “On Ship Waves,” Pros Inst Mech. Eng , Aug. 8, 1887 [Popular 
Lectures, t m p 482] where a similar drawing is given The investigation there referred to, 
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The values of x and y are stationary when sin 2 6 = £ , this gives a Series 
of cusps lying on the straight lines 

m 


Although the mode of disturbance is different, the action of the bows of 
a ship may be roughly compared to that of a pressure-point of the kind we 
have been considering The preceding figure accounts clearly for the two 
systems of transverse and lateral waves which are m fact observed, and 
for the specially conspicuous ‘ echelon ’ waves at the cusps, where these two 
systems coalesce These are well shewn m the annexed di awing* by 
Mr E E. Froude of the waves produced by a model 



A similar system of waves is generated at the stern of the ship, which 
may roughly be regarded as a negative pressure-point. With varying’ speeds 
of the ship the stern-waves may tend partially to annul, or to reinforce, 
the effect of the bow-waves, and consequently the wave-resistance to the 

based apparently on the theory of ‘ group-velocity,’ has unfortunately not been published See 
also E E Froude, “ On Ship Eesistance,” Papers of the Greenock Phil. Soc , Jan 19, 1894 
In the preceding edition of this work it was assumed that the effect of a pressure concentrated 
at a point might be mfened by superposing lines of pressure (through 0) umfoimly in all 
azimuths, and using the results of Art 241 It is easily seen, however, that such a distribution 
of lines of pressure is equivalent to a pressure-intensity varying inversely as the distance from 0 
This is not an adequate representation of a localized pressure, since it makes the total pressure 
°L r ° Ular ? r6a havlng lts centie at 0 increase indefinitely with the radius of the circle 
(Phil Trans , A, t com. p 33 ) The assumption in question leads to the same configuration of 
the wave-ridges as m the text, but would give a different distribution of the elevation f in 
the system 4 

* Copied, by permission of Mr Froude and the Council of the Institute of Naval Architects 
from a paper by the late W Froude, “ On the Effect on the Wave-Making Eesistance of Ships of 
Length of Parallel Middle Body,” Trans . Inst Nav Arch , t xvn (1877) 
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ship as a whole for a given speed may fluctuate up and down as the length 
of the ship is increased*. Cf Art 242. 


To obtain an approximate estimate of the actual height of the waves, in 
our special form of the problem, m the different parts of the system, we have 
recourse to the formula (39) of Art 251. If P. denote the total disturbing 
pressure, the elevation at P due to the annular wave-system started at 
a point Q' to the right of 0 may be written 




g^_ 

8*J%7rp'&' 4 ‘ 


sin 


9J1 

4'sr' 


Po&', 


( 8 ) 


where 


w'=PQ', 


t' = 


0$ 

c 


This is to be integrated with respect to if, but (as already explained) the only 
parts of the integral which contribute appreciably to the final result will be 
those for which if has very nearly the value (<) corresponding to the special 
point Q above determined 


As regards the phase, we have, writing t'=t + r, 


4 Xr' 4'CJ 


+ T 


d (gi?\ t* 

1 2 dt~ v 4- st / 


+ • * 


( 9 ) 


The second term vanishes by hypothesis, since the phase at P for waves 
started near Q is ‘ stationary ’ Again, we find 

d*(gv\_g gj_ , 9_ t ( ^1 . 

dt l V4W ur 2 1 U 1 


Since 


xr = c cos 6, 


XT 


c 2 sm 2 9 

XT 


( 10 ) 


this reduces, with the help of (2), to 

d 2 (9t\ = la- 


dP \4roy w 


(J - tan 2 6) 


( 11 ) 


Owing to the fluctuations of the trigonometrical term no great error 
will be committed if we neglect the variation of the first factor in (8), or if, 
further, we take the limits of integration with respect to t to be ± oo . 
Hence at a point P on a wave-ridge, where 

= 2sw - Jtt, 


* See W. Froude, l c , and E E Froude, “ On the Leading Phenomena of the Wave-Making 
Eesistanee of Ships,” nans Inst Nav Arch , t xxn (1881), where drawings of actual wave- 
patterns under varied conditions of speed aro given, which are, as to then mam features, m 
striking agreement with the results of the above theory Some of these drawings are reproduced 
in Lord Kelvin’s paper m the Proc Inst Mech, Eng , above cited 

Por a discussion of the wave-resistance encounteied by an ideal form of ship see Michell, 
Phil Mag (5), t xlv p 106 (1898). 



416 


Surface Waves 


[chap, ix 


s being integral, we have 




o 

S^/27Tp'UT 4 ‘ 


i: 


cos m 2 t 2 c£r, 


approximately, provided 


m 2 — 5T” I i — tan 2 0 I 


• • (12) 

. . .(13) 


The definite integral m (12) is equal to VQ 71 ") w 1 , the positive value of m 
being understood Hence, the elevation along the wave-ridge whose parameter 
is a is found to be 


«, sec 8 6 

7r*pc s a* * //|1 — 3 sm 2 0\ 


.(14)* 


The formula makes f infinite at a cusp, where sin 2 0=J, but this is 
merely an indication of the failure of our approximation That the elevation 
at a point P in the neighbourhood of a cusp would be relatively great might 
have been foreseen, since, as appears from (9) and (11), the range of points 
on the axis of x which have sent waves to P in sensibly the same phase is 
then abnormally extended. 


The infinity which occurs when 6 = \ir is of a somewhat different 
character, being due to the artificial nature of the assumption we have made, 
of a pressure concentrated at a point With a diffused pressure this difficulty 
would disappear 

It is to be noticed, moreover, that the whole of this investigation applies 
only to points for which gt*j 4isr is large , cf Arts 238, 251 It will be 
found on examination, that this restriction is equivalent to an assumption 
that the parameter a is large compared with 27 rc 2 /g. The argument there- 
fore does not apply without reserve to the parts of the wave-pattern near the 
origin. 

To examine the modification produced m the wave-pattern when the 
depth of the water has to be taken into account, the preceding argument 
must be put in a more general form If, as before, t is the time the 
pressure-point has taken to travel from Q to 0, it may be shewn that the 
phase of the disturbance at P, due to the impulse delivered at Q, will differ 
only by a constant from 

' k(Vt-w), (15) 

if 2? rfk be the predominant wave-length in the neighbourhood of P, and 
V the corresponding wave-velocityf. This predominant wave-length is 

* The reader may test the above method by applying it to find the amplitude of the waves m 
the two-dimensional problem of Art 241, assuming the formula (35) of Art 237 for the effect of a 
single impulse 

f The symbol c, which was previously employed m this sense, now denotes the velocity of 
the pressure-pomt over the water 



253 ] Effect of Finite Depth 417 

determined by the condition that the phase is stationary for variations of 
the wave-length only, i.e. 

gj Jc{Vt-v) = 0, or *T=Ut, (16) 

where U, = d (hV)jdk, is the group-velocity (Art 234)*. 

For the effective part of the disturbance at P, the phase (15) must 
further be stationary as regards variations in the position of Q, hence, 
differentiating partially with respect to t, we have 

■a = V, or V— c cos 9, .. . . . (17) 

since w — c cos 9. Now, referring to the figure on p. 412, we have 

p = ct cos 6 — & = Vt — w .. (18) 

Hence for a given wave-ridge p will bear a constant ratio to the wave- 
length X, and m passing from one wave-ndge to the next this ratio will 
increase (or decrease) by unity Since X is determined as a function of 9 
by (17), this gives the relation between p and 6 

Thus in the case of infinite depth, the formula (17) gives 

c 2 cos 2 9 = F 2 = |^ , (19) 

and the required relation is of the form 

p = a cos 2 6, . . . (20) 

as above. 

When the depth (h) is finite, we have 

c 2 cos 2 0 = F 2 = g^tanh (21) 

JLl T A. 

and the relation is 

- tanh “ == ~~t cos 2 0, . (22) 

a p (jh 

where the values of a for successive wave-ridges are m arithmetic pro- 
gression The forms of the curves m various cases have been sketched by 
Ekmanf Since the expression on the left-hand side cannot exceed unity, 
it appears that if c 2 > gh there will be an inferior limit to the value of 0, 
determined by 

cos 2 0 = —p . (23) 

Qm 

It follows that when the speed of the disturbing influence exceeds \/(gh) 

* Cf Sir W Thomson, “On the Waves produced by a Single Impulse m Water of any Depth, 
or m a Dispersive Medium,” Proc R S , t xln p 80 (1887), where the argument (which is easily 
extended) is given for the two-dimensional case, 
f l c ante p 354 
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the transverse waves disappear, and we have only the lateral waves 
This tends to diminish the wave-making resistance (cf Art 245)* 


Standing Waves in Limited Masses of Water . 

254 The problem of free oscillations m two horizontal dimensions (x, y ), 
m the case where the depth is uniform and the fluid is bounded laterally by 
vertical walls, can be reduced to the same analytical form as m Art 187. 

If the origin be taken m the undisturbed surface, and if £ denote the 
elevation at time t above this level, the conditions to be satisfied at the free 
surface are as in Art 251 (3), (4). 


The equation of continuity, V 2 </> = 0, and the condition of zero vertical 
motion at the depth z — — h, are both satisfied by 

</> = fa cosh k (z + h), (1) 

where fa is a function of x, y , such that 


a^i , ^ 

dx 2 dy 2 


■ Jc 2 (pi = 0 


( 2 ) 


The form of and the admissible values of k are determined by this 
equation, and by the condition that 


dfa 

3 n 


0 , 


( 3 ) 


at the vertical walls The corresponding values of the ‘ speed ’ (cr) of the 
oscillations are then given by the surface-condition (6), of Art. 251 , viz we 
have 


4, 

cr 2 = gJc tanh Jch. 

(4) 

This makes 

£ = — smh kh fa 
cr 

•• (5) 


The conditions (2) and (3) are of the same form as in the case of small 
depth, and we could therefore at once write down the results for a rectangular 
or a circular*]* tank The values of k, and the forms of the free surface, m the 
various fundamental modes, are the same as m Arts 188, 189 J, but the 

* it is found that the power required to propel a torpedo-hoat m relatively shallow water 
increases with the speed up to a certain critical velocity, dependent on the depth, then decreases, 
and finally increases again. See papers by Yarrow and Marrmer, Trans. Inst Nav Arch t xlvu. 
pp 889, 844 (1905) 

t Por references to the original investigations by Poisson and Lord Rayleigh of waves m a 
circular tank see p 272 The problem was also tieated by Menan, Ueber die Bewegung 
tropfbaier Flussigheiten in Gefassen, Basel, 1828 [see VonderMuhll, Math Ann , t xxvn 
p 575] and by Ostrogradsky, “M6moire sur la propagation des ondes dans un bassm 
cylmdrique,” M€m des Sav J&trang , t m (1832) 

£ It may be remarked that either of the two modes figured on pp 271, 272, may be easily 
excited by properly-timed horizontal agitation of a tumbler containing water. 
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amplitude of the oscillation now diminishes with increasing depth below the 
surface, according to the law (1) , whilst the speed of any particular mode is 
given by (4) 

When kh is small, we have <x 2 =k 2 gh, as m the Arts referred to. 

255 The number of cases of motion with a variable depth, of which the 
solution has been obtained, is very small 

1° We may notice, first, jthe two-dimensional oscillations of water across a channel 
whose section consists of two straight lines inclined at 45° to the vertical* 

The axes of y, z being respectively horizontal and veitical, m the plane of a cross- 
section, we assume 

cf)+z\ls=:A {cosh& (y + iz) + cos k(y-h 12 )}, . (1) 

the time-factor cos (<r£+€) being understood This gives 

<p = A (cosh ky cos Tcz + cos ky cosh kz), \jf~A (smh ky sm kz - sm ky smh kz). (2) 

The latter formula shews at once that the lines y= ±_z constitute the stream-line ^—0, 
and may therefore be taken as fixed boundaries 

The condition to be satisfied at the free surface is, as in Art. 226, 

°**“*|* ( 3 > 

Substituting from (2) we find, if h denote the height of the surface above the origin, 
o- 2 (cosh ky cos kh + cos ky cosh kh) —gk ( - cosh ky sin kh 4- cos ky smh kh) 

This will be satisfied for all values of y, provided 

a- 2 cos kh — — gk sm kh, cr 2 cosh kh—gk smh kh, . . . . (4) 

whence tanh kh— — tan kh . .... (5) 

This determines the admissible values of k , the corresponding values of <r are then given 
by either of the equations (4) 

Since (2) makes <j> an even function of y, the oscillations which it represents are sym- 
metrical with respect to the medial plane y = 0 

The asymmetrical oscillations are given by 

<j) + i\fs — zA {cosh k (y iz) — ■ cos & (y -f- iz)}, .. .. (6) 

or <p— -A (smh ky sm kz + sin ky smh kz), \fr — A (cosh ky cos kz - cos ky cosh kz) . (7 ) 

The stream-line ^=0 consists, as before, of tho linos y—±z , and the surface-condition (3) 
gives 

<r 2 (smh ky sm kh 4- sm ky smh kh) =gk (smh ky cos kh + sm ky cosh kh) 

This requires 

cr 2 Bin kh—gk con kh, cr 2 smh kh = gk cosh kh, . . . (8) 

whence tanh kh — tan kh (9) 

* Kirchhotf, “ Ueber stehende Schwingungen emer schweren Flussigkeit,” JBerl Monatsber,, 
May 15, 1879 [ Ges . Abh , p 428],* Greenhill, l c. ante p 35b, 


27 — 2 



420 Surface Waves [chap, ix 

The equations (5) and (9) present themselves m the theory of the lateral vibrations of 
a bar free at both ends , viz they are both included m the equation 

cos m cosh m=l, . (10)* 

where m=2M 

The root kh= 0, of (9), which is extraneous m the theory referred to, is now important , 
it corresponds m fact to the slowest mode of oscillation m the present problem Putting 
AJc 2 —B, and making k infinitesimal, the formulae (7) become, on restoring the time-factor, 
and taking the real parts, 

<f>=—2Byz COS (crt + e), ^—B^—Z 2 ) COs(cr£+e)> .. .. (11) 

whilst from (8) <r 2 =| (12) 

The corresponding form of the free surface is 

(13) 

The surface m this mode is therefore always plane The annexed figure shews the lines of 
motion (^= const ) for a series of equidistant values of 



The next gravest mode is symmetrical, and is given by the lowest finite root of (5), 
which is 2*3650, whence o-= 1 5244 ( gfh 'f The profile of the surface has now two nodes, 
whose positions are determined by putting ^>=0, z~K, m (2) , whence it is found that 

|= ± 5516+ 
h 

The next mode corresponds to the lowest finite root of (9), and so on J 

2° Greenhill, m the paper already cited, has investigated the symmetrical oscillations 

* Cf Lord Rayleigh, Theory of Sound, t. i , Art 170, where the numerical solution of the 
equation is fully discussed 

f Lord Rayleigh, Theory of Sound, Art 178 

X An experimental verification of the frequencies, and of the positions of the loops (places of 
maximum vertical amplitude), m various fundamental modes, was made by Kirchhoff and 
Hansemann, “IJeber stehende Schwmgungen des Wassers,” Wied Ann., t x. (1880) [Kirchhoff, 
Ges . Abh , p 442] 
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of the water across a channel whose section consists of two straight lines inclined at 60° to 
the vertical In the (analytically) simplest mode of this kind we have, omitting the time- 
factor, 

(j)+z\jr—iA (y+iz) z + B, . . ..(14) 

or <j b-Az(/-Zy 2 ) + B, ^ = Ay(y 2 -Sz 2 ), . . - .(15) 

the latter formula making yjr = 0 along the boundary y—±sjZ z. The surface-condition (3) 
is satisfied for z = h, provided 

<r 2 =#, B—^Ah? (16) 

The corresponding form of the free surface is 

=--^-/)™(rt+5), . .... (I?) 

a parabolic cylinder, with two nodes at distances of 5774 of the half-breadth from the 
centre The slowest mode, which must evidently he of asymmetrical type, has not yet 
been determined 

3° If m any of the above cases we transfer the origin to either edge of the canal, and 
then make the broadth infinite, we get’ a system of standing waves on a sea bounded by a 
sloping bank. This may be regarded as made up of an incident and a reflected system 
The reflection is complete, but there is in general a change of phase 

"When the inclination of the bank is 45° the solution is 

<£=.ff{e**(cosl;y-sm%)+e-^(cosfe+smfe)}cos((rf + e) . (18) 

For an inclination of 30“ to the horizontal we have 
<j)=H {e kz sin hj + e ~ ik ^ tiv+z) sin \k (y-*JSz) 

— JZe~* k ^ Sv ~^ cos%k(y +>J3z)} cos (o-t+e) . . .(19) 

In each case <r 2 =gk, as in the case of waves on an unlimited sheet of deep water 
Those results, which may easily bo verified ab initio, were given by Kirchhoff (l o ) 

256. An interesting problem which presents itself m this connection is 
that of the transversal oscillations of water contained m a canal of circular 
section. This has not yet been solved, but it may be worth while to point 
out that an approximate determination of the frequency of the slowest mode, 
in the case where the free surface is at the level of the axis, can be effected 
by Lord Rayleigh’s method, explained m Art 167 

If we assume as an ‘ approximate type ’ that in which the free surface 
remains always plane, making a small angle 9 (say) with the horizontal, it 
appears, from Art. 72, 3°, that the kinetic energy T is given by 

(1) 

where a is the radius, whilst for the potential energy V we have 

2F=§, gpa?6* ( 2 ) 
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If we assume that 6 oc cos (at + e), this gives 


whence cr = 1 169 ( gja )** 


<r 2 = 


g 

48 — 37t 2 a ’ 


( 3 ) 


In the case of a leetangular section of breadth 2 a, and depth a, the speed 
is given by Art. 254 (4), where we must put /c= 7 r/ 2 a from Art. 188, and 
h = a. This gives 


O- 2 = i-TT tanh £tt £, ( 4 ) 

or cr= 1 200 (g/a)i The frequency in the actual problem is less, since the 
kinetic energy due to a given motion of the surface is greater, whilst the 
potential energy for a given deformation is the same. Of Art 45 . 


257 We may next consider the free oscillations of the water included 
between two tiansverse partitions m a uniform horizontal canal Before 
proceeding to particular cases, we may examine for a moment the nature of 
the analytical problem 

If the axis of x be parallel to the length, and the origin be taken in one 
of the ends, the velocity potential in any one of the fundamental modes 
referred to may, by Fourier’s theorem, be supposed expressed in the form 

^ — "*■ -^ >1 cos koo + P 2 cos 2Icx + . . + P a cos skx + ...) cos (at + e), .(1) 

where k = irjl, if l denote the length of the compartment The coefficients 
P s are here functions of y, z If the axis of « be drawn vertically upwards, 
and that of y be therefore horizontal and transverse to the canal, the forms 
of these functions, and the admissible values of cr, are to be determined from 
the equation of continuity 




< 

II 

0 

( 2 ) 

with the conditions that 




on 

(3) 

at the sides, and that 


■^- 4 ! 

W 

at the free surface. Since d<j>/dx must vanish for * = 0 and 
from known principles! that each term m ( 1 ) must satisfy 

x = l, it follows 
r the conditions 

\ l h W independently , 

, viz 

we must have 


O-P, 

0 2 P S 



dy* 

+ __i_ s ^p 8=0) 

(5) 


p is >'‘ 

It* 236] the Sum3 ° f Pen0dlC Sene8 ’” 0amb ' Tmm • *• V1U - 
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with 

at the lateral boundary, and 


at the free surface 



2 iW 


d_Pj 

80 


( 6 ) 


..( 7 ) 


The term P 0 gives purely transverse oscillations such as have been 
discussed m Art 255 Any other term P s cos shoe gives a series of fundamental 
modes with 5 nodal lines transverse to the canal, and 0, 1, 2, 3, ... nodal lines 
parallel to the length 

It will be sufficient for our purpose to consider the term P 2 cos kx It is 
evident that the assumption 

(p=z Pj cos kx . cos {at- f e), (8) 

with a proper form of Pi and the corresponding value of a determined as 
above, gives the velocity-potential of a possible system of standing waves, of 
arbitrary wave-length 2t r/k y m an unlimited canal of the given form of 
section Now, as explained in Art. 228, by superposition of two properly 
adjusted systems of standing waves of this type we can build up a system of 
progressive waves 

( p = P 1 cos {kx + at). ... (9) 

We infer that progressive waves of simple-harmonic profile, of any assigned 
wave-length, are possible m an infinitely long canal of any uniform section. 

We might go further, and assert the possibility of an infinite number of 
types, of any given wave-length, with wave-velocities ranging from a certain 
lowest value to infinity The types, however, m which there are longitudinal 
nodes at a distance from the sides are from the present point of view of 
subordinate interest 

Two extreme cases call for special notice, viz where the wave-length is 
very great or very small compared with the dimensions of the transverse 
section. 

The most interesting types of the former class have no longitudinal nodes, 
and are covered by the general theory of ‘long waves given m Arts 168, 169. 
The only additional information we can look for is as to the shapes of the 
wave-ridges m the direction transverse to the canal 

In the case of relatively short waves, the most important type is one m 
which the ridges extend across the canal with gradually varying height, 
and the wave-velocity is that of free waves on deep water as given by 
Art. 228 (6). 

There is another type of short waves which may present itself when the 
banks are inclined, and which we may distinguish by the name of £ edge- 
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waves, since the amplitude diminishes exponentially as the distance from the 
hank increases. In fact, if the amplitude at the edges he within the limits 
imposed by our approximations, it will become altogether insensible at 
a distance whose projection on the slope exceeds a wave-length The wave- 
velocity is less than that of waves of the same length on deep water It 
does not appear that the type of motion here referred to is very important 

A general formula for these edge-waves has been given by Stokes*. 
Taking the origin m one edge, the axis of z vertically upwards, and that of y 
transverse to the canal, and treating the breadth as relatively infinite, the 
formula m question is 

<t> = He~ k & «»*-• ■»« cos k{x _ c{)> ( 10 ) 

where j3 is the slope of the hank to the horizontal, and 



The reader will have no difficulty m verifying this result. 


258. We proceed to the consideration of some special cases We shall 
treat the question as one of standing waves in an infinitely long canal, or m 
a compartment bounded by two transverse partitions whose distance apart is 
a multiple of half the arbitrary wave-length (2t r/k), but the investigations 
can easily be modified as above so as to apply to progressive waves, and we 
shall occasionally state results m terms of the wave-velocity. 


1° The solution for the case of a rectangular section, with horizontal bed and vertical 
sides, could be written down at once from the results of Arts 188, 254 The nodal lines 
are transverse and longitudinal, except m the case of a coincidence in period between two 
distinct modes, when more complex forms are possible This will happen, for instance, m 


2° In the case of a canal whose section consists of two straight lines inclined at 45° 

I W ’ a type dlscovered Kellandt viz if the axis of » coincide 

with the bottom line of the canal, 

<j)=A cosh ^ cosh ■— COS&2? COS(crtf + e) . (X) 

This evidently satisfies b = 0, and makes 


for ±z, respectively 


00 00 

dy ~ — Sz ’ ' ’ 


The surface-condition (Art 257 (4)) then gives 

2 <3^ A. T_ "k>}b 


(2) 

(3) 


P«p«v> ^Tp I67q e0ent Ee8ear ° heS m Hydiodynamics,” Brit Ass Rep , 1846 [Math, and Phys 
t “On Waves,” Trans R S Edui., t xiy (1839) 
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where h is the height of the 
velocity c is given by 


free surface above the bottom line 



tanh 


hh 

V2 


If we put a— he, the wave- 


. . (4) 


where £ = 2 tt/X, if X be the wave-length 
When h/X is small, this reduces to 

c=(igh)K ( 5 ) 

in agreement with Art 169 (13), since the mean depth is now denoted by 
When, on the other hand, hj\ is model ately large, we have 



The formula (1) indicates now a rapid increase of amplitude towards the sides We 
have hero, m fact, an instance of ‘edge-waves,’ and the wave-velocity agrees with that 
obtained by putting ft = 45° in Stokes’ formula 

The remaining types of oscillation which arc symmetrical with respect to the medial 
plane y=0 are given by the formula 

<p ^C (cosh ay cos (3z + cos py cosh az) cos he cos (at + 0, • • * CO 

provided a, ft <r are properly determined This evidently satisfies (2), and the equation of 
continuity gives . . . (8) 

The surface-condition, Art 257 (4), to bo satisfied for z=h, requires 

<r 2 cosh ah * ga smh ah, a 2 cos p h = -$fP sin Ph *( 9 ) 

Honce ah tanh ah +ph tan ph = 0 . *• ( 10 ) 

The values of a, 0 are determined by (8) and (10), and the corresponding values of a are 
thon given by either of the equations (9) If, for a moment, we write 

0=a/<, y~PK • 0- 1 ) 


the roots are given by the intersections of the curve 

% tanh t-r+y tan y=0, • • *• ... (12) 

whose general form can bo easily traced, with the hyperbola 

so 2 — y 2 = k 2 h 2 * (1 ^) 


There are an infinite number of real solutions, with values of ph lymg m the second, four , 
sixth, ... quadrants. These givo respectively 2, 4, 6, ... longitudinal nodes of the free 
surface. When A/X is moderately largo, wo have tanh «/i=l, nearly, and fih is (in the 
simplest mode of this class) a little greater than i rr. Tho two longitudinal nodes in this 
case approach very closely to tho o.lgos as X is diminished, whilst tho wave-velocity becomes 
practically equal to that of waves of length X on deep water As a numerical example, 
assuming fill— l I wo find 

ah = 10-910, kh = 1 0 772, c = 1 0064 (|) . 

The distance of either nodal lino from tho nearest edge is then 12 h 

We may next consider tho asymmetrical modes The solution of this type which is 
analogous to Kelland’s was noticed by Oxeonhill (l c.). It is 


<j) = A smh smh ^ cos kx cos (at + e), 


(14) 
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. . (15) 


When kh is small, this makes or 2 =y/&, so that the 4 speed 3 is very great compared with 
that given by the theory of 4 long 3 waves The oscillation is m fact mainly transversal, 
with a very gradual variation of phase as we pass along the canal The middle line of the 
surface is of course nodal When kh is great, we get 4 edge-waves, 3 as before 

The remaining asymmetrical oscillations are given by 

(smh ay sm (3z -f sm /3 y smh az) cos kx cos (art - + e) . ...(16) 


This leads m the same manner as before to 


a? — ft 2 —h 2 , .. (17) 

and cr 2 smh ah=ga cosh ah, o- 2 sm(3k=gj3 cos fih, ... .... (18) 

whence aAcoth ah=fih cot fih (19) 

There are an infinite number of solutions, with values of fih in the third, fifth, seventh, . 
quadrants, giving 3, 5, 7, .. longitudinal nodes, one of which is central 

3° The case of a canal with plane sides inclined at 60° to the vertical has been treated 
by Macdonald*. He has discovered a very comprehensive type, which may be verified as 
follows 


The assumption 


P—A cosh hz+B smh ^+cosh 


<£ = PcoS&# COS (crz5 + e), 

in /-.noVi / sy 


.... ( 20 ) 


G cosh ~ -l- 1) smh ~ 
& 2 . 


evidently satisfies the equation of continuity , and it is easily shewn that it makes 


for y— ±s/Zz i provided (7= 2d, D— —2B 

The surface-condition, Art 257 (4), is then satisfied, provided 


^ (A cosh kh-\-B smh kh) — A smh kh-{-B cosh hh 3 

2cr 2 (a kh\ . . kh ~ , j 

-g% (A cosh ~-B smh — ) ~ A smh ~ - 2? cosh - 


The former of these is equivalent to 


A—H ^cosh hh — smh khj , B=H cosh kh — smh kh)j , 


and the latter then leads to 


• 2 \ 2 o’ 2 kh 

t) “"3 ^rooth 3 ~-|-l=0. 


Also, substituting from (22) and (24) m (21), we find 


-jcosh k {z - h) -}- smh k{z-h) 


-1-222" cosh - 


cosh k ~ < ~gk Sln ^ ^ 


|+ A )} 


“ Waves m Canals,” Pioc Lond Math Soc , t xxv p 101 (1894) 
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Tilt* oiputmn* 2.»» ami i% won* .irmctl at by Macdonald, by a diffomit proems 

Tim 4 ll f u a \alno of /* i i 


/’ // 1 1 I - 1'" •!> 


aodt 




V 


Midi 


")}• ■ 


...(37) 


Ilia t‘t|naf imii 2*» a* a <pia»bat to m «"<//*. In the- aaso of u wavo whoso length (27 r[k) 

i » 'naif o»mp.uvd with /*„ wo haw* 


•tttli 


>\kh 


’M 1 


it*wrh t and thu r*‘ot t of . 2*» an* than 

w ‘ and ,r ! t lh % . m 

l\K {t A* 

apj»n*\im ifoly If vw« put tt l*\ tho fnrumr nwult gi\eu r' \<?h, in ammhumo with the 

thenrv’nf •long’ wave. ! Art • HiM, Itm Tim foimula (37) now makes P Ztf, 

fc , ,i,V. ; Huh I . of ./, -M. Hut. Urn wav ridges mm nearly straight. Tim 

. . „r the root makiu <'i ;I /., giving a mtlelt greater wave velocity ; hut. the cmi- 

,„l» i amir, adduced .dmve .hew that there i-t nothin); parathctieal in thin, it will lie found 

Hit eviminatioii that, the ero u thou of the woven are jmmholie in form, ami that there 

are two null! lum* parallel to the length of the canal. The period in, in foot, almost 
e*,t. tly that of the symmetrical tiHtwverw* oscillation iliscufw.nl in Art. 355. 

When, oil the Other hand, the wave lmij;th is short eompared with the transverse 
ihiiien ion , of the canal, kh in targe, and cot.h U-h 1, nearly. The roots of (35) are then 


approvtmitelv. The former icmlt makes /*-.//, nearly, so that the wave rid, ;es are 
might, *nprriou*mg i»nl\ n Might « hnngo of altitude* towards Mu* Hides, m Hpoei , 
, f -,i \ exactly what we ahouht evpect. from the gcner.il theory of waves on relatively 

»|» op V, .it o|\ 

If in thio an to \w* trail dVr the origin to oimodgnof Mu* water Murfauo, writing ^ \*h for «\ 
iiid »/ JU for and than make h wo got. Mu* mue of n system «»f witvtw travel nig 

painlW to » abort* wltn h dope* ihmmwu’dn at, an angle nf 30 to Mm hmrmu 1 1m result m 


#|* H 0* i o ^ j n»n/v. run Urt I *)» (*^) 

where <•*-•,/ t-,\ The. admit . of immediate verification. At a diatimee of a wave l<w#h 
or so from the shore, the value of./., near the surface, reduces to 

tji U> u co,. I ,r. co. u«rf + «l, 


piui t trail}, im in Art* ‘2*1?* 

iMugitudinal node for whu h 


Koar tint edge tin* elevdhm change mgn, there being a 



o 


k*f 


leg# k -b 


m 


* *r // , A ^ * ’ 1 27 . 

The woud of the two roots .!«*, i;ive. a system of waves, the results lasing oqtU' 
valent to those ohtatti.nl hy making in Ht.ikeo’ formula. 
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Oscillations of a Spherical Mass of Liquid. 

259 The theory of the gravitational oscillations of a mass of liquid 
about the spherical form is due to Lord Kelvin* 

Taking the origin at the centre, and denoting the radius vector at any 
point of the surface by a + £ where a is the radius in the undisturbed state, 
we assume 




.. ( 1 ) 


where £ n is a surface-harmonic of integral order n The equation of con- 
tinuity V 2 </> = 0 is satisfied by 


-S», . . . 

1 Un 

where S n is a surface-harmonic, and the kinematical condition 

dt dr’ 

to be satisfied when r — a, gives 

djn 

dt a 

The gravitation-potential at the free surface is, by Art 199, 

4nriyp a , 

i 2JT+T 

where 7 is the gravitation-constant Putting 

9 — i 7r 'YP a > r = a + 2£„, 


Sn 


ir-ypa 3 

37“ 


fi = - 


„ . .. , r c. 

*4 1 


( 2 ) 

( 3 ) 

.(4) 

.(5) 


we find 


11= const. + 9I 


Substituting from (2) and (6) in the pressure-equation 
p d(f> _ 

_ = — — 12 + const , 

p dt 

we find, since p must be constant over the surface, 

dSn _ 2 (ft — 1) „ 
dt 2n+l 9 ^ n 

Eliminating S n between. (4) and (8), we obtain 

2»(«-l ) g _ 

Si 2 2 ti + 1 a ~ 


••( 6 ) 


(O 


.( 8 ) 


. ...(9) 


* Sir W Thomson, “Dynamical Problems regarding Elastic Spheroidal Shells and Spheioids 
of Incompressible Liquid,” Phil Trans , 1863 [ Math and Phys. Papers, t m p 384] 
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259] 

This shews that £» oc cos (a n t + e), where 

2n (n-l)ff (10) 

<r *~ 2n+l a 

For the same density of liquid, £ cc a, and the frequency is therefore 
independent of the dimensions of the globe. 

The formula makes *-0, as we should expect, since in the deformation 
expressed by a surface-harmonic of the first order the surface remains 
spherical, and the period is therefore infinitely long 

“For the case » = 2, or an ellipsoidal deformation, the length of the 
isochronous simple pendulum becomes \a, or one and a quarter times the 
eTrt’s radius, for a homogeneous liquid globe of the same mass and diameter 

aTthe earth, and therefore for «h,s case or for a nJ homog»eous h^d globe 

of about 5* times the density of water, the half-period is 47 m 12 s 

“A steel globe of the same dimensions, without mutual gravitation of its 
parts could scarcely oscillate so rapidly, since the velocity of plane waves of 
steel is only about 10,140 feet per second at which rate a 
space equal to the earth’s diameter would not be travelled m less than 

lh. 8 m. 40 s.*” 



* to W Thomson, 1 c The exact theory of the vibrations of an elastic sphere gives, for fixe 

oscihatronot a .eel “ “S (fif 

The vibrations 6 of Sphere of incompressible substance, under the joint influence of gravity and 
elasticity, have been dfscussed by Bromwich, JProc Land Matk Soc , t. xxx. p 98(1898). 
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When the surface oscillates m the form of a zonal harmonic spheroid of the second 
order, the equation of the lines of motion is octjh 2 — const , wheie w denotes the distance of 
any point from the axis of symmetry, which is taken as axis of x (see Art 95 (11)) The 
forms of these lines, for a series of equidistant values of the constant, are shewn m the 
figure. 


260 This problem may also be treated very compactly by the method 
of ‘ normal coordinates J (Art 167) 

The kinetic energy is given by the formula 

T-ipJf+%d8, ( 11 ) 

where S$ is an element of the surface r=a Hence, when the surface 
oscillates m the form r = a -h£ n , we find, on substitution from (2) and (4), 



To find the potential energy, we may suppose that the external surface 
is constrained to assume m succession the forms r = a + 0£ n , where 0 varies 
from 0 to 1. At any stage of this process, the gravitation potential at the 
surface is, by (6), 

O = const + 2 ^~j 9 ^ n . ... . (13) 

Hence the work required to add a film of thickness % n §6 is 

m 2 -^TT 1 ffPf^dS .. (14) 

Integrating this from 0 = 0 to 6 = 1, we find 

/VJ ~| 

y = ^ Ti ffpIJ^dS .. . (15) 

The results corresponding to the general deformation (1) are obtained by 
prefixing the sign t of summation with respect to n, m (12) and (15), since 
the terms involving products of surface-harmonics of different orders vanish, 
by Art 87 

The fact that the general expressions for T and V thus reduce to sums 
of squares shews that any spherical-harmonic deformation is of a ‘normal 
type.’ Also, assuming that £„ x cos (a n t + e), the consideration that the 
total energy T + V must be constant leads us again to the result (10) 

In the case of the forced oscillations due to a disturbing potential 
O,' cos (crt + e) which satisfies the equation V 2 fl' = 0 at all points of the fluid, 
we must suppose XI' to be expanded in a series of solid harmonics If f n be 
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the equilibrium-elevation corresponding to the term of order n, we have, by 
Art. 16*7 (13), for the forced oscillation, 

> = n= l-a‘l<r n ^ n ' (16) 

where cr is the imposed speed, and c r m that of the free oscillations of the same 
type, as given by (10) 

The numerical results given above for the case n= 2 shew that, m a non- 
rotating liquid globe of the same dimensions and mean density as the earth, 
forced oscillations having the characters and periods of the actual lunar and 
solar tides, would practically have the amplitudes assigned by the equilibrium- 
theory 

261. The investigation is easily extended to the case of an ocean of any 
uniform depth, covering a symmetrical spherical nucleus. 

Let b be the radius of the nucleus, a that of the external surface The surface-form 
being „ ^ 


1 


we assume, for the velocity-potential, 

( r n Z> n+r | c, 

<£=|(W + 

where the coefficients have been adjusted so as to make 3tf>/3r=0 for r=6 

3f 3$ 

The condition that Zt~ br’’ 

n(n+l) K«X-(>T r \^ ■■ ■ ■ 

for r=a, gives -nqn+ij-j^ W I a 

For the gravitation-potential at the free surface (1) we have 

4tt 7 p„os 8 « iirypct . . . . 

°= Zr '■ 

where Po is the mean density of the whole mass Hence, putting g=$*y Po a, we find 


•( 2 ) 

(3) 

(4) 

•(5) 


O = const +fl« (l - 2 ^jn £) f- 
The pressure-condition at the free surface then gives 

The elimination of S n between (4) and (7) leads to 

^ n w<r»=o, • 


where 


n(n+ 1) j 

\(d 

IV> 


/&Y +1 1 

W J 

L, 

(»+!)( 

t) 

‘ +»< 

\ a J 

n+ 1 \ 

i 


i \ 2n+l PoJ < 


• ( 6 ) 


(7) 


( 8 ) 


( 9 ) 
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If /)=Po, we have <^=0 as we should expect When 0 ~>n fhe value of 
ary, the equilibrium configuration m which the external l ^ f* 1 18 lmagm ' 

-th the nucleus is then unstable (Of Art 198) “ concent ™ 

If in (9) we put 6=0, we reproduce the result of the preceding Art Tf «, 

haad the depth of the ocean be small compared with the radius, we find, piittmg 6-a-? 
and neglecting the square of h/a, p ng ^ 


erj=n(n+ 1) [l__L_ £.\S^ 
\ 2 w+l pj qj 2 ’ 


( 10 ) 

provided n be small compared with a/h. This agrees with Laplace’s result oh+»,n a 
more direct manner m Art 198 p es result > obtained in a 

But if n be comparable with a/h, we have, putting n=ka, 
so that (9) reduces to cr 2 =p£ tanh hh, 

tUe rtl+f M ° reOTer ’ ^ eXpreSS1 ° n (2) f0r the ^^Potential becomes, if we 

<£=<*>! cosh £ ( 2 +/i), _ . ^ 

pkne 6 ^ C °° rdmateS “ the surface > ^ch may now be treated as 

The formulae for the kinetic and potential energies m the venovii ^ 

by the same method as m the preceding Art to be ® “* eaSll ^ found 


T=\pa 2 


(n+l) ( 


n 

+n\ 

(i) 

\aj 

^n + 1 

n(n+\) | 

11 

r-i 

f r 

w 

rj 


and 




■ ■ ■ (13) 

• (14) 

The latter result shews, again, that the equilibrium configuration is one of ™ 
potential energy, and therefore thoroughly stable, provided p | Po f mmimum 

^ In the case where the depth is relatively small, whilst n is finite, we obtain, putting 

T= ^ X f »(«+l) £« dS > (15) 

whilst the expression for V is of course unaltered 

fo If 1 th LT? htUd ? ° f the harmomos Cn be regarded as generalized coordinates the 
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Capillarity 

262. The part played by Cohesion in certain cases of fluid motion has 
long been recognized m a general way, but it is only within comparatively 
recent years that the question has been subjected to exact mathematical 
treatment We proceed to give some account of the remarkable investi- 
gations of Lord Kelvin and Lord Rayleigh in this field 

It is beyond our province to discuss the physical theory of the matter*. 
It is sufficient, for our purpose, to know that the free surface of a liquid, or, 
more generally, the common surface of two fluids which do not mix, behaves 
as if it were m a state of uniform tension , the stress between two adjacent 
portions of the surface, estimated at per unit length of the common boundary- 
line, depending only on the nature of the two fluids and on the temperature 
We shall denote this 'surface-tension/ as it is called, by the symbol T x , Its 
value inCGS units (dynes per linear centimetre) appears to be about 74 for 
a water-air surface at 20°C.f, it diminishes somewhat with rise of tem- 
perature The corresponding value for a mercury-air surface is about 540. 

An equivalent statement is that the potential energy of any system, of 
which the surface m question forms part, contains a term proportional to the 
area of the surface, the amount of this ‘ superficial energy ’ per unit area 
being equal to T x \ Since the condition of stable equilibrium is that the 
energy should be a minimum, the surface tends to contract as much as is 
consistent with the other conditions of the problem 

The chief modification which the consideration of surface-tension will 
introduce into our previous methods is contained m the theorem that the 
fluid pressure is now discontinuous at a surface of separation, viz. we have 

r-*- T '(k + jd’ 

where are the pressures close to the surface on the two sides, and R l} 
are the principal radii of curvature of the surface, to be reckoned negative 
when the corresponding centres of curvature lie on the side to which the 
accent refers. This formula is readily obtained by resolving along the normal 
the forces acting on a rectangular element of a superficial film, bounded by 
lines of curvature , but it seems unnecessary to give here the proof, which 
may be found m most modern treatises on Hydrostatics 

* For this, see Maxwell, Encyc Bntann Art “Capillary Action” [Sc Papers , Cambridge, 
1890, tup 541], where references to the older writers are given Also, Lord Bayleigh, “ On 
the Theoiy of Surface Forces,” Phil Mag (5), t xxx pp 285, 456 (1890) [$c. Papers, t in 
p 397] 

f Lord Bayleigh, “ On the Tension of Water- Surfaces, Clean and Contaminated, investigated 
by the method of Bipples,” Phil Mag (5), t xxx. p 386 (1890) [Sc Papers , t m. p. 394]. 

J See Maxwell, Theory of Meat, London, 1871, c xx 


L. 


28 
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263 The simplest problem we can take, to begin with, is that of waves 
on a plane surface forming the common boundary of two fluids at rest. 

If the origin be taken m this plane, and the axis of y normal to it, the 
velocity-potentials corresponding to a simple-harmonic deformation of the 
common surface may be assumed to be 

<f> = Ce^ cos kx cos (at + e), ) 

c f V — G'e~ ky cos kcc . cos (at + e), f 


where the former equation relates to the side on which y is negative, and 
the latter to that on which y is positive. For these values satisfy V 2 <£ = 0, 
V 2 cj)' = 0, and make the velocity zero for y = + oo , respectively. 


The corresponding displacement of the surface m the direction of y will 
be of the type 

rj = a cos kx . sm (at + e) ; (2) 

and the conditions that 

dy _ £</> _ dcj>' 
dt dy~~ dy 9 

for y = 0, give 

aa = — kG = kC' (3) 


If, for the moment, we ignore gravity, the variable part of the pressure 
is given by 


p _ 8^ _ a~a 

p dt k 

p' _ 0</>' __ a 2 a 

p' dt k 


e ky cos kx . sm (at + e), 
e~ ky cos kx . sm (at + e) 


( 4 ) 


To find hae pressure-condition at the common surface, we may calculate 
the forces which act m the direction of y on a strip of breadth dx. The 
fluid pressures on the two sides have a resultant (p' —p) Sx, and the difference 
of the tensions parallel to y on the two edges gives d^dy/dx) We thus 
get the equation 

P-P' + T ^ = 0 > ( 5 ) 


to be satisfied when y = 0 approximately. This might have been written 
down at once as a particular case of the general surface condition (Art. 262) 
Substituting m (5) from (2) and (4), we find 


a 2 = 


TJP 
P + P” 


( 6 ) 


which determines the speed of the oscillations of wave-length 2 t t/L 
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The energy of motion, per wave-length, of the fluid included between two planes 
parallel to xy , at unit distance apart, is 



If we assume rj — a coskx, . ... , (j 

where a depends on t only, and therefore, having regard to the kmematical conditions, 


1 ae^ p os kx , cj) f = k ~ 1 ae’^ cos kx, . . (9) 

we find T^^(p+p') k^a 2 X (10) 

Again, the energy of extension of the surface of separation is 

• < n > 

Substituting from (8), this gives 

. . . ( 12 ) 


To find the mean energy, of either kind, per unit length of the axis of x, we must omit 
the factor X 

If we assume that aoc cos (o-if+e), where a* is determined by (6), we verify that the 
total energy T+ V is constant 

Conversely, if we assume that 

rj = 2 (a cos kx + j3 sin kx), (13) 

it is easily seen that the expressions for T and V will reduce to sums of squares of a, /3 
and a, /3, respectively, with constant coefficients, so that the quantities a, /3 are c normal 
coordinates J The general theory of Art 167 then leads independently to the formula (6) 
for the speed 

By compounding two systems of standing waves, as m Art 228, we obtain 


a progressive wave-system 


rj = a cos {kx + at), ... . 

(14) 

travelling with the velocity 


a ( TJc \* 

C h \ p + p'J ’ 

(15) 

or, m terms of the wave-length, 


C -( 2 ^,)‘ V* 

\p+pj 

(16) 


The contrast with Art 228 is noteworthy , as the wave-length is 
diminished, the period diminishes m a more rapid ratio, so that the wave- 
velocity increases 


Since c varies as V*, the group-velocity is, by Art 234 (3), 

U = c-X%l = §c. ( 17 ) 
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The fact that the group-velocity for capillary waves exceeds the wave- 
velocity helps to explain some interesting phenomena to be referred to later 
(Arts. 266, 268) 

For numerical illustration we may take the case of a free water-surface , 
thus, putting p = 1, p = 0, T x = 74, we have the following results, the units 
being the centimetre and second*. 


Wave-length 

Wave- velocity 

Frequency 

50 

30 

61 

10 

68 

680 

05 

96 

1930 


264 When gravity is to he taken into account, the common surface, m 
equilibrium, will of course be horizontal Taking the positive direction of y 
upwards, the pressure at the disturbed surface will be given by 


^=^-gy= (jr -c/^J a cos /cx sin (crt + e), 

j,=jjr-gy=-(j:+g)uc<>skx sm(<ri+e), j 
approximately. Substituting m Art. 263 (5), we find 


•(i) 


p-p 


7 gk + 


TJ* 


.( 2 ) 


p+ p J p + p 

Putting cr = kc, we find, for the velocity of a tram of progressive waves, 

c2 = £ T £ ''f + -Z^ A== TT £ (f + r *)> ( 3 ) 

p + p k p + p 1+5 \k J w 

where we have written 


P _ 


5 , 


Ti 

p-p 


; = T' 


•w 


In the particular cases of = 0 and g = 0, respectively, we fall back on 
the results of Arts 231, 1°, and 263 

There are several points to he noticed with respect to the formula (3) 
In the first place, although, as the wave-length (2t rjk) diminishes from oo to 
0, the speed (cr) continually increases, the wave-velocity, after falling to 


* Cf Sir W Thomson, Math and Phys Payeis, t m p 520 

The above theory gives the explanation of the ‘ enspations’ observed on the surface of water 
contained in a finger-bowl set into vibration by stroking the rim with a wetted finger It is to 
be observed, however, that the frequency of the capillary waves m this experiment is double that 
of the vibrations of the bowl, see Lord Eayleigh, “On Maintained Vibrations,” Phil. Mag (5), 
t xv p. 229 (1883) [£c. Payers, t n p. 188, Theory of Sound , 2nd ed , c xx ] 
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a certain minimum, begins to increase again This minimum value (c m , say) 
is given by 

2(gT')\ (5) 

and corresponds to a wave-length 



In terms of A m and c m the formula (3) may be written 



shewing that for any prescribed value of c, greater than c m> there are two 
admissible values (reciprocals) of A/A m For example, corresponding to 


c _ 
C ni 

1-2 

1-4 16 

18 

20 

we have 




7 873 

A _ 

(2-476 

3 646 4 917 

6 322 

\n 

( 404 

274 203 

158 

127, 

to which we add, 

for future reference, 



sm" 1 ~ = 

56° 26' 

45° 35' 38° 41' 

33° 45' 

o 

O 

CO 


c 


For sufficiently large values of A the first term m the formula (3) for c 
is large compared with the second, the force governing the motion of the 
waves being mainly that of gravity On the other hand, when A is very 
small, the second term preponderates, and the motion is mainly governed by 
cohesion, as m Art 263 As an indication of the actual magnitudes here m 
question, we may note that if A/A m >10, the influence of cohesion on the 
wave-velocity amounts only to about 5 per cent., whilst gravity becomes 
relatively ineffective to a like degree if A/A m < xV* 

It has been proposed by Lord Kelvin to distinguish by the name of 
f ripples ’ waves whose length is less than A m . 


The relative importance of gravity and cohesion, as depending on the value of X, may 
be traced to the form of the expression for the potential energy of a deformation of the 

type r) — a COS TcX . . W 

The part of this energy due to the extension of the bounding surface is, per unit area, 

7 T 2 ^ 2 (9) 


* The theory of the minimum wave-velocity, together with most of the substance o 3 

264, was given by Sir W Thomson, “ Hydrokmetic Solutions and Observations, Phi . ag. ( ). 
t xlu p S74 (1871) [Baltimore Lectures, p 598], see also Nature, t v p 1(1871). 
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whilst the part due to gravity is 

$g(p-p')* 2 . ... . (io) 

As X diminishes, the former becomes more and more important compared with the latter 

For a water-surface, using the same data as before, with <7=981, we find from (5) 
and (6), W 

X m == 1 73, == 23 2, 


the units being the centimetre and the second That is to say, roughly, the minimum 
wave-velocity is about nine inches per second, or 45 sea-miles per hour, with a wave- 
length of two-thirds of an inch Combined with the numerical results already obtained 
this gives, 


for 

c= 27 8 

32 5 

37 1 

41 8 

46 4 

the values 

xJ 4 * 

63 

85 

10 9 

13 6 


1 70 

•47 

35 

27 

22 


m centimetres and seconds 


If we substitute from (7) m the general formula (Art 234 (3)) for the 
group-velocity, we find 


U=c 



.( 11 ) 


Hence the group-velocity is greater or less than the wave- velocity, according 
as X > A. m . For sufficiently long waves the group-velocity is practically equal 
to £c, whilst for very short waves it tends to the value -fc* 


The relations between wave-length and wave-velocity are shewn 
graphically in the figure on the opposite page, where the dotted curves refer 
to the cases where gravity and capillarity act separately, whilst the full curve 
exhibits the joint effect f As explained in Art 234, the group-velocity is 
represented by the intercept made by the tangent on the axis of ordinates. 
Since two tangents can be drawn to the curve from any point on this axis 
(beyond a certain distance from 0), there are two values of the wave-length 
corresponding to any prescribed value of the group-velocity TJ These two 
values of X coincide when U has a certain (minimum) value, indicated by 
the point where the tangent to the curve at the point of inflexion cuts Oc ; 
and it may be easily shewn that we then have 


~ = V(S + 2 V3) = 2 542, TJ = 767c m 
where c m is the minimum wa^e-velocity as above 


A further consequence of (2) is to be noted We have hitherto tacitly supposed that 
the lower fluid is the denser (le p>p'), as is indeed necessary for stability when T x is 
neglected The formula referred to shews, however, that there is stability even when 
p<p', provided 

■ ■■ < 12 > 


* Cf Lord Eayleigh, ll cc. ante p 361 


+ Cf Art 234 
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i.e provided X be less than the wave-length \ m of minimum velocity when the denser fluid 
is below Hence m the case of water above and air below the maximum wave-length con- 
sistent with stability is 1 73 cm If the fluids be included between two parallel vertical 



walls, this imposes a superior limit to the admissible wave-length, and we learn that there 
is stability (m the two-dimensional problem) provided the interval between the walls does 
not exceed 86 cm We have here an explanation, m principle, of a familiar experiment m 
which water is retained by atmospheric pressure m an inverted tumbler, or other vessel, 
whose mouth is covered by a gauze with sufficiently fine meshes* 


265. We next consider the case of waves on a horizontal surface forming 
the common boundary of two parallel currents U , E7'f 

If we apply the method of Art 232, we find without difficulty that the 
condition for stationary waves is now 


P U i + p'U^=^(p-p') + tcT 1 , ... 


( 1 ) 


* The case where the fluids are contained m a cylindrical tube was solved by Maxwell 
Bncyc Bntann , Art “ Capillary Action,” t. v p 69 [Sc Papeu, t n p 585], and compared 
with some experiments of Duprez The agreement is better than might have been expected when 
we consider that the special condition to be satisfied at the line of contact of the surface with the 

wall of the tube has been left out of account. 

f Cf Sir W. Thomson, Phil Mag (4), t xln p 868 (1871) [ Baltimore Lectures, p 590]. 
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the last term being due to the altered form of the pressure-condition which 
has to be satisfied at the surface 


This may be written 


( pu+p'uy = g m\ 

V p + p ) k p + p' p + p' 


PP 


-AU-uy ( 2 ) 


(p + py 

The relative velocity of the waves, which is superposed on the mean 
velocity of the currents (Art. 232), is ± c, provided 


c 2 = Co' 


PP 

(p + p) 


yu- UJ, 


.(3) 


where Cq denotes the wave-velocity in the absence of currents. 

The various inferences to be drawn from (3) are much as in the Art. 
cited, with the important qualification that, since c„ has now a minimum 
value, viz the c m of Art. 264 (5), the equilibrium of the surface when plane 
is stable for disturbances of all wave-lengths so long as 

(4) 

where s — p'jp 

When the relative velocity of the two currents exceeds this value c 
becomes imaginary for wave-lengths lying between certain limits It’ is 
evident that m the alternative method of Art 233 the time-factor e wt will 
now take the form g ±a *+^ -where 


(== {(rT^^-°") 2 - c o s }^ i3 = ~- s k\U-U'\ 


.(5) 


The real part of the exponential indicates the possibility of a disturbance of 
continually increasing amplitude 

vflll F y f th * Ca !!° f air °; er 7 ater ws have 00129, c m =23 2 (o s ), whence the maximum 
I I consistent with stability is about 646 centimetres per second, or (roughly) 

12 5 sea-miles per W* For slightly greater values the instability will manifest itself by 
the formation in the first instance, of wavelets of about two-thirds of an inch m length, 

rrer™tion 7 ln ° reaSe “ am P lltude untl1 they transcend the limits implied m om 


266 We resume the investigation of the effect of a steady pressure- 
disturbance on the surface of a running stream, by the methods of Arts. 240 
241 including now the effect of capillary forces. This will give, in addition 
to the former results, the explanation (in principle) of the fringe of ripples 

* J he wmd-velocity at which the surface of water actually begins to be ruffled by the forma- 
ion of capillary waves, so as to lose the power of distinct reflection, is much less than this, and 
is determined by other causes We shah revert to this point later (Chap. xi.). 
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•which is seen in advance of a solid moving at a moderate speed through still 
water, or on the up-stream side of any disturbance in a uniform current 

Beginning with a simple-harmonic distribution of pressure, we assume 
i = — x + fie hy sin kx, — = — y + /3e ky cos lex, (1) 

C o 

the upper surface coinciding with the stream-line yfr = 0, whose equation is 

y = /3 cos kx, (2) 

approximately. At a point just beneath this surface we find, as m Art 240 (5), 
for the variable part of the pressure, 

p 0 = /3p {(ko 2 — g ) cos kx + gc sm lex], (3) 

where g is the frictional coefficient At an adjacent point just above the 
surface we must have 

p 0 ' = Po + T 1 ^ = &P - 9 ~ ^T') cos kx + gc sin kx} (4) 

where T' is now written for TJp This is equal to the real part of 

fip (kc 2 -g- k 2 T ' - me) e xkx 
We infer that to the imposed pressure 

p Q = G cos kx (5) 

will correspond the surface-form 

„ (kc 2 — a — k 2 T') cos kx - /xc sin kx 

py=°- — lk*-g-#Tv + i& — (6) 

Let us first suppose that the velocity c of the stream exceeds the 
minimum wave-velocity (c m ) investigated m Art 264 We may then write 

kc 2 ~g~k 2 T~T (k -*)(#, -*), (7) 

where k x> k 2 are the two values of k corresponding to the wave-velocity c on 
still water, m other words, 2 tt/zcj, 27 t/k 2 are the lengths of the two systems 
of free waves which could maintain a stationary position m space, on the 
surface of the flowing stream. We will suppose that tc 2 > 

In terms of these quantities, the formula (6) may be written 

G (k — k : x ) (tc 2 — k) cos kx — yf sm kx ^ 

py^r ik-Mtffa-ky+fi'* * W 

where g! = /xc/T'. This shews that if jjf be small the pressure is least over 
the crests, and greatest over the troughs of the waves when k is greater 
than k 2 or less than k u whilst the reverse is the case when k is intermediate 
to k 1} k 2 . In the case of a progressive disturbance advancing over still water, 
these results are seen to be in accordance with Art. 167 (13). 
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267 From (8) we can infer as in Art 241 the effect of a pressure of 
integral amount P concentrated on a line of the surface at the origin, viz. 
we find 

5 (k — a^) ( fc 2 — 1c) cos kx — fj! sm kx 


P 

V ~ n tT, 


rf 


(k — /cj) 2 (k 2 — k) 2 -f- fj,' 2 

The definite integral is the real part of 


■dk 


i: 


e^dk 


( 9 ) 


( 10 ) 


f 0 (k — Ki)(<2"-k) *" ip* 

The dissipation-coefficient y! has been introduced solely for the purpose of making the 
problem determinate, we may therefore avail ourselves of the slight gam m simplicity 
obtained by supposing / to be infinitesimal In this case the two roots of the denomi- 
nator m (10) are 

Ki + lV, & — K 2 — IV, 


where 


* 2-*l 


The integral (10) is therefore equivalent to 

1 (F 00 e^ x dk r &**dk ) 

K 2 _K 1“ 2 ^ \J 0 k-(K X +zv) J 0 k—(K 2 -iv)) 

These integrals are of the forms discussed m Art. 241 Since k 2 >k 19 v is positive, 
and it appears that when x is positive the former integral is equal to 


( 11 ) 


and the latter to 


27rie ,K '*+ f 

J o 

/: 


k+K 2 


k- f-*i 

* dk 


dk , 


On the other hand, when x is negative, the former reduces to 


/; 


■ dk, . 


and the latter to 


' o 

. p — ilex 

-2me*“ x + r dk 

J 0 k+K 2 


( 12 ) 

(13) 

..(14) 

.(15) 


We have here simplified the formulae by putting v—0 after the transformations 

If we now discard the imaginary parts of our expressions, we obtain the results which 
immediately follow 


When \j! is infinitesimal, the equation (9) gives, for x positive, 

7TjPi 2?r * n, \ 

__ ,y= — sm /c-yX + F ( x ), .... 




...(16) 


and, for x negative, 


7 rTi 

T y =~ 


2tt 


ic % — tc x 

F (.> — l_ { r vt* a - r 4 as) 

*2 — *1 y o A + /tj Jo « + «8 j v 7 


sm k 2 x + F(x), (17) 


where 
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Waves and Ripples 


This function F (oc) can be expressed m terms of the known functions Gi 
Si ic-ipc, Ci /c 2 x, Si k 2 x, by Art 241 (28) The disturbance of level represented 
by it is very small for values of x } whether positive 
or negative, which exceed, say, half the greater 
wave-length (2 tt/kj) 

Hence, beyond some such distance, the surface 
is covered on the down-stream side by a regular 
tram of simple-harmonic waves of length 2 tt/a: 13 and 
on the up-stream side by a tram of the shorter 
wave-length 27r//c 2 It appears from the numerical 
results of Art 264 that when the velocity c of the 
stream much exceeds the minimum wave-velocity 
(c m ) the former system of waves is governed mainly 
by gravity, and the latter by cohesion 

It is worth notice that, m contrast with the case 
of Art. 241, the elevation is now finite when x = 0, 
viz. we have 



t rT x 

~Q y " 


L- l 0 g£ 

K 2—^1 


.(19) 


This follows easily from (16) and (18) 

The figure shews the transition between the two 
sets of waves, m the case of tc 2 = 

The general explanation of the effects of an 
isolated pressure-disturbance advancing over still 
water, indicated near the end of Art. 241, is now 
modified by the fact that there are two wave- 
lengths corresponding to the given velocity c For 
one of these (the shorter) the group-velocity is 
greater, whilst for the other it is less, than c We 
can thus understand why the waves of shorter 
wave-length should be found ahead, and those of 
longer wave-length in the rear, of the distuibmg 
pressure 

It will be noticed that the formulae (16), (17) 
make the height of the up-stream capillary waves 
the same as that of the down-stream gravity-waves , 
but this result will be greatly modified when the 
pressure is diffused over a band of sensible breadth, 
instead of being concentrated on a mathematical 
line If, for example, the breadth of the band do 
not exceed one-fourth of the wave-length on the 
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down-stream side, whilst it considerably exceeds the wave-length of the up- 
stream ripples, as may happen with a very moderate velocity, the different 
parts of the breadth will on the whole reinforce one another as regards 
their action on the down-stream side, whilst on the up-stream side we shall 
have ‘interference/ with a comparatively small residual amplitude 


This point may be illustrated by assuming that the integral surface-pressure P has 
the distribution 


P b 


( 20 ) 


which is more diffused, the greater the value of b 

The method of calculation will be understood from Art 242 The result is that on the 
down-stream side 


%p _ K1 J 

y=- p r( Ki - Kl ) e smK ^ + -’ 

• '.21) 

and on the up-stream side 


2 p h 

P r(K 2 - Kl ) e Kl smK ^+ > • 

(22) 


where the terms which are insensible at a distance of half a wave-length or so from the 
origin are omitted. The exponential factors shew the attenuation due to diffusion , this is 
greater on the side of the capillary waves, since *c 2 > K i 


When the velocity c of the stream is less than the minimum wave- 
velocity, the factors of 


kc 2 — cj — k 2 T' 


are imaginary There is now no mdetermmateness caused by putting jjl = 0 
•ab initio The surface-form is given by 


Trp J c 


00 cos kx 
irp ] o k?T' — kc 2 + g 


dk 


(23) 


The integral might be transformed by the previous method, but it is evident 
a prion that its value tends rapidly, with increasing x, to zero, on account 
of the more and more rapid fluctuations in sign of cos kx The disturbance 
of level is now confined to the neighbourhood of the origin For x = 0 we 
find 


P 

y (Cm 4 - C 4 )i p 


i 2 c‘ 

1 + — sm- 1 — 

IT C„ 


.(24) 


Finally we have the critical case where c is exactly equal to the minimum 
wave-velocity, and therefore k< 2 = k 1 The first term m (16) or (17) is now 
infinite, whilst the remainder of the expression, when evaluated, is finite. 
To get an intelligible result m this case it is necessary to retain the 
frictional coefficient g!. 
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Effect of a Pressure-Point 


If we put yx' — 2tsr 2 , we have 

(h - K) 2 +tpf = {Tc- (Kff'ui- ^Tzr)} {£-(/<- & -Pier)}, 
so that the integral (10) may now be equated to 


L+jir 

4sr [J O' 


r oo 


■A ■ ■ 


■ (25) 


(26) 


&-(k — ■ar-Htsr) Jo (K + sr-irar) 

The formulae of Art 241 shew that when ts* is small the most important part of this 
expression, for points at a distance from the origin on either side, is 

l+i 


4za 


, 2rrze Zf 


.(27) 


It appears that the surface-elevation is now given by 

— ■ y = ~ jji cos — i 7r ) ( 28 ) 

The examination of the effect of inequalities in the bed of a stream, by 
the method of Art 244, must be left to the reader 


268. The investigation by Lord Rayleigh* from which the foregoing 
differs principally m the manner of treating the definite integrals, was 
undertaken with a view to explaining more fully some phenomena described 
by Scott Russell f and Lord Kelvin j 

“ When a small obstacle, such as a fishing line, is moved forward slowly 
through still water, or (which of course comes to the same thing) is held 
stationary m moving water, the suiface is covered with a beautiful wave- 
pattern, fixed relatively to the obstacle On the up-stream side the 
wave-length is short, and, as Thomson has shewn, the force governing the 
vibrations is principally cohesion On the down-stream side the waves are 
longer, and are governed principally by gravity Both sets of waves move 
with the same velocity relatively to the water, namely, that required m 
order that they may maintain a fixed position relatively to the obstacle 
The same condition governs the velocity, and therefore the wave-length, of 
those parts of the pattern where the fronts are oblique to the direction of 
motion If the angle between this direction and the normal to the wave- 
front be called 6, the velocity of propagation of the waves must be equal 
to % cos 9, where v a represents the velocity of the water relatively to the fixed 
obstacle. 

“Thomson has shewn that, whatever the wave-length may be, the 
velocity of propagation of waves on the surface of water cannot be less than 
about 23 centimetres per second The water must run somewhat faster than 

* l c ante p 378 

i “ On Waves,” Brit Aus Rep , 1844 

X Ic ante p 437 
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this m order that the wave-pattern may he formed Even then the angle 0 
is subject to a limit defined by ?; 0 cos 0 = 23, and the curved wave-front 
has a corresponding asymptote 

“The immersed portion of the obstacle disturbs the flow of the liquid 
independently of the deformation of the surface, and renders the problem m 
its original form one of great difficulty We may however, without altering 
the essence of the matter, suppose that the disturbance is produced by the 
application to one point of the surface of a slightly abnormal pressure, such 
as might be produced by electrical attraction, or by the impact of a small 
jet of air Indeed, either of these methods — the latter especially — gives 
very beautiful wave-patterns*” 

The character of the wave-pattern can be made out by the method 
explained near the end of Art 253 

If we take account of capillanty alone, the formula (17) of the Art cited 
gives 

O rnr 

C 2 COS 2 6 = V 2 = — . . (1) 

by Art 263, and the form of the wave-ridges is accordingly determined by 
the equation 

p = a sec 2 0 . . .. (2)f 

This leads to v 


x = a sec 0 (1 - 2 tan 2 0), y — 3a sec 6 tan 6 (3) 

When gravity and capillarity are both regarded, we have, by Art 264, 


Hence, if we put 

& cos 2 6—V- = ^ + 27r ^ .. . . 

2t t X 

w 

c m = (4>gTy, b = 2ir (~~j 

. ... (5) 

we have 

cos 2 6 . /A b\ 

cos 2 a 

.... (6) 

where 

COS CL = ~ 

c 

( 7 ) 

The relation between 

p and 0 is therefore of the form 



cos2 ^ ]( P a cos 2 Ci\ 

• (8) 


cos 2 a ^ \a cos 2 a p J 3 

or 

~ = cos 2 0 ± //(cos 4 0 — cos 4 a) 

( 9 ) 


The four straight lines for which 0 = + a are asymptotes of the curve thus 
determined The values of a for several values of the ratio c/c m have 
been given in Art. 263. 

* Lord Bayleigh, l c 

+ Since U is now > V, it appears from Art 253 (18) that the constant a must be negative 
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When the ratio c/c m is at all considerable, a is nearly equal to and the 
asymptotes make very acute angles with the axis of x The upper figure on 
the preceding page gives the part of the curve which is relevant to the 
physical problem in the case of c= 10c m * The ratio of the wave-lengths of 
the ‘ waves ’ and the ' ripples ’ in the line of symmetry is then, of course, 
very great The curve should be compared with that which forms the basis 
of the figure on p 413. 

As the ratio c/c m is diminished, the asymptotes open out, whilst the two 
cusps on either side of the axis approach one another, coincide, and finally 
disappearf The wave-system has then a configuration of the kind shewn m 
the lower diagram, which is drawn for the case where the ratio of the wave- 
lengths m the line of symmetry is 4 1 This corresponds to a = 26° 34', or 
c = 1 12c m J 

When c < c m , the wave-pattern disappears. 


269 Another problem of great interest is the determination of the 
nature of the equilibrium of a cylindrical column of liquid, of circular section. 
This contains the theory of the well-known experiments of Bidone, Savart, 
and others, on the behaviour of a jet issuing under pressure from a small 
orifice m the wall of a containing vessel. It is obvious that the uniform 
velocity m the direction of the axis of the jet does not affect the dynamics 
of the question, and may be disiegarded in the analytical treatment. 


We will take first the two-dimensional vibrations of the column, the 
motion being supposed to be the same in each section Using polar 
oordmates r, 0 in the plane of a section, with the origin in the axis, we may 
-ite, m accordance with Art. 63, 


</> = A — cos s6 . cos (<rf + e), (1) 

where a is the mean radius. The equation of the boundary at any instant 
will then be 

' r = a + f, . . . . (2) 

o id 

where £= cos s9 . sin {at + e), (3) 


the relation between the coefficients being determined by 

dt dr’ • 


.(4) 


* The necessary calculations were made by Mr H J Woodall The scale of the figure does 
not admit of the asymptotes being shewn distinct from the curve. 

t A tentative diagram shewed that they were nearly coincident for c=2c m (a =60°) 
t figure may be compared with the drawing, from observation, given by Scott Bussell, l c 
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for r = a For the variable part of the pressure inside the column, close to 
the surface, we have 


■t — — — crA cos s9 sin (at + e) 

p dt 


■ -( 5 ) 


The curvature of a curve which differs infinitely little from a circle having 
its centre at the origin is found by elementary methods to be 


1=1 

j R r 

or, in the notation of (2), 

1 1 _ 
R~ a 


1 d 2 r 

r 2 W’ 



Hence the surface condition 

+ const, (7) 

gives, on substitution from (5), 

= (8)* 

For s= 1, we have a = 0; to our ordei of approximation the section remains 
circular, being merely displaced, so that the equilibrium is neutral. For all 
other integral values of s , a 2 is positive, so that the equilibrium is thoroughly 
stable for two-dimensional deformations This is evident d priori , since the 
circle is the form of least perimeter, and theiefore least potential energy, for 
given sectional area 

In the case of a jet issuing from an orifice in the shape of an ellipse, an 
equilateral triangle, or a square, prominence is given to the disturbance of 
the type 2, 3, or 4, respectively. The motion being steady, the jet 
exhibits a system of stationary waves, whose length is equal to the velocity 
of the jet multiplied by the period (27r/cr)‘f*. 


270 . Abandoning now the restriction to two dimensions, we assume 
that 

(f> = cf> 1 ooskz cos (cr£ + e), (9) 

where the axis of 2 coincides with that of the cylinder, and is a function 
of the remaining coordinates x , y. Substituting m the equation of continuity, 
V 2 <£ = 0, we get 

(Vj 2 — k 1 ) $1 = 0, (10) 


* For the original investigation, by the method of energy, see Lord Rayleigh, “On the In- 
stability of Jets,” JPioc Loud Math Soc , t x p 4 (1878), and “ On the Capillary Phenomena of 
Jets,” Proc Roy Soc , t xxix p 71 (1879) [Sc Papeis, t 1 . pp 361, 877, Theon/ of Sound, 
2nd ed c xx ] The latter paper contains a comparison of the theory with experiment. 

+ It is assumed that this wave-length is large compared with the encumference of the jet. 
Otherwise, the formula (18) must be employed, with <x=hc ) where c is the velocity of the jet. 

29 


L. 
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where V a 2 = 3 2 /3# 2 + d 2 /dy 2 If we put x = r cos 0, y = r sin 0, this may be 
written 


9^1 ictyi i_a^x 

3r 2 r 3r r 2 3# 2 


/r 2 ^ = 0 


(ii) 


This equation is of the form considered m Arts 101, 189, except for the sign 
of k 2 , the solutions which are finite foi r — 0 are therefore of the type 

<p l = BT s {kr) C °^s9, ( 12 ) 

where, as m Art 209 (11), 


t / \ z A z m 

Is (z) — cj} rr ( I d“ o r~ «\ ~b < 


'2' V 2(25 + 2) r 2 4 (25 + 2) (25 + 4) T 
Hence, writing 

<£ = (/cr) cos $6 cos kz cos (at + e), 

we have, by (4), 

£ = — jB - cos 5$ cos sin (<r£ + e) 

5 aa v 7 


)• 


(13) 

•• ( 14 ) 

.. (15) 


To find the sum of the principal curvatures, we remark that, as an obvious 
consequence of Euler’s and Meunier’s theorems on curvature of surfaces, 
the curvature of any section differing infinitely little from a principal normal 
section is, to the first order of small quantities, the same as that of the 
principal section itself It is sufficient therefore in the present pioblem 
to calculate the curvatures of a transverse section of the cylinder, and 
of a section through the axis These are the principal sections m the 
undisturbed state, and the principal sections of the deformed surface will 
make infinitely small angles with them. For the transverse section the 
formula (6) applies, whilst for the axial section the curvature is - 3 2 ^jdz 2 , so 
that the required sum of the principal curvatures is 


1 JL_ 1 

M l + jR 2 a 



3^ 

dz 2 


a aa* 


• l)cos s0o,o%kz. sin (at + e) ...(16) 


Also, at the surface, 


= d A = 

p 3 1 


— aBI s (ka) cos sd cos kz sin (at + e) 


The surface-condition of Art 262 then gives 


kal s ' (ka) 
I s (ka) 


(& 2 a 2 +5 2 — 1) 


2\ 
pa 6 


(U) 

( 18 ) 


For 5 > 0, or 2 is positive , but m the case (s = 0) of symmetry about the axis 
a 2 will be negative if ka < 1, that is, the equilibrium is unstable for 
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disturbances whose wave-length (2-rrjk) exceeds the circumference of the jet. 
To ascertain the type of disturbance for which the instability is greatest, we 
require to know the value of lea which makes 


leal o (lea) 
1 q (lea) 


(JcW — 1 ) 


a maximum. For this Lord Rayleigh finds le-a- = -4858, whence, for the wave- 
length of maximum instability, 

2 * 77 " 

~ = 4 508 x 2 a 


Theie is a tendency therefore to the production of bead-like swellings 
and contractions, of this wave-length, with continually increasing amplitude, 
until finally the jet breaks up into detached drops* 


271 This leads naturally to the discussion of the small oscillations of 
a drop of liquid about the spherical formf. We will slightly generalize the 
question by supposing that we have a sphere of liquid, of density p, 
surrounded by an infinite mass of other liquid of density p' 

Taking the origin at the centre, let the shape of the common surface at 
any instant be given by 

r = a+ £ = a + S n - sin (crt + e), ... .(1) 

where a is the mean radius, and S n is a surface-harmonic of order n. The 
corresponding values of the velocity-potential will be, at internal points, 



, era r n n . 

<£ = - — aP Sn 003 ( at + «)> ■ • 

(2) 

and, at external points, 

, era a“ +1 a , , , . 

^ = n + i r n+i Sn ■ C0S ( at + e )> 

(3) 

since these make 

- _ d< £ _ _ d # 

3 1 3? dr ? 



* The argument here is that if we have a senes of possible types of disturbance, with time- 
factors e ai( , e a ' lt , e a * f , , where a x >a 2 >a a > , and if these bo excited simultaneously, the 
amplitude of the first will increase relatively to those of the other components m the ratios 
e (cL X « 2 X e (*i a a)£ The component with the greatest a will therefore ultimately predominate 
The instability of a cylindrical jet surrounded by other fluid has been discussed by Lord 
Rayleigh, “On the Instability of Cylindrical Fluid Surfaces,” Phil Mag (5), t xxxiv p 177 
(1892) [Sc Pagers, t m. p 594] For a jet of air in water the wave-length of maximum in- 
stability is found to be 6 48 x 2 a. 

+ Lord Rayleigh, l c ante p 449, Webb, Mess of Math., t ix. p. 177 (1880) 


29 — 2 
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for r = a The variable parts of the internal and external pressures at the 
surface are then given by 

p = ... + — /S n .sm (at + e), p' = . . — £ — ^ S n . sm (cr£ + e) . (4) 

To find the sum of the curvatures we make use of the theorem of Solid 
Geometry, that if X, p, v be the direction-cosines of the normal at (x, y , z) to 
that surface of the family 

F (x, y, z) = const, 
which passes through the point, viz 

F x , Fy, Fz 


X, fjb, v = 




then 


1 1 _ 3X dp dv 
R x R 2 dx + dy 3 z 


.(5) 


Since the square of f is to be neglected, the equation (1) of the harmonic 
spheroid may also be written 

r = a + £ n> 


where 


? n — \Sn» sin (at H- e), 

it 


( 6 ) 

(0 


i.e. is a soM harmonic of degree w We thus find 

x 


x d£ n w c, 

X== r~fe + V^’ 

M - 0^ + V 


r 


r « h ft — f n > 

r dz r 2 




( 8 ) 


whence 


l+i 

iii jk 2 


2 , »(» + l)„ 2 , (m— l)(n + 2) e / ± t \ 

r + ^ ? n = a + . sm (<r£ + e) .. 


( 9 ) 


Substituting from (4) and (9) in the general surface-condition of Art 262, 
we find 

r A 


cr 2 = n (n -h 1) (?i — 1) (n + 2) 


If we put p = 0, this gives 


a 1 — n (n — 1 ) (n *f 2) — - . 
x 7 v 7 pa 3 


{(n+l)p + np'} a 3 




( 10 ) 


• ( 11 ) 


The most important mode of vibration is that for which n = 2 , we then have 

. 8T, 
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Hence for a drop of water, putting T x = 74, p = 1, we find, for the frequency, 
— = 3 87 vibrations per second, 

if a be the radius in centimeties. The radius of the sphere which would 
vibrate seconds is a = 2 47 cm or a little less than an inch. 


The case of a spherical bubble of air, surrounded by liquid, is obtained 
by putting p = 0 m (10), viz. we have 


<t*=(»+1)(»-1)(»+2)4i (12) 

p Uj 


For the same density of the liquid, the frequency of any given mode is 
greater than in the case represented by (11), on account of the diminished 
inertia* cf Art. 91 (7), (8). 



CHAPTER X. 


WAVES OF EXPANSION 


272 A treatise on Hydrodynamics would haidly be complete without 
some leference to this subject, if merely for the reason that all actual fluids 
are more or less compressible, and that it is only when we recognize this 
compressibility that we escape such apparently paradoxical results as that of 
Art 20, where a change of pressure was found to be propagated instantaneously 
thiough a liquid mass 

We shall accordingly investigate m this Chapter the general laws of 
propagation of small disturbances, passing over, however, for the most part, 
such details as belong more properly to the Theory of Sound. 


In most cases which we shall consider, the changes of pressure are small, 
and may be taken to be proportional to the changes m density, thus 


Ap^tc 


P ’ 


where k(= pdp/dp) is a certain coefficient, called the ‘ elasticity of volume ' 
For a given liquid the value of /c varies with the temperature, and (very 
slightly) with the pressure For water at 15° C., k = 2*22 x 10 10 dynes per 
square centimetre, for mercury at the same temperature k = 5 42 x HP. 
The case of gases will be considered presently 


273 . 


Plane Waves 

We take first the case of plane waves m a uniform medium. 

The motion being m one dimension (x), the dynamical equation is, m the 
absence of extraneous forces, 


(hi du _ __ 1 dp _ 1 dp dp 

dt U dx pdx pdpdx * 


.( 1 ) 


whilst the equation of continuity, Art. 8 (4), reduces to 

= 0 


dp d , . 
di + Tx ipu): 


( 2 ) 
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If we put 


p = po(l+s), • •• • (3) 


where p 0 is the density m the undisturbed state, 5 may be called the ‘ con- 
densation * m the plane x. Substituting m (1) and (2), we find, on the 
supposition that the motion is infinitely small, 


du ^ K 
dt Pq dx 


(4) 


and 


ds _ 3 u 
3 1 dx 5 


if 

as above 


dp 

pj P _ 


Eliminating s we have 


3 ‘ 2 u, t> d‘ 2 u 
di 2 ~ c “ w' 


(G) 

(7) 


where 


P o 


'dp' 

dp 


P-Pa 


• • •(«) 


The equation (7) is of the form treated in Art 1G9, and the complete 


solution is 

u = f{ct — x) 4- F (ct 4- x), (9) 

representing two systems of waves travelling with the constant velocity c, 
one m the positive and the other m the negative direction of x It appears 
from (5) that the corresponding value of 5 is given by 

cs = f(ct — x) — F(ct A- oo ) (10) 

For a single wave we have u= ± cs, (11) 


since one or other of the functions /, F is zero. The upper or the lower sign 
is to be taken according as the wave is travelling m the positive or the 
negative direction It is easily shewn in this case that the approximations 
involved m (4) and (5) are valid provided u is everywhere small compared 
with c. 


There is an exact correspondence between the above approximate theory and that of 
1 long ’ gravity- waves on water If we write rj/k for s , and gh for /c/p 0 , the equations (4) and 
(5), above, become identical with Art 168 (3), (5) 


274 . With the value of k given m Art 272, we find for wafer at 15° C. 
c = 1490 metres per second 

The number obtained directly by Colladon and Sturm * m their experiments 
on the lake of Geneva was 1437, at a temperature of 8 C 0 

* Ann de Chvm ct de JPhys ., t xxxvi (1827) It may be mentioned that the velocity of sound 
in water contained m a tube is liable to be appreciably diminished by the yielding of the wall 
See Helmholtz, Fortschntte d Physik , t. iv. p 119 (1848) [Ges Abh , t 1 p 242], Korteweg, 
Wied Ann., t. v. p 526 (1878), Lamb, Manch Mem , t xln No 1 (1898). 
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In the case of a gas, if we assume that the temperature 
value of k is determined by Boyle’s Law 

is constant the 


11 

5h> 

• (1) 

viz 

K=Po 

• • • (2) 

so that 

> 

II 

O 

■ (3) 


This is known as the ‘Newtonian’ velocity of sound* If we denote by 
H the height of a ‘homogeneous atmosphere’ of the gas, we have p 0 = gp^H, 
and therefore 

c = (gH)i, (4) 

which may be compared with the formula (13) of Art 169 for the velocity of 
'long’ gravity-waves m liquids. For air at 0 ° C we have as corresponding 
values 

p 0 = 16 x 13 60 x 981, p 0 = 00129, 
m absolute c g.s units , whence 

c = 280 metres per second 

This is consideiably below the value found by direct observation. 

The reconciliation of theory and fact is due to Laplace When a gas is 
suddenly compressed, its temperature rises, so that the pressure is increased 
more than m proportion to the diminution of volume , and a similar state- 
ment applies of course to the case of a sudden expansion The formula ( 1 ) is 
appropriate only to the case where the expansions and rarefactions are so 
gradual that there is ample time for equalization of temperature by thermal 
conduction and radiation In most cases of interest, the alternations of 
density are exceedingly rapid , the flow of heat from one element to another 
has hardly set in before its direction is reversed, so that practically each 
element behaves as if it neither gained nor lost heat 

On this view we have, m place of (1), the ‘adiabatic’ law 



where, as explained in books on Thermodynamics, 7 is the ratio of the two 
specific heats of the gas. This makes 

fc = 7Po ( 6 ) 


* Princiyia, Lib 11 , Sect yin , Prop 48 

t The usual reference is to a paper “ Sur la vitesse du son dans Pair et dans 1’eau,” Ann de 
Chm et de Phys , t 111 p 238 (1816) [Mecanique Celeste, Livre 12 me , c 111 (1823)] But Poisson 
in a memon ot date 1807 (see p 463) refers to this explanation as having been already given by 
Laplace 
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and therefore C = ' • C 7 ) 

If we put 7 = 1 410*, the former result is to be multiplied by T187, whence 

c = 332 metres per second, 

which agrees very closely with the best direct determinations 

The confidence felt by physicists in the soundness of Laplace’s view is so complete that 
it is now usual to apply the formula (7) in the invcise manner, .and to infer the values of y 
for various gases and vapours from observation of wavo-velooitics m them 

In strictness, a similar distinction should be made between the ‘adiabatic’ and 
‘isothermal’ coefficients of elasticity of a liquid or a solid, but practically the difference 
is unimportant Thus in the case of water the ratio of the two volume-elasticities 
is calculated to be 1 0012 1 

The effects of thermal radiation and conduction on air-waves have boon studied 
theoretically by Stokes % and Lord ItayleighS When the oscillations arc too rapid for 
equalization of temperature, but not so rapid as to exclude communication of heat between 
adjacent elements, the waves dimmish m amplitude as they advance, owing to the dissipa- 
tion of energy which takes placo in the thermal processes The effect of conduction will 
be noticed, along with that of viscosity, m the next Chapter 

According to the law of Charles and Dalton 

p " oc 1 + 003660, 

P« 

where 9 is the temperature centigrade Hence the velocity of sound will 
vary as the square root of the absolute temperature For several of the 
more permanent gases, which have sensibly the same value ol 7 , the formula (7) 
shews that the velocity varies inversely as the square root of the density, 
provided the relative densities be determined under the same conditions of 
pressure and temperature. 

275 . The theory of plane waves can also be treated very simply by the 
Lagrangian method (Arts 13, 14). 

If £ denote the displacement at time t of the particles whose undisturbed 
abscissa is x, the stratum of matter originally included between the planes x 
and x + Sx is at the time t + St bounded by the planes 

x + £ and x + £ - 1 - ^1 + ^ Sx, 

* The value found by direct experiment 

+ Everett, Units and Physical Constants 

3 “An Examination of the possible effect of the Badiation of Heat on the Propagation o 
Sound,” Phil Mag (4), t 1 p 305 (1851) [ Math and Phys Pagers, t m p 142] 

§ Theory of Sound, Art. 247 In a recent paper “ On the Cooling of Air by Badiation and 
Conduction, and on the Propagation of Sound,” Phil. Mag (5), t xlvn p. 308 (1899) [Sc. Papers , 
t iv p 376], Lord Kayleigh concludes on experimental giounds that conduction is much more 
effective m this respect than radiation 
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ho that the equation of continuity in 

/'(‘‘v!) ,li 

\vht*rt‘ fh ih the density in tin* undtHiutbed state, Hews* if * denote dm 
1 condensation 1 (/> />«) /k»» we have 

if 

X * -K". - *...**. **-•-' ^ > 1 ' 1 

1 1 ,f 
f'.c 

Tito dynamical equation, obtained by ooiihiderititf the ibiv. •, .onto* •»> 
unit area of the above stratum, is 

- 

These ocjiuittionH urn exact, but in tin* case of HtmtU m**t ion ^ we iiuv wmte 

/n ¥ *w> . , , i 1 1 

and * - >•”* * 

Hubatituting in (tt) we find 

rlf of 

* ,r % , <iu 

t'1* rv J 

when* <t* ^ zr/p^ Thn Holutiou of ((1) is tin* same m m Art*-* lf*T «7o, 


276, The kinetic mwwpj of a system of plane waven i* given by 

T *'tl v</*% — -dt 

where a in the velocity at the point (.r, //, >0 at time f 

The calculation of the intrinmc cncnjtf mjuheo a lift)* i* It r tie iW 
volume of unit mans, the work which this gives mi m e^jatuluo.f i'miu Mi 
aetnal volume to tin* normal volume a, is 

i ^ 

j fttlv. ,, , . , i tl t 

»' *» 

Fatting r?. - c 0 /( 1 f #), /> * * />«♦ 4 we find, for flu* intrinsic* » tu i ev *//! of 
unit mass 

A* l/M* » i i«* /U*b J V <*ti 

if we neglect terms of higher order. Hener, for the inf no a* rmsg) **j flu* 
fluid whieh in the disturbed condition occupies any given region, a#- b *v 
the expression 

W •>* jff Kpih'dijdz ™ pvfff K ( 1 4* H)ih'dtfik o |Yu//,s t \**')djdydf , < li 

# AcsmrtUug to utriot thmiUHfyafttim* umign ilit^ tmtie* in n«t &gf»iefatiite one e lie* 
nimu* and eontnustimift an* miitilMth*. In the we of the relutnoi <»n op 

given the hierement of what i« known m the ‘free in* Ml 1 .* 
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since p 0 ?; 0 = 1 If we consider a region so great that the condensations and 
rarefactions balance, we have 

JfJsdxdydz = 0, . (5) 

and therefore W s^dxdydz . (6) 

In a progressive plane wave we have cs = + u, and therefore T IF The 
equality of the two kinds of energy, m this case, may also be inferred from 
the more general line of argument given m Art 173 

In the Theory of Sound special interest attaches, of course, to the case of 
simple-harmonic vibrations If a be the amplitude of a progressive wave 
of period 2 t r/a, we may assume, m confoimity with Art 275 (6), 

f = a cos (kx — at + e), ■ (7) 

where k = ajc, and the wave-length is accordingly X = 2 t r/lc. The formulae 
(1) and (6) then give, for the energy contained m a prismatic space of 
sectional area unity and length A, (in the direction x), 

T+W=%p 0 aW\, ( 8 ) 

the same as the kinetic energy of the whole mass when animated with the 
maximum velocity era 

The rate of transmission of energy across unit area of a plane moving with the particles 
situate m it is 

p ^ =zpcra sm (kx - crt 4- e) (9) 

The work done by the constant part of the pressure m a complete period is zero Tor the 
variable part we have 

(kx-o-t+e) ... . . ..(10) 

Substituting m (9), we find, for the mean rate of transmission of energy, 

^Karka 2 = -ipo cr 2 a 2 x o . . (11) 

Hence the energy transmitted m any number of complete periods is exactly that cor- 
responding to the waves which pass the plane m the same time, as wo should expect, since, 
q being independent of X, the group-velocity is identical with tlio wave-velocity (cf Art 235). 


Waves of Finite Amplitude. 

277 If p be a function of p only, the equations (1) and (3) of Art 275 
give, without approximation, 

___ p 2 dp 3 a f 
dtf /v dp doc 1 ' 

On the c isothermal J hypothesis that 


( 1 ) 
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d 3 


this becomes 

dx 2 

(3) 

( 1 + D 

In the same way, the ‘ adiabatic ’ relation 



W, •• • • 

. - • (4) 

P 0 

KpoJ 



n 


leads to 0^-77 

dx 2 

(5) 

KT‘ 



These exact equations (3) and (5) maybe compared with the similar equation for ‘long’ 
waves m a uniform canal, Art 172 (3) 

It appears from (1) that the equation (6) of Art 275 could be regarded as exact if the 
relation between p and p were such that 


9 dp 

P 4 =P » C 


( 6 ) 


Hence plane waves of finite amplitude can be propagated without change of type if, and 
only if, / „ \ 

i>-i>o=PoC 2 ( 1 --°) 


A relation of this form does not hold for any known substance, whethor at constant 
temperature or when free from gam or loss of heat by conduction and radiation* Hence 
sound-waves of finite amplitude must inevitably undergo a change of type as tlioy proceed 


278. The laws of propagation of waves of finite amplitude have been 
investigated, independently and by different methods, by Earnshaw and 
Riemann. It is proposed to give here a brief account of these investigations, 
referring for further details to the original papers, and to the very full 
discussion of the matter by Lord Rayleighf 


Riemann’s method + has already been applied in this treatise to the 
discussion of the corresponding question in the theory of ‘long gravity-waves 
on liquids (Art 185) He starts from the Eulerian equations of Art 273, 
which may be written 

^ /*\ -i 7 

(i) 


du du __ 1 dp dp 

3 t JrU dx p dp dx' 

dp dp du 

ft +U ^ = - p dlo " 


...( 2 ) 


* The relation would make p negative when p falls below a certain value 
f Theory of Sound, c xi 

$ “Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwmgungsweite,” Oott. Abh , 
t vm p 43 (1858-9) [Werhe, 2 t0 Aufl , Leipzig, 1892, p 157] See also H. Weber, Part . 
Diff-Gl d math Phys , t 11 . p 469 
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If we put P=f(p) + u, Q=f(p)~u, (3) 

where /(p) is as yet undetermined, we find, multiplying (2) by f (p), and 


adding to (1), 


9 P dP Idpdp ,, 


If we now determine/ (p) so that 
this may be written 


(/»>•- ?!■ • 


a t a x 

In the same way we obtain 


a p a p ,, , v sp 

+ M _=_ P / (P) g- 


at T a* 

The condition (4) is satisfied by 


?§+ 4 ?= p/'(p) sq 


0# ’ 


f(p)=j P 

J p( 




dp) p 


Substituting m (5) and (6), we find 


dp= 

dx — | 

(f)‘H 

;*] 

dP 

dx’ 

dQ = 

dx + | 


j- dt 

| dQ 

J bx , 


(4) 

..(o) 

( 6 ) 

...(7) 


.(8) 


Hence dP = 0, or P is constant, for a geometrical point moving with the 
velocity 

S= (!)*+“• (9) 


whilst Q is constant for a point whose velocity is 



( 10 ) 


Hence, any given value of P moves forward, and any value of Q moves 
backward, with the velocity given by (9) or (10), as the case may be 

These results enable us to understand, in a general way, the nature of 
the motion in any given case Thus if the initial disturbance be confined 
to the space between the two planes x = a,x = b,vre may suppose that P 
and Q both vanish for x> a and for x < b The legion within which P is 
variable will advance, and that within which Q is variable will recede, until 
after a time these regions separate and leave between them a space for 
which P = 0, Q = 0, and m which the fluid is therefore at rest The original 
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disturbance has thus been split up into two progressive waves travelling m 
opposite directions In the advancing wave we have Q = 0, and therefoie 

^ =/(/>)> ( n ) 

so that both the density and the particle- velocity are propagated forwards at 
the rate given by (9) Whether we adopt the isothermal or the adiabatic 
law of expansion, this velocity of propagation will be found to be greater, the 
greater the value of p The law of progress of the wave may be illustrated 
by drawing a curve with x as abscissa and p as ordinate, and making each 
point of this curve move forward with the appropriate velocity, as given by 
(9) and (11) Since those parts move faster which have the greater ordinates, 
the curve will eventually become at some point perpendicular to x The 
quantities du/dx, dpjdx are then infinite; and the preceding method fails to 
yield any information as to the subsequent course of the motion Cf Art. 185. 


279 Similar results can be deduced from Earnshaw’s investigation* 
which is, however, somewhat less general m that it applies only to a pro- 
gressive wave supposed already established 


For simplicity we will suppose p and p to be connected by Boyle’s Law 

p=c 2 p. . ( 1 ) 

If wc write y=#4-£, so that y denotes the absolute coordinate at time t of the particle 
whose undisturbed abscissa is x y the equation (3) of Art 277 becomes 



cq 

is 

‘o 

II 

(2) 

This is satisfied by 

//%\ 

dt~ J \dx)’ 

(3) 

provided 

Mg)}-"/®:)'' 

(4) 

Hence a first integral of (2) is 


(6) 


To obtain the ‘ general integral’ of (5) we must eliminate a between the equations 

y==a#4-((7±clog a ) 

0 = a%±ct+a(fi' (a) y 


.(0)t 


where <fi is arbitrary Now 


dx p ’ 


so that, if u be the velocity of the particle we have 

w=~ = C±clog~ , . . (7) 

On the outskirts of the wave we shall have u=0, p=p 0 It follows that (7=0, and therefore 

P=P^ UI ° ■ ■ ( 8 ) 


* “ On the Mathematical Theory of Sound,” Phil Tunis , t cl p. 138 (1858) 
+ See Forsyth, Differential Equations , c. 
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Hence m a progressive wave p and u must be connected by this relation If this be 
satisfied initially, the function <j> which occurs in (6) is to be determined from the conditions 
at time £ = 0 by the equation 

qE>' (po/p) = — . (9) 

To obtain results independent of the paiticular form of the wave, consider two particles 
(which we will distinguish by suffixes) so related that the value of p which obtains for the 
first particle at time t x is found at the second particle at time t 2 

The value of a( = p 0 //>) is the some for both, and tliercfoie by (6), with (7=0, 

< ^ (X0) 

0 = a [x 2 ~ *^i) i ^ (^2 ^i) ) 

The latter equation may be written ^ = + c ~ , . . (11) 

shewing that the value of p is piopagated from particle to particle at the late p/p 0 c The 
rate of propagation m space is given by 

~~ = +£ ±c loga= +c + u . . * (12) 

At 

This is m agreement with Riemann’s results, since on the present isothermal’ hypothesis 

(dp/dp)^ ~c 

For a wave travelling m the positive direction we must take the lower signs* If it be 
one of condensation (p>p 0 ), u is positive, by (8) It follows that the denser parts of the 
wave are continually gaming on the rarer, and at length overtake them, the subsequent 
motion is then beyond the scope of our analysis 

Eliminating x between the equations (6), and writing for c log a its value - w, wo find 
for a wave travelling in the positive direction, 

y = (c+u)t+F(a), . (13) 

where F is an arbitrary function In virtue of (8) this is equivalent to 

u~f{y— (c-f u) (14) 

This formula is duo to Poisson*. Its interpretation, loading to the same results as above, 
for the mode of altoiation of the wave as it proceeds, foims the subject of a paper by 
Stokes t 


280 The conditions foi a wave of permanent type have been investigated 
in a very simple manner by Rankinot* 

Let A, B be two points of an ideal tube of unit section drawn m the 
direction of propagation, which is (say) that of ^-positive, and let the values 
of the pressure, the density, and the pai tide-velocity at A and B be 
denoted by p u p l} u x and p 2 , p a, u 2) respectively 

* “ M&moire sur la Thdorie du Son,” Jonrn de VKcole Polytechn , t. vn. p. 867 (1807) 
t “On a Difficulty m the Theory of Sound,” Phil May (8), t xxm. p. 349 (1848) [Math and 
Phys Papers, t u p 51] 

X “ On the Theimodynamic Thcoxy of Waves of Finite Longitudinal Disturbance,” Phil. 
Tians , t clx p 277 (1870) [ Misc Sc Papers , p. 580] 
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If, as m Art. 174, we impress on everything a velocity c equal and opposite 
to that of the wave, we reduce the problem to one of steady motion. Since 
the same amount of matter now crosses m unit time each section of t e 

tube, we have 

pi (c — Wi) = pi (c - Ms) , = m > U) 

say where m denotes the mass swept past m unit time by a plane moving 
with the wave, in the original form of the pioblem This quantity m is called 
by Kankine the ‘ mass- velocity ’ of the wave. 

Again, the total force acting on the mass included between A and B is 
p 2 -p lt m the direction BA, and the rate at which this mass is gaming 
momentum in the same direction is 

m (c — u 1 ) — m(g — t (- 2 )* 

Hence P%~~P x ^ 1 ) * “ 


Combined with (1) this gives 




m- 




( 3 ) 


Hence a wave of finite amplitude could not be propagated unchanged except 
m a medium such that 

p -f — = const W 

P 

This conclusion has already been arrived at, in a different manner, m Art. 277. 
It may be noticed that, if we write v = 1/p, the relation (4) is represented on 
1 Watt’s Diagram ’ by a straight line 

If the variation of density be slight, the relation (4) may, however, bo 
regarded as holding approximately for actual fluids, provided m have the 
proper value Putting 

p = p 0 (l+s), p=p 0 + >cs, m - p„o, (f>) 


we find 
as in Art 273 



(«) 


The fact that in actual fluids a progressive wave of finite amplitude 
continually alters its type, so that the variations ot density towards the front 
become more and more abrupt, has led vauous writers to speculate on the 
possibility of a wave of discontinuity, analogous to a ‘ bore ’ in water-waves. 

It has been shewn, first by Stokes*, and afterwaids by several other 
writers, that the conditions of constancy of mass and of constancy of 
momentum can both be satisfied for such a wave. The simplest case is 
when there is no variation in the values of p and u except at the plane of 


* l e. ante p. 4G3 
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discontinuity If, in the preceding argument, the sections A, B be taken, 
one behind, and the other in front of this plane, we have, by (3), 



H--- p*>)' 

\pl - P2 J 

■ • (7) 



(8) 


. . . 

Pt Vpi-p 2 Pa/ 

and 

Wl _ ™ _ a} - + (pi - PA 

Pa pi \ pip 2 ) 

(9) 


The upper or the lower sign is to be taken aecoiding as p, is greater or less 
than p«, i e according as the wave is one of condensation or of rarefaction 
The results involve differences of velocity, as we should expect, since any 
uniform velocity of the whole medium may be superposed. 

We may assume, for instance, that the quantities p.,, p 2 , u.,, which define 
the condition of the medium ahead of the wave, are given arbitrarily , also 
that the density p 1 of the air in the advancing wave is prescribed Further, 
some definite relation between p lt p 1 and p.,, p. 2 , based on physical considera- 
tions, is presupposed The remaining quantities m, c, arc then determined 
by (7), (8), (9) 

These results have, however, lost some of their interest since it has been 
pointed out by Lord Rayleigh* that in actual fluids the equation of energy 
cannot be satisfied consistently with (1) and (2) Calculating the excess of 
the work done per unit time on the fluid entering the space AB at B over 
that done by the fluid leaving at A, and subtracting tho gain of kinetic 
energy, we obtain 

p 2 (c - u 2 ) -jh (c - iti) - {(c - uff - (c - w 2 ) s } , 

or PM ~ ( u i 2 - w 2 a ), 

01 ' $(2>i+i>a)(«i -«!■)> (10) 

those forms being equivalent in virtue of the dynamical equation (2). The 
corresponding result per unit mass is obtained by dividing by m If we 
substitute for iq — u 2 from (1) or (9), we obtain 

£(P» + 4>si)(»*-Vi), (11) 

where v is written for 1/p 

If the two states of the medium be represented by two points A, B on 
Watt’s diagram, the expression (1 1) is equal to the area included between 
the straight line AB, the axis of v, and the ordinates of A, B. If the 
transition from B to A be effected without gam or loss of heat, the points 
m question will lie on the same ‘ adiabatic curve,’ and the gain of intrinsic 


L 


* Theory of Sound , Art 253. 


30 



466 Waves of Expansion [chap, x 

energy will Ids represented by the cirsn included between this curve, the 
avis of v, and the extreme ordinates. For an actual gas, tlie adiabatic is 
concave upwards , and the latter area is accordingly less (in absolute value) 
than the former If we have regard to the signs to be attributed to the 
areas, we find that for a wave of condensation (v 2 < v 2 ) the work done on the 
medium is more than is accounted for by the increase of the kinetic and 
intrinsic energies , whilst in a wave of rarefaction («, > v 2 ) the woik given 
out is more than the equivalent of the apparent loss of energy. 

It appears that the equation of energy cannot be satisfied for discon- 
tinuous waves, except m the case of a hypothetical medium whose adiabatic 
lines are straight This is identical with the condition already obtained for 
permanency of type in continuous waves 

In the above investigation no account has been taken of dissipative 
forces, such as viscosity and thermal conduction and radiation Practically, 
a wave of discontinuity would imply a finite difference of temperature 
between the portions of the fluid on the two sides of the plane of discontinuity, 
so that, to say nothing of viscosity, there would necessarily be a dissipation 
of energy due to thermal action at the junction Whether, when this is 
allowed for, the relation between the two states can be reconciled with the 
equation of energy is a physical question into which we do not enter* It 
would appear that the possibility of a discontinuous wave of rarefaction 
is m any case excluded, since (as may easily be shewn graphically) this 
would involve a loss of ‘entropy’ m an irreversible process 


Spherical Waves. 

281 . Let us next suppose that the disturbance is symmetucal with 
respect to a fixed point, which we take as ongin I he motion is necessarily 

* It ia discussed to some extent by Itankme, who points out that the iiitcijrul amount 
of heat absorbed by any poition of the medium, m its passage from one state to the othei, must 
be zero 

In some Investigations by Hugomot, which are expounded by Hadamard m his Lemons sur la 
propagation des ondes et les Equations de Vhgdiodgn antique, Pans, 1903, the aigument given m 
the text is mveited The possibility of a wave of discontinuity being assumed, it is pointed out 
that the equation of energy will be satisfied if we equate the expression (10) to the increment of 
the mtunsic energy (for which see Ait 11 (8)) On this ground the formula 

i(Pi3p 2 )K-^)= 7 ^ 1 (m~w 2 ) 

is piopounded, as governing the transition fiom one state to the other “ Telle est la relation 
qu’Hugoniot a substitute a [p»Y = const ] pour exprimer que la condensation on dilatation In usque 
se fait sans absoiption ni dtgagement de clialeur On lui donne actuelleracnt le nom de lot adia- 
batique dynamique, la rtlation [ptf - const ], qui eonvient aux changements lents, Ctant ddsignte 
sous le nom de loi adiabatique s tatique” (Hadamard, p 192) But no physical evidence is 
adduced m support of the pioposed law 

Bor another discussion ot the mattei, lefeience may he made to H. Weber, Pait DiJ.-Gl , 
t 11 c XXII 
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inotational, so that a velocity-potential <£ exists, which is here a function 
of r, the distance from the origin, and t, only. If as before we neglect the 
squares of small quantities, we have by Art 20 (3) 

[dp _ dcf) 

J p ~~~dt * 

In the notation of Arts 272, 273 we may write 


whence 



.( 1 ) 


To foim the equation of continuity we remark that, owing to the difference 
of flux acioss the inner and outer surfaces, the space included between the 
spheres r and r+ B? is gaming mass at the rate 

l( W ‘>lr) Sr 

Since the same rate is also expressed by dp/dt . 47 rr 2 Sr we have 




( 2 ) 


Tins might also have been arrived at by dnect transformation of the general 
equation of continuity, Art 8 (4) In the case of infinitely small motions, it 
becomes 


3 *=I d .( r M\ 

dt i* dr V dr) ’ 


(3) 


whence, substituting from (1), 


**-? *(*%>) (4 ) 

dtf r 2 dr \ dr J ' ' 


This may be put into the more convenient form 


3 2 r<±> 3 2 rd> . K 

' df ~ dr ‘‘ ' ’ 

so that the solution is 

r 4 > ~f (? ” ^ {r + ct ) ( 6 ) 

Hence the motion is made up of two systems of spherical waves, travelling, 
one outwards, the other inwards, with velocity c. Considering for a moment 
the first system alone, we have 

30—2 
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which shews that a condensation is propagated outwards with velocity c, but 
diminishes as it proceeds, its amount varying inversely as the distance from 
the origin The velocity due to the same train of waves is 

As r increases the second term becomes less and less important compared 
with the first, so that ultimately the velocity is propagated according to the 
same law as the condensation. 

We notice that whenever diverging or converging waves are alone present 
we have 

= + cs > C 7 ) 

ror 


this corresponds to Art 273 (11) 

For some purposes the formula for a system of divergent waves is more 
conveniently written 

47rr</>=/ (f - Q (8) 


Since this makes 


lim 


r=0 


• 47rr 2 


d(f> 

dr 


=f(t\ 


..(9) 


the system m question may be regarded as due to a source of strength f (t) 
at the origin , cf Ait 194. 

It follows from (1) that 


Jsdt = 0, (10) 


provided the initial and final values of <f> both vanish. This will be the case 
whenever the source f(f) is in action only for a finite time. The fact that 
a diverging spherical wave must necessarily contain both condensed and 
rarefied portions was first remarked by Stokes*. Cf. Art 195 

As m the case of plane progressive waves (Art. 27G), the energy of 
a system of divergent spherical waves is half kinetic and half potential 
This follows from the general argument of Art 173, and may be verified 
independently as follows We have, identically, 



a_ 

dr 


H> 2 ) 


If we write 


1 


dj>_ 

dr’ 


c 2 s = 


0 i 

dt ’ 


.( 11 ) 


* “ On Some Points in the Received Theory of Sound,” Phil Mag (d), t xxxiv p 52 (1849) 
[Math andPhys Papers, t u p 82] See also Lord Rayleigh, Theoiy of Sound, Ait 279 
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this gives, by (7), m the case of a divergent wave-system, 

r ■V=cW--~(rp) 
roo r<*> 

Hence hP ( f ■ 4irr®dr = I £pcW 4tt r°-dr, . . . .(12) 

Jo Jo 

ifrcf> 2 vanishes at the inner and outer boundaries of the system*. 

282 The determination of the functions / and F in (6), in terms of the 
initial conditions, for an unlimited space, can be effected as follows. 

Let us suppose that the distributions of velocity and condensation at 
time t = 0 are determined by the foimulae 

<f> = f ( r ), = ( 1S ) 

where % are arbitrary functions. Comparing with (6), we have 

f(z) + F (z) = zyjr (z) (14) 

-f'(z) + F' (z)= Z - X (z), 

the latter of which gives on integration 

-/(*) + lF(*)^f*X(*) + 0 (IS) 

OJ 0 

Again, the condition that there is no cioation or annihilation of fluid at the 
origin gives 

f(-z) + F(z) = 0 (16) 

The formulae (14) and (15) determine the functions / and F for positive values 
of z , and (16) then determines / for negative values of zf. 

The final result may be written 

1 ( r + Ct 

r<f>=i(r-ct)f(r-ct) + i(r+ct)ir(r + ct) + ^Jr *x(*) d *> 

or 

1 f c ^ r 

r<f> = - b(ct-r) ir(ct - r) + k(ct + r)f (ct + r)+ - 2 -J ^ *X {*)**> 

according as r is greater or less than ct 

As a very simple example wo may suppose that the air is initially at rest, and. that the 
initial disturbance consists of a uniform condensation s 0 extending through a sphere of 
radius a We have then ip(z)=0, whilst x (z)=A 0 or 0 according as z<a. At a distance 


* Proc Loud. Math. Soc , t xxxv. p 160 (1902). 

+ Lord Rayleigh, Theory of Sound, Art. 279. 
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r (>a) from the origin, the motion will not begin until £=(r— $)/c, and will cease when 
«=(}-+a)/c For intermediate instants we shall have 

r<j> — J cs 0 [a 2 - (V — ct)}‘\ ... . (19) 

s t — ct /oan 

and thence ~ = ~~^r * * 

The disturbance is now confined to a spherical shell of thickness 2 a , and the condensation 
s is positive through the outer half, and negative through the inner half, of the thickness 


We shall require, shortly, an expression, for the value of cf> at the origin, 
for all values of t, in terms of the initial circumstances We have, by (6) 
and (16), 


[4>]r=o = lim r=0 


/(r — c£) + F_ (r + ct) 

r 


. F(ct + r) — F (ct - r) 

lnm^o — i 


= 2 F'(ct), 


or, by (14) and the consecutive equation, 

[flr - 0 = | tf(ct) + t X (ct) (21) 


General Equation of Sound-Waves 


283 We proceed to the general case of propagation of expansion-waves. 
We neglect, as before, small quantities of the second order, so that the 
dynamical equation is as m Art. 281, 


c 2 s = 


d<$> 
~dt * 


• a) 


Also, writing p~p 0 (l+s) m the general equation of continuity, Art. 8 (4), 
we have, with the same approximation, 

dt~~ dx 2 ^ dz 2 w 

The elimination of s between (1) and (2) gives 


cPcj> 
dt 2 


or, in our former notation, 


c 2 


\dx 2 ^ dy 2 dz 2 J 



(3) 

..(4) 


Since this equation is linear, it will be satisfied by the arithmetic mean of 
any number of separate solutions <f> 1} <jb 2 , </> 3 , .... Asm Art 38, let us imagine 
an infinite number of systems of rectangular axes to be arranged uniformly 
about any point P as origin, and let cf> 1} <j) 2 , <f > 3 , ... be the velocity-potentials 



471 


282 - 28 B] General Equation of Sound-Waves 

of motions which are the same with respect to these systems as the original 
motion cf> is with respect to the system x, y, z In this case the arithmetic 
mean (fa say), of the functions fa, fa, fa, . . will be the velocity-potential of 
a motion symmetrical with respect to the point P, and will therefore come 
under the investigation of Art 282, provided r denote the distance of any 
point from P In othei words, if ^ be a function of r and t, defined by the 
equation 

(5) 

vvheie </> is any solution of (4), and Sot is the solid angle subtended at P by 
an element of the surface of a sphere of radius r having this point as centre, 
then 

f dL *?•-!$ (6>* 

dV 3? - 

Hence r<j>=f(r — ct) + F(r + ct ) 00 

The mean value of <£ over a sphere having any point P of the medium 
as centre is therefore subject to the same laws as the velocity-potential of 
a symmetrical sphencal distuibance. We see at once that the value of (j> 
at P at the time t depends on the means of the values which <j> and d<f>/dt 
originally had at points of a sphere of radius ct described about P as centre, 
so that the disturbance is propagated m all directions with uniform velocity 
Thus if the original disturbance extend only through a finite portion S of 
space, the disturbance at any point P external to S will begin after a time 
n/c, will last for a time ( r a -r,)/c , and will then cease altogether; r u r a 
denoting the radii of two spheres described with P as centre, the one just 
excluding, the other just including 2. 

To express the solution of (4), already virtually obtained, in an analytical 
form, let the values of cf> and d<f>/dt, when t — 0, be 

<p = fa 0, y, z), = X (?,, y,z ) (8) 


The mean values of these functions over a sphere of radius r described about 
(x, y , z) as centre arc 


<*> 


1 

47 r 



x 4 ■ Zr, y 4 mr, z 4 nr) dm, 


d<f> 

dt 



4 Ir, y 4 mr, z 4 nr) dm, 


* This result was obtained, m a different manner, by Poisson, “Mdmoire sur la thdone du 
son,” Journ.de V A cole Pohjtechn., t vh pp 334-338 (1807). The remark that it leads at once 
to the complete solution of (4) is due to Xjiouville, Journ. tie Math., t i. p. 1 (1856). 
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where Z, m, n denote the direction- cosines of any radius of this sphere, and 
&bt the corresponding elementary solid angle If we put 

Z = sm 0 cos o), m — sin 6 sm co , n = cos 9 , 

we shall have S'sr = sm 6 89 Sea 

Hence, comparing with Art 282 (21), we see that the value of cj> at the point 
(x } y , z), at any subsequent time t , is 

a = JL ™ £ ff ir (x + cZ sm 9 cos co, y + ct sm (9 sm co, z + ct cos 0) sm 9d9dco 
r 47T0£ JJ 


+ — [[ Y (« + cZ sin 9 cos &), y + cZ sm 0 sin co, z + cZ cos (9) sm 9 d9dco, . . .(9) 
47 r JJ ** 


which is the form given by Poisson * 


284 The expression for the kinetic energy of the fluid contained m any 
given region is 

where <#> stands for 3 By Green’s Theorem (Art 43), this may be put 
in the form 

§= ~ p ° tt* dS ' p °JJl w dxdydz 
= ~p°jj ( i > Wi dS ~? JL I ^ dxdydz 

Hence if W 7 " = JJJ sS dxdydz = •£• dxdydz, (2) 

we have j t (T + W) = - ^ dS (3) 

We have seen (Art. 276) that, subject to a certain condition, TF represents 
the intrinsic energyf 

The complete interpretation of (3) may be left to the reader In various 
important cases, e g when the boundary is fixed (3</>/3?i = 0), or free (</> = 0), 
the surface-integral vanishes, and we have 

T+ W = const (4) 

* “M6moire sur Immigration de quelques Equations Im^aires aux differences paitielles, et 
particuli&rement de liquation g&nhale du mouvement des fluides dlastiques,” M6m . de VAcad 
des Sciences , t m. p 121 (1819) 

Por other proofs see Kirchhoff, Mechatuk, c xxui , and Bayleigh, Theoiy of Sound, Art 273. 
+ See, however, the footnote on p 458 
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Thin leads t*i a jir* *«*f of the detenniuateness of tin* motion consequent on 
a given initial distribution of \rl«»rtt\ and condensation, For if ^ ww i 
two distiiirt forms of tin* \nlonif \ potential satisfying the prescribed initial 
noiidif nuts, flitit, in t lit * motion for w hioh < ft </>,-- </m 7* t IF would bo 
eunstanth null, '-mo** it vam-he* tint mil). Since every element of T and IF 
m i ssniit mtl\ po it no, this inquires that tin* domain us of <f> with respect to 
^ ^ / t dmuld -it ! vanish* n% and ran only differ by an absolute 
eon*! ant* Tin- nreumeui applies, of course, to all eases where we ran 
piodioafo the vanehmg of fin* surface integral in (3), 


tit f tt lla rtntmir Viht'ttttttHN 

285, In the oa*. nt ampl* Iminmnie motion, tin* time-factor being a Ur \ 
tin* equal ion f 1 1 of Atf 2nd take* the lotto 

|T t /dH/i 0, ............ .. 0) 

provided h ^ ♦*•*»•* **•*• 

If appears on comparmon with Art. 27 b that 2 tt/A* is Urn wave-length of 
piano wave** of the a /mined period (m*rr if). 

In flu* oiro uf symmetry with respect to the origin* wo have* by 
Art, 28 i (,V h or by tmtedmumfion of Ok 

o. 0> 

re 1 

Tim mint ton **t thm mu\ bu writ tru 4 

m»u- /; «H,ar .(+> 

* hr hr 

If thi 1 uimI ii»ti i * tiniti’ nt tli'* "i* h;»\c H 0, mid (4) mhuvn to 

« * lr i-» 

? hr 

It mny bo not mod that the* ’*o|»tt nm may br obtained by superposition of 

suUefiw of {bane wave*, tin* (hied ioir* of propagation being distributed 

uniformly « Time** f*«r a *v4» m < d plane waves whose direction of propagation 

makes an angle 0 with the au * of j\ we have 

$ r 

and flie tuean value of this for all directions through the origin h 

I (*’ * . , . . sin hr , 7s 

t|> r ^'‘^.SirHtufbW' > * v 7 ' 

4w ,* *f * * 


1 th.> fm'tur i« itMiiini hi i> »it*i t lw wh*trw fur shoitmm 
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We can draw from (5) a conclusion applicable to the general case, to 
which the equation (1) refers We have seen (Art. 283) that the mean value 
of <f> over a sphere of radius r, described with any point 0 as centre, satisfies 
an equation of the form (3) Hence in the notation of the Art quoted, we 
have 


~ sm kr 


<f>0, 


( 8 ) 


where <jb„ denotes the value of $ at 0 This assumes that <£ has no singularities 
within the sphere to which r refers*. Cf Art 38 


Returning to 
also be written 


the case of symmetry, we note that the solution (4) may 


<£ = 0 



+ D' 


0 \kr 


■ ■ ( 9 ) 


It is evident on reference to Art 281 (8) that the formula 


<£ = 


Q—hbr 

4j7TT 


... ( 10 ) 


represents the system of diverging waves due to a unit source at the origin 


286. The general theory of functions satisfying the equation 

(V» + **)£ = 0 (1) 


has been developed by Helmholtz!, Lord Rayleigh}, and others§ It has 
many points of analogy with that of Laplace’s equation V 2 ^> = 0, which is, 
indeed, a particular case, obtained by making either c = oo , or cr = 0. 


The typical solution of (1) from which all others can be derived, is that 
which corresponds to a unit source, viz 


g-ihr 
^ 47 rr ? 


. . ( 2 ) 


where r denotes distance from the source 


It appears from Green’s Theorem (Art 43) that if cj>, <j>' be any two 
functions which, together with their first and second derivatives, are finite 
and single-valued throughout any finite region, we have 

//(* to ~ g) dS=JJJ (*'V>* - ) dxdydz . . (3) 


* The theorem was given by H Weber, Crelle , t lxix (1868) 

t “ Theorie der Luftschwmgungen in Bohren nut offenen Enden,” Crelle , t lvn p 1 (1859) 
[TFm Abh , t n p. 303] 

$ Theory of Sound , t n 

§ Eor an account of the more recent mathematical theory, see Pockels, “Ueber die partielle 
DifCerentialgleichung A u + 7c% = 0,” Leipzig, 1891, and Sommerfeld, l.c ante p. 59 
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If, in addition, c£> and <j>' botli satisfy (1), the right-hand member vanishes, 
and we have 


r* i* 

<p 


d£ 

dn 


dS -ll*'i& dS 


(4) 


From this we deduce, by exactly the same process* as in Art. 57, the 
formula 




d__ 

' dn 


p—ikr\ 

e —)dS, 

V J 


( 5 ) 


giving the value of <£ at any point P of a region m terms of the values of cj> 
and d<fi/dn at the boundary The symbol r here denotes the distances of the 
respective surface-elements fiom P, and we see that the value of <f> may bo 
regarded as due to a ceitain distribution of simple and double sources over 

the boundary f 

Again, if r' denote distance from a point P' external to the region, we 
have 










- ihr 


d_ 

dn V r' 


dS 


..( 6 ) 


It is to be noticed that, as in Art 58, the particular distribution of sources 
over the boundary which is exhibited in (5) is only one out of an infinite 
number which would give exactly the same value of <j> at points within 
the region For instance, by addition of (5) and (6) we get another such 
distribution, which may, moreover, be varied indefinitely by varying the 
position of P'l- 

The theorems (5) and (6) will apply to the case of an infinite region 
bounded internally by one or more closed surfaces, provided that at an infinite 
distance R from the origin <p tends to the form 




-licit 


R 


• 0 ) 


We may express this by saying that there are no sources of sound at infinity. 

We can carry the analogy with the theory of the ordinary potential one 
step further, and express the value of <j> at any point of a finite region in 
terms of simple sources only, or double sources only, distributed over the 
boundary, thus 


\d-ndn') 


or 




3 fe~ lkr \ 


dS, . 

-)dS, 


.( 8 ) 

( 9 ) 


* Yiz we put ~e~ lkr lr, where r denotes distance from a fixed point, and isolate this point 
(when it falls within the region considered), by drawing a small spherical surface about it 
+ Helmholtz, l c 
% Larmor, l c ante p 59 
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where the auxiliary function. <£' is subject to the conditions that it must 
satisfy 

(V* + *■)<#/ = 0, (10) 

throughout the rest of infinite space, and must tend to the form (7) at infinity, 
whilst at the boundary 


= 4 >> 


3 n dn ’ 


( 11 ) 


as the case may be The proof is as in Art 58 

It would be wrong, however, to assume that, as m the case of the ordmaiy 
potential, a function <j> necessarily exists which satisfies (1) thioughout a given 
region, and also fulfils the condition that <£ or d<fi/dn shall assume arbitrarily 
prescribed values over the boundary. The supposed existence-theorem holds, 
it is true, as a rule , but it fails for a series of definite values of k, which 
correspond to the normal modes of vibration of the mass of air occupying the 
region, when the boundary-condition is <j> = 0, or dcjo/dn = 0, respectively. 

For the same reason, the formulae (8) and (9) cannot be applied without 
reservation to the case of an infinite region, since the determination of the 
auxiliary function </>' may be impossible 


To illustrate these points, let us suppose that throughout a sphere of radius a, having 
its centre at the origin 0, we have 

■ smkR . .... ( 12 ) 


r It ■■ 

where R now denotes distance from O If we put 


-ilc(R—a) 


<fi' = sm ha . 


(13) 


in the external space, the conditions of validity of the formula (8) are satisfied, and wo find 


<*> = 


4rra 



.(14) 


It is not difficult to verify, & posteriori, that this is equivalent to (12) for R<a and to (13) 
for R > a 


Again, let us seek a surface-distribution of simple sources which will make 

-ilcR 

0 = - 7r -, . (15) 


m the space external to the sphere 
with this at the boundary, is 


The value of <// for the internal spaco, which coincides 




Q -%ka 
sm ha 


sin JcR 

~TT ’ 


(16) 


i r r p ~ik7 

and we get <£=- r dS . . . .(17) 

r 47ra sm ha J J r K ' 

But the determination of <£' fails whenever k is a root of sin&a=0 It appears m fact that 
when this condition is satisfied a uniform distribution of simple sources over a sphere of 
radius a produces no effect at external points. 
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If all the dimensions of the region referred to are small compared with 
the wave-length, we may put e~ lkr = 1, approximately, m (5), and the formula 
assumes the shape 



as m Art 57 Hence, within distances small compared with the wave-length, 
the variations of <j£> may be calculated as if it satisfied the equation V 2 <£ — 0. 
This principle is of great service m the approximate treatment of various 
acoustical questions (cf Aits 293, 294) 

Finally, we may remark that, if we lestore the time-factor, the formula 
(8) may be written 



This may be generalized by Fourier's double-integral theorem, which may be 
written in the form 

<b (t) = L r da [°° <f> (t) e «'<*-’■> dr (20) 

ZtT I — oo J —oo 


If we denote by <f> ( t ) the value which <f> has at the point (as, y, z) at the 
instant t, whether this point he within the region or on its boundaiy, and by 
f(t) the value which dep/dn has at a point of the boundary, wo obtain 


<p P ( t ) = 


-III 


/(« 


d8 + 


1 [[< 
4l7T J 3 ft 




dS, 


,( 21 ) 


provided that m the last term the space-differentiation applies only to r as 
it appears explicitly This remarkable foimula, which gives the value of <f> 
at any instant, at a point P, m terms of antecedent values of <j> and 3 at 
points of a closed surface surrounding P , was first obtained by Kirchhoff *, 
m a different manner, from the general equation (4) of Art. 283. It has been 
supposed by various writers to contain the precise mathematical formulation 
of ‘ Huygens’ principle ’ m Acoustics , but as has been already pointed out, 
in connection with the special case (5), the representation of <jf> m this manner 
is largely arbitrary and indeterminate 


* “ Zur Theorie der Lichtstrahlen,” Bed Ber , 1882, p Oil [Ges Abh , t. a p. 22] Various 
other proofs have been given, cf Larreor, l c ante p 59, and Love, Pwe . I^ond Math Soc . (2), 
t i p 87 (1903) 
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where A, B are arbitrary constants Hence if we put <p n = r n S n , so that S, n 
is a surface-harmonic of order m, the general solution of (1) may he written 

$ = t {A^ n ( hr ) + B'I r n (kr)} r n S n , (6) 

where 

■fn (?) 


1 3 (2m + 1) 

? 


1 3 (2m -1) 
^(?) = — 


l- 
l - 


? 2 


2 (2m + 3) + 2 4 (2n + 3) (2m + 5) 

? 2 . ? 4 


2 (1 — 2m) "*”2.4(1 — 2m) (3 — 2m) 


(l)* 

The first term of (6) is alone to be retained when the motion is finite at 
the origin 

The functions ¥*(£) can also be expiessed m finite terms, as 

follows 

^ = (” 'T ’ %l (?) = (“ W?) f ' (8) 

These are readily identified with (7) by expanding sin ?, cos ?, and performing 
the differentiations. As particular cases we have 


sm? . m _i in ?_ co ?? ' 
tyo (?) — ~£~ > ‘'P'i (?) — g‘i > 


(0) 


/3 1\ . „ 3 cos? 

' x f r ‘a(?) \^" n £4 

The formulae (6) and (8) shew that the general solution of the equation 

+ 2 (» + 1) dBp + = 0) (10) 

dt; 2 ? «? 

which is obtained by writing ? for /cm in (5), is 


Rr 


/ d \ n 

~ \?d?/ ' ?" ’ 


00 


This is easily verified; foi if R n be any solution of (10) wo find that the corresponding 
equation for i? n+1 is satisfied by 

. i dR n 

“ n+ i ~£d£' 

and by repeated applications of this result it appears that (10) is satisfied by 

"--(«)' "‘- <12) 

* There is a slight deviation here fioxn the notation adopted by Heme, Kugelfmihtionen , t 1 . 
p 82 It may be noted that the foimula (6) gives an immediate proof of the theorem (8) of 
Art 285 
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lower order give the positions of the spherical nodes (d<fi/dr = 0). For the further discussion 
of the problem we must refer to the investigation by Lord Bayleigh* 


2° To find the motion of the enclosed air due to a prescribed normal vibration of the 
boundary, say 



got 

we have 

4 p = Af n (kr)r n S n e lcrt , 

with the condition 

A {ha^n (ha) 4 (ha)} a n ~ l — 1, 

and therefore 

^ n (h') a ( r \ 8 e lat 

^ kayj/f (ha) + n\^ n (ha) \a) 71 


( 10 ) 

( 11 ) 


( 12 ) 


This expression becomes infinite, as we should expect, whenever la is a root of (2), le. 
whenever the period of the imposed vibration coincides with that of one of the natural 
periods, of the same spherical-harmonic type. 


By putting Jca — 0 we pass to the case of an incompressible fluid 
then reduces to 




The formula (12) 
(13) 


as in Art 91 It is important to notice that the same result holds approximately, even m 
the case of a gas, whenever ha is small, i e whenever the wave-length (2? r/h) corresponding 
to the actual period is large compared with the circumference of the sphere Wc have 
here an illustration of a general principle stated in Art 286, of which considerable use 
will be made presently (Arts 293, 294) 


3° To determine the motion of a gas within a space bounded by two concentric 
spheres, we require the complete formula (6) of Art 287 The only interesting case, how- 
ever, is where the two radii are nearly equal , and this can be solved more easily by an 
independent process t 


In terms of polar coordinates r, <9, o>, the equation (v 2 -f h 2 ) <£=0 becomes 


2cty _i 
0 r 2 ^ r 0 r r 2 



+ 


1 020 
1 -/ 1 2 00)2 



= 0 , 


(14) 


where fi — cos 6 If, now, 3<£/0r=O for r=a and i =b, where a and b are nearly equal, we 
may neglect the radial motion altogether, so that the equation reduces to 

^ { (1 ~ ^ } + rv = ° •• (i5) 

It appears, exactly as m Art 198, that the only solutions which are finite over the whole 
spherical surface are of the type 

x (16) 

where 8 n is a surface-harmonic of integral order n, and that the corresponding values of h 
are given by 

h 2 a 2 -n(n-\- 1) ( 17 ) 


“ On the Yibrations of a G-as contained within a Bigid Spherical Envelope,” Proc Lond 
Math Soe , t iv p 93 (1872), Theoty of Sound, Art 331 

t Lord Bayleigh, Theory of Sound, Ait 333. The direct solution is given by Chree, Mess of 
Math , t xv p 20 (1886) 
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288-289] 

In the gravest mode (w=l) the gas sways to and fro across the equator of the harmonic 
$ 1 , being, m the extreme phases of the oscillation, condensed at one pole and rarefied at 
the other Since la^^/2 m this case, we have for the equivalent wave-length A/2 a =2 221 

In the next mode (n= 2) the typo of the vibration depends on that of the harmonic $ 2 
If this be zonal, the equator is a node The frequency is determined by — or 
A/2&— 1 283 


289 We may next consider the propagation of waves outwards from 
a spherical surface m an unlimited medium * 


If at the surface ( r=a ) we have a prescribed normal velocity 

»-& . (i) 

the appropriate solution of (v 2 +£ 2 ) <£ = 0 is, in the notation of Art 287, 

4>=G n f n {kr) r n S n e ,<rt . (2) 

Tho condition -^—S n e l<rt , . . . (3) 


which is to be satisfied at the surface of the sphere (»•=«), gives 

a I 

* {&«/«' (la)+nj n (ka)} a n ~ l ' 


(4) 


At distances r which are largo compared with the wave-length (2jr/i), we havo 






approximately, so that (2) becomes 


, i n G n e' kt ? t ~ T ) „ 
V-frTi -f~ Sn 


■ •(«) 

■ -( 6 ) 


or, m real form 


. = I g «l 00a k ( c< “ r + f) n 

t fan +1 r i 


■(7) 


The rate of propagation of energy outwards is 

~/M? ,2£for ’ w 

whero Sor is an olemontary solid angle, and r may conveniently bo token to bo very groat 
Since 

P=Po+Po£, (9) 

we find, for tho moan value of (8) 

i2£|° r »®| JJs/dvr (10) 

This might havo boon written down at once from tho results of Art 276, since the waves 
propagated m any assigned direction tond to becomo ultimately pinna 


* This problem was solved, in a somewhat different manner, by Stokes, “ On the Communi- 
cation of Vibrations from a Vibrating Body to a surrounding Gas,” Phil. Tram., 1868 [Math, and 
Phys Payers, t iv. p. 299] 
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When n>0, the normal velocity is m opposite phases over any two regions of the 
spherical surface r=a which are separated by a nodal line S n =0 The lateral motion of 
the air near the sphere, from places which are moving outwards to others which are moving 
inwards will consequently, if the wave-length be not too small, have the effect of diminish- 
ing the intensity of the disturbance piopagated to a distance, as compared with what it 
would have been if the normal velocity had been everywhere m the same phase , and this 
effect will be more marked the higher the order n of the harmonic involved, owing to the 
greater number of compartments into which the surface of the sphere is divided by the 
nodal lines Moreover, for the same harmonic S n , and for an assigned frequency (or/ 27 t), 
the influence of the lateral motion will increase with great rapidity as the wave-velocity c, 
and (consequently) the wave-length 27r/£, is increased This accounts for the feeble 
character of the sound emitted by a bell in an atmosphere of hydrogen, as compared with 
what is observed m the case of air* 

To verify these statements, we note that if the lateral motion of the air had been 
prevented by a multitude of conical partitions extending indefinitely outwards m the 
directions of the radii of the sphere, the expression (10) would have been replaced by 

Mcltfol 2 jfc ** - ( u ) 

The ratio (I„, say) which this bears to (10) is equal to the ‘absolute value 1 of the ex- 
piession 

(fa) 2 " {fa/» (fa) + w/„ (fa)} 2 ms 

{ fa / 0 '( fa )} 2 

From the values of f u /* given m Art 287 (15), we easily obtain 

r 4+& 4 u 4 T 81 + 9 W-S W-fW 

J 0 =l, h= p^(l+/fcW)’ y 2- #«*( 1 +Ba‘) ■ 1 

The following numerical examples are given (with others) by Stokes 


ha 

h 

A 

I 2 

4 

1 

0 95588 

0 87523 

2 

1 

1 

1 8625 

1 

1 

25 

44 5 

05 

1 

13 

1064 2 

0 25 

1 

60 294 

19650 


Again, to compare the rates of communication of energy under similar circumstances 
to two different gases, we have, for the ratio of these rates, the absolute value of the 
expression 

{k'a) 2n ■ 1 {k'a f n r {ha) + nf n (ff q )} 8 / 14 \ 

(ka)+n,f n (lea)}* ’ ^ ' 

where the accent attached to h refers to the second gas This is easily deduced from (10) 
and (4), with the help of the relations 

po'S _ C _' _ £ 

pp ~~ C “ Jtf ’ 


Stokes, l c 
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the frequency being taken to be the same m the two cases * For n — 2 , the ratio comes 
out equal to 

(ka) 7 (81 4- 9W - 2jW + W) n ^ 

(k'a) 7 (8l+dk i2 a 2 -2kW+kW) ' k ; 

Thus, supposing the two gases to be oxygen and hydrogen, and taking ka= 5, k'a^ 125, 
we find that the rates of propagation of energy outwards aie as 16000 1, nearly 


290 The ease n = 1 of the preceding Art is specially interesting from 
the point of view of the theory of the pendulum, since it coiresponds to an 
oscillation of the sphere, as rigid, to and fro in a straight line It should be 
noticed, however, that the neglect of the terms of the second order m the 
dynamical equations involves the assumption that the amplitude of vibration 
of the sphere is small compared with the radius, 


Putting Si=a cos 8, . . ■ (16) 

where 9 is the angle which r makes with tho line m which the centre oscillates, the formula 
(2) reduces to 

osd (IV; 

r /c 3 r 2 

The value of G, as determined by the surface- condition, is 


k W (2 - - 2 ika) ka 

4 + 


.(18) 


The resultant pressure on the sphere is 

Jf = - j Ajt? cos 6 . 2t to 2 sm Odd, 

where A^=c 2 poS=Po ^ =^Po<#> • 

Substituting from (17) and (18), and performing the integration, we find 


Z--Jtrpoa 3 

This may bo written in tho form 
X~ — f^TTpoCt 3 


2 + k 2 a 2 -zk 3 a 3 %<T t 

- * — a icrad 

44 


Pa 3 


2+Pa 2 dU y 3 
4+Z% 4 dt lm)CC ' 4+W? 


<rU , 


( 19 ) 

. . .. ( 20 ) 


• ( 21 ) 

• - -( 22 ) 


whero U(=ae l<rt ) denotes the velocity of tho sphere t If we rovorso tho sign of X , wo got 
tho extraneous force which must be applied to tho sphere m order to maintain tho assumed 
simple-harmonic vibration 


The first term of the expression m (22) is the same as if tho inertia of tho sphere wore 
increased by the amount 


2 4" k 2 (&* a o 

4+2*J? xl " Po< * 1 


. ...(23) 


* It is assumed that the ratio y of the specific heats is the same for the two gases. 

4 This formula is given by Lord Rayleigh, Theory of Sound, Art. 325. For another treatment 
of the problem of the vibrating sphere, see Poisson, “ Bur les mouvements annuitants d’un 
pendule et de l’air environnant,” M&m. de VAcad des Sciences, t xi p 521 (1832), and Kirohhoff, 
Mechamk, c xxm 
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whilst the second is the same as if the sphere were subject to a frictional force varying as 
the velocity, the coefficient being 




(24) 


In the case of an incompressible fluid, and, more generally, whenever the wave-length 
2t rjh is large compared with the cncumference of the sphere, we may put lca = 0 The 
addition to the inertia is then half that of the fluid displaced, whilst the frictional 
coefficient vanishes* Cf Art 92 


The frictional coefficient is m any case of high order m ha, so that the vibrations of a 
sphere whose circumference is moderately small compared with the wave-length are only 
slightly affected m this way To find the energy expended per unit time m generating 
waves m the surrounding medium, we must multiply the frictional term in (22), now 
regarded as an equation m real quantities, by U , and take the mean value , this is found 
to be 


%rrp 0 a 3 


4 + /fc 4 a 4 


(25) 


In other words, if pi be the mean density of the sphere, the fraction of its energy which is 
expended m one period is 


27T — 

Pi 


4 


(26) 


291. The same analysis can be applied to calculate the scattering of 
waves by a spherical obstacle. In particular we shall consider the case of an 
incident system of plane waves, travelling in the direction of ^-negative, and 
represented, apart from the time-factor, by 

<j> = e lJcx ( 1 ) 

Since this satisfies (V 2 + lc 2 ) <j> = 0, and has no singularities m the neigh- 
bourhood of the origin, and is (further) symmetrical about the axis of x, it 
must admit of being expanded m a series of terms of the type 

fn (hr) r n . P n (cos 0), (2) 

provided x = r cos 6 = r\x, say 


The requisite formula is, m fact, 

^-S(2n + l)(^^(S)Pn(^) (3) 

This can be established m various ways One method is to expand e l & in 
powers of fi, and to substitute for these powers their equivalents m terms of 
zonal harmonics, by means of the formula 


[JL n = 


n 1 


2w + 1 


1.3.5 (2n + l) j( 2 ^ + 1 ) P ^ + ( 2n 3 ) 2 

w 

2.4 


-K2.-7 ) ( 2, ‘ +i a ) '<f- i> p^ + 


...(4) 


* Poisson, l c 
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In the case of the plane wave-system (1), we have by (3) 

^=(2^+1) . (13) 

and the most important part of the scattered waves, at a distance r which is large com- 
pared with the wave-length, is accordingly represented by 

/) — %Jc7 

4 >' *=B 0 'f 0 (hr)+Bifi(b)t cos d = - (£a) 3 (H I c°s 0 ) -jjr (14) 


The physical origin of the two terms is explained near the end of Art 294 


As m Art. 289, the rate at which energy is propagated outwards m the scatteied waves is 

2 jjsjdvr . (15) 


The proper standard of comparison here is the energy-flux across unit area of a wave-front 
m the incident system (1). On the present scale, this is $poh 2 c f by Art 276, and the ratio 
of (15) to this is, in the present case, 


4?r 

(2tt+l) k 2n + 2 


\b:*\ 


(16) 


The terms of lowest order, when ha is small, are those for which ^=0,^=1 The sum of 
these gives 

l {haY t ra 2 . (17) 


The rate at which energy is scattered varies therefore liiveisely as the fouith power of 
the wave-length* 


As a numerical example, a spherule of an inch in diameter scatters only 1 43 x 10~ ir 
of the incident energy, if the wave-length be four feet There is therefore no difficulty m 
understanding how a fog which is quite opaque optically may transmit ordinary sounds 
with great freedom 


292 We will next take the case where the spheie is mo\eable, but is 
urged towards a fixed position by a force varying as the displacement 

Its equation of motion, parallel to x, will then be of the form 

M + o r 0 2 ^= -J Jp cos (18) 

If the time-factor be e %Jcct , we have 

0 

p==j?o+p<)0£ W>+ 4>)=po+ l kcpo W> + <#>') (19) 

Hence, substituting in (18), 

(or 0 2 - ti 2 c 2 )M% = - %hc {Bityi ( ha ) + B\ f x {ha)} 1 7 rp 0 a 3 , . (20) 

since the products of harmonics of different orders vanish when integrated over the sphere. 
Again, the kinematic-surface condition 

- ^(<£4- (j)) — ~ cos 6 =%hcg cos 6, (21) 

* The above problem was investigated, by a somewhat different analysis, by Lord Bayleigh, 
“ Investigation of the Disturbance produced by a Spherical Obstacle on the Waves ot Sound,” 
Proc Lond Math Soc , t. iv p 253 (1872), see also his Theoiy of Sound , Arts 296, 334, 335 
The formula (17) is given by him in a papei “On the Transmission of Light through an 
Atmosphere containing Small Pai tides m Suspension,’ Phil Mag. (5), t. xlvn p 375 (1899) 
[Sc Payen, t iv p 397] * 
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{ha) = {baifo! (ha) + fa {ka)} + 2/3l 2 a 2 fa (£«),'! 

{ka)={kafa' (ka)+' fa (la)} -k 2 a 2 \+2fik 2 a 2 fa {ka) j 


[chap. X 


(33) 


t ° f ^ ” gM - hand member of (®S) 18 »ever greater than unity, but it attains 

the value unity, and the amplitude of the scattered waves is therefore a maximum, when 

G x (/&a)=0, . (34) 

m which case /? ' _ 0 r> 

^ ~ ~ %B i * * (35) 

If we substitute for fa {ka) from Art 287 (7), the equation (34) takes the form 


~(2 4p 4 a 4 -f 


>( 


<y a -a- 


-b>a> 


+}k 2 a 2 + . )=o, 


(36) 


and it is easily ascertained that when a 0 a/c is small this is satisfied by a real value of ka 
which is a very little less than that corresponding to the free vibrations, viz 


ka- S5®_ 

(1+0 )*c 

In the case of the plane system of waves lepresented by Art 291 (1) we have 

Bi'-=2k, 

by (13) and (35), and the velocity-potential of the scattered waves is, in real form, 

sm k(ct-r) 

9 3 —A- leosd, . 

corresponding to the mcident waves 

<£=cos k(ct+x) 

Again, on reference to (21), or directly from (22) and (40), we find 

i= k&c amkct 


(37) 

(38) 

(39) 

(40) 

(41) 


- X 2 


(42) 


The ratio of this to the dissipation (17) produced by a fixed sphere is ifa (*,;-• 

very 0 sh!mlvde e fini nd, lt “ *° I" ^ wn ' ] * a & * maximum dissipation is 

to one half 7 6 , eWD Wlthout muoh that the dissipation sinks 

cntic ^ WaVe ' l6ngth ° f ^ mCld6nt the 

(SBa? 

4(1+0) 

of itself In any acoustical application this will be an exceedingly minute fraction In 

'T'T 1 “ lto "<=«»■ v»pf«L.“ wX £ 

sounding boards ’ U ** W * rOUglx the lnterme <* iar y of resonance-boxes and 

The occurrence of the factor 3 m (42) calls for some remark The result is independent 
of the direction of the mcident waves, owing to the three degrees of freedom winch the 
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Waves of Expansion [chap, x 

Under the fundamental condition above stated, the variation of ^ m the 
immediate neighbourhood of the disk is very approximately the same as if 
the fluid were incompressible (Art 286) In the latter case, if the density 
of the fluid, and the velocity of the disk noimal to its plane, were each taken 
equal to unity, the expression would be equal to the * lnertia-coeffi- 

cient of the disk (Ait 121 (3)) Denoting this coefficient, which is determined 
solely by the size and shape of the disk, by M ", we have, in the present case, 

= . . .. (5) 

and therefore 

%kM d fe~ l1cr \ Ic 2 M e~ lh 

di{~) = - 4^ ~ cos9 ’ • • (6) 

approximately, where 0 is the angle which OP makes with Ox 

For a circular disk of radius a, we have, by Arts 102, 108, 

M — ® a 3 , 

and therefore X P =~^ ~oosd 


(7) 

.( 8 ) 


2° When plane waves are incident directly upon a screen occupying the 
plane x — 0, we should have, if the screen were complete, 

4> = + e~ lkx , or = 0, .... (9) 

according as x 0, the term e~' kx representing the reflected waves When 
there is an aperture, we assume 


+ e~ lkx + % , and 0 = (10) 

for the two sides, respectively. The continuity of pressure and velocity requnes 


over the aperture, whilst 


2 + y = v' d X- d X' 

x x ’ ■ 


<!x 

dx 


= 0 , 


dx 


= 0 , 


(ID 

( 12 ) 


over the rest of the plane x = 0 


These conditions are all fulfilled if we take % and y' to be the potentials 
of the distributions of simple sources over the area of the aperture which 
will make 


y = -l, y' = +l, . . . (13) 

respectively, over this area. 


Now if we apply the formulae (5) and (6) of Art 286 to the region which 
lies to the right of the plane x = 0, and further take P' to be the image of P 
with respect to this plane, we obtain by addition 
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since r = r for x = 0. In the present case the integration may he confined to 
the area of the aperture, m virtue of (12). At distances r which are great 
compared with the dimensions of the latter, this reduces to 


Xp 


-til 


pds 

on 


-ikr 


(15) 


If lc were = 0, the determination of % m accordance with (13) would he 
identical with the electrostatic problem of finding the field due to a charged 
and insulated metal disk having the shape of the aperture , and for points 
in the immediate neighbourhood the field will in the actual problem have 
sensibly the same configuration Hence we may write 

JJ d -%dti = 27 rC, (16) 


where 0 is the ‘electiostatic capacity’ of the metal disk* Thus (15) becomes 


Xp 


p—ikr 

=-o e — , 

r 


.(17) 


approximately From this the value of y follows by the obvious relation 

x (- «, y, z) = - x 0> y> z ) ( 18 ) 

It appears that the transmitted waves ate such as would be produced by a 
simple source of suitable strength. 


In the case of a circular aperture 

/■Y 2 

C—~ a , 

IT 


(19) 


and 


_2 a e^ r 
Xj>~~ 77 * r 


(20) 


Comparison with (8) shews that, under the assumed condition, the amplitude of the 
waves scattered by a disk is, at like distances, much less than that of the waves trans- 
mitted by an aperture of the same size and shape It is readily seen that the total energy 
transmitted per second through the circular aperture bears to the energy-flux in the 
primary waves the ratio 

-.a 2 or 8167ra 2 . (21) 

7 r 


The ratio of the amplitude of the scattered waves, at any distant point, to that of the 
primal y waves, is independent of the wave-length, so long as this is largo compared with 
the greatest breadth of the apeiture 


294 A similar calculation can be applied to the scattering of sound- 
waves by an obstacle of any form, under the same fundamental condition that 
the dimensions of the obstacle aie all small compared with the wave-length f 

* For small values of hi the two functions x, x' together express the flow of an incompressible 
fluid through the aperture Cf Arts 102, 3°, 108, 1°; and 113 

f Lord Rayleigh, “ On the Incidence of Aenal and Electric Waves upon Small Obstacles m 
the Form of Ellipsoids or Elliptic Cylinders Phil Mag. (5), t. xliv. p 28 (1897) [Sc Pajpen y 
t lv p 305] 
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The origin being taken in or near the obstacle, we assume 

^ = e lfcc + %, (1) 

where the first term represents the incident, and the second the scattered 

waves At the surface of the obstacle, supposed rigid and fixed, we must 
have 


3v 9 



provided l, m, n be the direction-cosines of the normal, drawn outwards 
The formula (5) of Art. 286 gives 


( 2 ) 


X P 


-ill 


Q—ikr 

'—'£&dS+ A -, 
r dn 4 ttJ 


d X. 


X 


_0_ fe~ 


-ikr\ 


dn\rj 


)dS, ...(3) 


where the integrations extend over the surface of the obstacle We proceed 
to obtain an approximate value of the expression on the right-hand when 
the distances r are large compared with the dimensions of the obstacle The 
coordinates of any point on the surface will be denoted by y, z> whilst those 
ot the point P are distinguished as x Jt y 1; z x . 

Taking the first term, we write 


-ikr 


0 —ikr 


+ # l o~ 
o \0X 


0 e~ lkr \ 


r J 


0 e~ lkr 


\ . o e 

> 'ST 


4- z 


3 e 


,—ifo 


dz 


where the zero-suffix implies that to, y, z are to be put =0 m the expressions 
to which it is attached This may also be wntten 


s>—ikr 


r U 9 

r \ dx l 

where r 0 denotes the distance of P from the origin. 


V tyi 2 dz. 


o—ikr n 


(4) 


0y 

4” Jc^xl -j- 


Again, from (2), 


•( 5 ) 


Taking the product of (4) and (5), and integrating over the surface, we obtain 
f f e ~ llcr e- tkr « . _ 3 


IP 


dn 


dS = k*Q +ikQ 


dx x 


( 6 ) 


approximately, where Q is the volume of the obstacle We have here made 
use of the obvious relations 

0^ = 0, tfxlds = Q, JfyldS = 0, jjzldS = 0 ... (7) 

The terms retained on the right-hand of (6) are of the same order of 
magnitude, whilst those which are omitted are small in comparison 

As regards the second term m (3), we have 

9 9 \ e~ lkr /_ 3 a a \ xkr 


9 e~ lkr / ; 3 9 9 

= 1 1 r- + m„— + n — 
dx dy 9 z 


dn 


;)w-( 


/ 7 0 0 0 


(8> 


r 
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Diffraction by a Small Obstacle 


We may, consistently with our former approximation, write r 0 for r, and 
remove the space-derivatives of e _ *'“/ r o outside the signs of integration The 
result then involves the surface-integrals 

JflxdS, ffm-xdS, ffrxdS .... (9) 

It appears from (2) or (5), and from a general principle stated in Art 286, 
that the function % is, in the immediate neighbourhood of the obstacle, 
sensibly identical with the velocity-potential of the motion of a liquid 
produced by a translation of the obstacle through it with the velocity ik 
parallel to x Hence the integials (9) are recognized as components of 
‘impulse’ under the imagined circumstances , and we may write, m con- 
formity with Aits 121, 123, 

jjl x dS=ikA, \jm X dS = ik O', [Jn X dS = ik B', ..(10) 


provided the density of the hypothetical liquid be taken to be unity. Hence 


//» 




-ikr 


dS=-ik A-- + C',- 
9«i 9t/i 


l^dii { r 

The final approximate formula is therefore 

Xp~ 


k-Q e- %kr 
4tt r 


ik f 
47T ( 


(A 4- Q) 


dx x 


, s 

dy i 


<) 

g—tk? a 

r, 

• -(H) 

B 'a 

I e - * 

) r ’ " 

, (12) 


where the zero-sntfix attached to r has been omitted, as no longer necessary 
When hr is large, this may be written 


x,— S ! ?-s[ (A+ « )x ‘ +0 ^ + ® 


-ik? 




.(IS) 


where X l3 fi u v 1 are the direction -cosines of r. 

The scattered waves may be regarded as due to the combination of a 
simple and a double source The axis of the Utter is not m general 
coincident with the direction of the incident waves 


A more symmetrical formula is obtained if we suppose the primary 
waves to come from any arbitraiy direction (X, fi , v), so that (1) is replaced 
by 

^ g%k{\% J ry.y J rvZ) -j- ^ . . .... (14) 


On leviewmg the steps of the preceding investigation, we find without 
difficulty 


Jc 2 Q e~ %hr 1c 2 Q 
Xd 4 ^ r 47 t 


(XX l + /x/xj -f vv x ) ■ 


-ikr 


JA 

— { AXX 1 4 B /jbfij + Cvv 1 

4j7T 

q— 1 kr 

+ A' (fivi + fay) 4 B' (vX 1 4- v x X) 4 C' (X/x x 4* Xj/x)} — — , . .(15) 
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m place of (13) As in Art 124, the directions of the coordinate axes can 
he chosen so that A', B', C' = 0, and the formula then reduces to 

k* a _ lhr 


k 2 

X p ~ ~ 47T ~r 4^^ A + $) + ( B + Q) <“^i + (C + Q) i^} - — 

V 

In the case of an ellipsoid of semi-axes a, b, c, we have by Art 121 (4), 

2 ~ - - 2 _ _ a 


A+<2= 2 —Q> B+< 2=; 


C+ Q=- r 


(16) 


(17) 


" 2_ °» 2- T0 
where ao, ft To are defined by Art 114 (6) In the case of the sphere a 0 =ft=v 0 =| and if 

diskJ t m 13 r T 0 ^ the ^ (14) ° f Art 291 In tke °“ e of ^e circular 
disk (««&, c=0), we have «= 0, A=f<*3, B =0, C=0, and (16) reduces to 

- Her 

(18) 


x,= -^xx x r 


wt 6ffe ^ ° f 0bllqu ^ y 0f the dlsk t0 the incident waves is to diminish the amplitude of the 
scattered waves in the ratio of the cosine (X) of the obliquity P 

The explanation of the two types of disturbance in (13) or (16) may 

aW a t ft/ 1 ™ 11 m r al temS In the firSt P kce ’ lf the oracle were 
absent, the space which it occupies would be the seat of alternate condensa- 
tions and rarefactions By its resistance to these, the obstacle exerts a 
certain reaction on the medium, the waves at a great distance, thus produced, 
are m fact such as would be caused in an otherwise quiescent medium by a 
periodic variation m the volume of the obstacle, just sufficient to compensate 
the variations of density referred to The result is equivalent to a Simple 
source of sound Superposed on this disturbance, we have a second wave- 
system due to the immobility of the obstacle If the latter were freely moveable 
and had (moreover) the same inertia as the air which it displaces, it would 
sway backwards and forwards m the sound vibrations, and this second wave- 
sjstem would be absent This system is, m fact, that which would be 
produced if the obstacle were to vibrate to and fro in a straight line, with a 
motion equal and opposite to that of the a,r-particles in the undisturbed 
waves This is equivalent to a ‘double source’ of sound 

The problem of Diffiaction, when the wave-length is small (instead of 
large) compared with the d.mensions of the obstacle, presents difficulties 
which have not yet been altogether overcome even in the case of the sphere. 
Lord Rayleigh has, however, in a recent paper* investigated the incipient 
formation of a sound-shadow in the particular case where the wave-length is 
one-tenth of the circumference ® 


295 . If, no longer restricting ourselves to simple-harmonic vibrations, we 
seek to integrate the equation ’ 

a 2 d> 

(i) 

* “ On the Acoustic Shadow of a Sphere,” Phil Tram , A, t cciu p 87 (1904) 



294 - 295 ] Generalised Spherical Waves 497 


m a series of spherical harmonics, say 

<f> = 2j R n <f>n,, ■ . . . . (2) 

where cf> n is a solid harmonic of order n, we have by Art. 287 (4) 


?fR n = $Rn , 2Q + 1) 912, J 

dr j ' 




0 r 2 


.(3) 


If R n be a solution of this, it is easily verified that the corresponding equation 
for 22„ + i is satisfied by 

p _ldB„ 

K,l+1 ~r~dr’ W 

and hence that (3) is satisfied by 

= (1Xr =(!-)" f(r -ct)+F(r+ct) 
n \rdr) 0 \rdr) r 

In the case n— 1, we have the solution 

3 f(r~ct) + F(r + ct) a 

a = AA /_ 1 ' cos 6 (6) 

T dr r 




This has been employed by Kirchhoff, and more fully by Love, to examine 
the rather interesting question how the front of a system of waves, started 
by the motion of a sphere, is propagated through the surrounding medium 


In KirchhofFs investigation t the motion of the sphere is prescribed, its velocity being 
a given function of the time, and the solution is comparatively simple 

Love discusses *f the waves started by an instantaneous impulse given to a ball-pendu- 
lum The equation of motion of the pendulum being 


as m Art 292, we assume 


M 


^ +<T » 


*)--//< 


p cos 6 a 3 ofer, 


0 f(et - 0 
dr 


cos 6, 


(7) 

( 8 ) 


the term m (6) which coi responds to waves travelling inwards being omitted This leads to 
5 + *<?£■■ = 2 ( f {/" (fit -a)+'-r (at - a)} , .(0) 

where — lf~ (10) 


The kmematical condition to be satisfied at the suifaco of the sphere (/ —a) gives 

• • ■ (ii) 

To solve the simultaneous equations (9), (11), we assume 

f(ct-r)=Ae K ( el - r + a \ . . . ( 12 ) 


* Cf Clebsch, l.c ante yip 102, 487, C Niven, Solutions of the Senate House Problems for 
1878, p 158. f l c ante p 485 

X “ Some Illustrations of Modes of Decay of Vibiatory Motions,” Proc, Lond Math. Soc. (2), 
t n p 88 (1904). 


L. 


32 
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whence (X 2 e 2 +<r 0 2 ) 5=^ (Xa+1) \A, \cB= - I (X 2 a 2 +2Xa+2) A 

Eliminating the ratio A\B, we obtain the biquadratic* in X 

(XV+<r 0 2 ) (X 2 a 2 + 2Xa +2) + 2/3e 2 X 2 (Xa + 1)=0 
Distinguishing the several roots by suffixes, we have 


t- 


<#>= 


i X a 2 a 2 +2X s a+2 KH 

Z, rr Ji s 6 8 j 

i ca z \ 

-2(X,r+l) 4 s e x s {ct - r+a) cos6 
1 


*2 


(13) 


(14) 


(15) 


(16) 


If we start with arbitrary values of £ and dgjdt, the medium being previously at rest, 
this solution presupposes that £>0 and 9 <ct + a The initial circumstances supply two 
conditions to be satisfied by the four constants A a Thus, assuming that for t=Q 

f-o. f-v. • ' <«> 

4-V»=0, 2 (X s 2 a 2 +2X s a+2) A s = Co® 3 • (18) 

h 8 af i 


we have 




The remaining conditions result from a consideration of the discontinuity at the 
spherical boundary of the advancing wave Let bS be an element of this boundary, and 
through the contour of bS draw normals outwards to meet a parallel surface at a 
distance cbt, we thus mark out an element of volume bS cbt In time bt the fluid 
contained m this element has its normal velocity changed from 0 to -dcjy/di, the normal 
velocity just within the boundary, by the action of the excess of piessure c 2 p 0 s on the inner 
face Hence 


p 0 bS cbt=c 2 p{)S 
d(f> _ dcj> 


bS bt , 


or, since ch—dcji/dt, IS ~ “ w ’ 

which is to be satisfied for r = c£ + a+ Substituting from (16) we find 

2(A 8 r+2)A 8 =0 


(19) 


This equation cannot hold generally unless 

2A s d s =0, 2A 8 =0, . (20) 

which (it will be noticed) at the same time secure the continuity of qf>, and thence of the 
velocity-components tangential to the wave-front 


The four conditions (18), (20) may now be written 


whence 


'2\ 2 A 8 =U’ 0 a ) 2X 8 A 8 =0, 2A 8 = 0, 

1 (Ax — X2)(X!- X 3 )(Xi — X 4 ) 0 5 


The motion of the air is accordingly given by 



( 21 ) 

( 22 ) 


(f>=^^e ^ ct ~ r+a) cos 6 [r<ct+a\ 

<£= 0 [r>ctf4-a] 

* If we put \=ik, \c=icr, this becomes identical with the biquadratic referred to m Art 292* 
i The theory of discontinuities at wave-fronts has been treated systematically by Christoffel, 
“ Untersuchungen uber die mit dem Foitbestehen lmearer partieller Differential- Gleichungen 
vertraglichen Unstetigkeiten,” Ann di Matemat , t vm p 81 (1876) j and by Love, “Wave- 
Motions with Discontmmties at Wave-Fronts,’’ Iboc Lond Math Soc (2), t l p< 37 (1903) 
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295-296] Conditions at the Confines of a Wave 


In practice 0 is a very minute fraction, and the roots of (14) are, to a first approxima- 
tion, 






(24) 


If the distance travelled by a sound-wave m the period of vibration be a considerable 
multiple of the circumference of the sphere, X } , X 4 will be large compared with X 1? X 2 . 
Hence, substituting m (22) and (23), we find, for r< ct+a, 

C0S (*- r -ir) ~ cob - i *•)} cos 0. 

. (25) 

The first part of this expression is the same as if the sphere had been executing simple- 
harmonic vibrations of period 2t r/<r 0 and amplitude UJcr {) for an indefinite time The 
second part is insensible at a distance of several diameters of the sphere from the inner 
side of the boundary of the advancing wave , but near this boundary it becomes com- 
parable with the first part To trace tho decay of the oscillations, it would be necessary 
to proceed to a second approximation , but this part of the question has been already 
dealt with m Arts 290, 292 It will be sufficient to remark that the most important 
part of tho disturbance, well within the advancing wave, will be given by an expression of 
the form 

cos o- 0 4- cos 6 . (26) 

The factor e~ mct exhibits the decay of tho vibration at any place as tho original energy of 
tho pendulum is gradually spent in the generation of waves To account for the factor 
e m , we note that within the region occupied by the waves tho amplitude at any point Q 
will (except for spherical divergence) be greater than that at a point P, nearer to the 
centre on the same radius-vector, m tho ratio e m ' PQ , for the reason that it represents a 
disturbance which started earlier by an interval l J Q/o ) during which tho vibration of the 
pendulum has been decaying according to the law e^ mct K 

Sound-Waves m Two Dimensions 


296. When <j> is independent of z 9 we have 





.a) 

where 

+ 

H 

> 

...(2) 

In the case of symmetry about the origin this becomes 



3> " [dr* r dr)’ 

(3) 

where r = 

*J(x 2 + y 2 ). The general solution has been obtained m Art 

194, 

the form 

27 r<f> = J f (t — ™ cosh^ j du+ J F (t + ^ cosh uj du; ... 

.(4) 


* Of a paper “Ona Peculiarity of the Wave-System due to the Free Vibrations of a Nucleus 
m an Extended Medium,” Proc . Lond Math Soc., t xxxn p. 208 (1900) 


32 — 2 



War ex af Kx/tamiati 


1 1 ii \t*. 


and it. was furt her shewn that the solution 

' 2 mf) [*/(*■ e'.ah u'j o'" 

represents the system of diverging waves produced by a wmnv f t f > *' ‘h' 
origin. 

We are new able to gi\e another derivation of these results. It app' '** 
from Art. ‘2K1 (S) that if u point source/Hth' he sit tint e at the point <<>,**, ■' > 
its etfeet, at a point, in the plane .17/ at a distance r lioiu the origin < ■ 
represent, eil b\ 

I ft t %'</•• f-Hw 

Wt^'hs'r '■ «• ' '■ 

If we integrate this with respeet. to i between the limits t / , we get »h* 
effect of a system of point -sources distributed over the axis of i with uniform 
line. density /(#!; thus 


\H r'“ t ’1, 


v'tr't ) 


| , eosh i> \ ‘hi (lit 


The same method can of course he applied to obtain the * <io 1 !> rm ei > t • 


Tilt* it »oi*,» af H>nuiUwd\>*n til ana, t^n, «n fhr#*a thinaia <au » "h>* * f h* * 4 '* ' 

1 1 * *u <*f *y nmiatry, »m* all m< !*mI**«1 hi fha f“U*» 

f i / * * / ♦ , t *'<h 1 

/, » I \ I , i > * 

t r * *' ? 

Ilia «Tiiuj»ln*afaii iH*it tMiiiawhnt Ultra* bihla I* ii’ti* hi wlnali Hi# 'anitau 1 * * ii« * ** 
m P, hia» haait ahtihfiail $*i iti ttnhim* ttt>f fa flu* nuulytaanl ampl ' #M. - H \ au 

ftirtiiitl ra 4 »tnf tlaiiM 4 * »*f ih** *»»hif iuii # far f li#* * + 1* *t i t Hit flu*# it uiu ^ * 

lint ha alin^ail fa ttti 4a*nl u>% nn to flia tru# |*||> U* aJ ***! * V* I Ha- 4 “ ' * * *** '• ' ^ 

aatnfbUyian hat warn fha fht'aa tui d'd, \\r mas atalHiNa * ha aJh»- ! I * 1 * W a * 

4'' 1 1 af a 1 * 11 ** imira*% afi«l *<h af H tatuaa, « |*a* a * ffrliafh 1 < Hi # a U * 4 • 


Thai fttvaw im ambulant mpra#* M'ltiali af a .Mima af ti ma| * *»1 h 'i fan o* a« * 
aiiratiia lima t luring nhiali if i» * an uhla »ah ha in ah* i« i 4*atf a.t i-m *i > 

ln*t wlnUf fha fun# mia^ral i # uuafliHnT 

Tha riMulfn tuay \n* * niivaiuanth a%|*i#*^ , a#| m U tm » «*f fha * amh t» »? t* u * 

' A , III fha aana m I , \Va ft Iif! % tar # * n» 


r t 



t U Whan iti ii2| f ha analyf I* al v\arh h attultr f»* tla*f af \H 1 ■’•*+, * 
far fha fnaat, nujuirtauf part af fha \wm% 

* '* s >l'Ys/C) m ' 1 * :n "' ^ ’ 

wham r; m <lafartniiia#l hy 

f I r t ui #/. 
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f)02 Wart'H of /H.v/tftHHut/i 

((J) In three we luve 


II IF % 


« > i * u t 

m ^ K, 


lirri ' t j 

r ,(' . i i 

Tim throe canes are represented, wit h > a * «*tdm if»* .nd 1 « ( * m* » 

Hcalo of / in the wmio m each <w«% but then* i », *»f « ,«mi *\ o« n 1 l <" * * 

Ht'rtlort. In (A) we lm\e a wave «»f pure e«*ndrn * deut * m I’ tb* p t, i •, , 
followed by a rarefaction of Iohn nnumnb but \r4twi bn a hue 1 * ? *nu« %p< 
condensation and rarefaction an* ants ymniott e d In b aid » *■ A * 

have, at any point, 

j >«if n, P 

of. Arts. 195, S2HI. If tin* amnve had Wt* Urn-ify hunted ?n dm t* i> * b« ',,* 
eawn of thmuli nuumitma, would have remained abrnhiteU at ?. <! *#u * h, t 
wave, as in the ease of one dimension, although f**r a ddlnmt i*m <ai In *v 
eoNO of two dimenmotm, flu* wave It a* an indefinitely o*t* n»M ’ i ,»b u,d ’ 
asymptotic approach to rent. 

It appoarn that froiua pliyaioal ataiid |»miif the».i t ; ,/ |, /, , 4 , 

with a regular gradation of pn*|M»rt km dm to the in* r»\» on n*obd »*, . 1 *■ v -n* ■; M , 

When we abandon the restriction to >.ynuu< tiy. ih> • ( t , ,,, , j » 

is, in polar coordinates, 

4> «(y*r’ mmflp 1 mu «d|, . j , 

whore /£„ an* functions of r and < satisfying 

^*.,,•> 1 ^ . a** toy., 

t'P \ <V ’’ r or 

and the corresponding equation in /f„. Tin* solution of ill,. 

^ (re;*/ ^ 


where 


Tho proof is similar to that of Art, 21 to 


>’<i *h i •! 


>Ui 


(I *t 


i lot 


297. In the case of simple-harmonic* motion <(”*>, », l HW t,„ 

coordinates, ’ 1 


dy i ? 't> I ; ^ 

f*/^ r r Br 1 r* •* 


Whore* /,*«cr/ C . The solution of this equation, subject to tin - m.lac u 
fuutonoHB at tho origin is, as in Art. I Hit, 

$~ r — (d.eos »$ ) H.mn KthJ,U fi 

whoro ,s* may have all integral values from q / _ 

* Tluo Art U taken, witlc cHglit atteratiems, frnw & j» M f» t cub'd t,n as} , mt . 


J ij | 
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296 - 297 ] 


Solutions in Bessel's Functions 


From this we derive at once the theoiem that the mean value (</>) of <£, 
over a circle of radius r described with the origin as centre, is 

<p=J 0 (lev) $ o, • '( 3 ) 

where </>„ is the value at the origin* This theorem (which is subject, of 
course, to the condition above stated), is analogous to that of Ait 285 (8), 
and might have been proved in a similai manner. 


In the transverse oscillations of the air contained m a cylindrical vessel of radius «, the 
normal modes are given by the several terms of ( 2 ), where the admissible values of h, and 
thence of <r, are determined by ^ ; ^ ^ ( 4 ) 

a being the radius The interpretation of the results will be understood from Art 189, 
JZ problem » idon^rl Tbo %»»• on „ ffl, !« .bow .to fcnto 
of the lines of equal pressure, to which the motions of the particles are orthogonal, m two 
of the more important modest 


The Bessel’s Functions </«(?) aie subject to the recurrence-formula 

c /m(S) (5) 

“ p 

which corresponds to Art 287 (17) This easily follows from the series- 
expression for J S (X), given in Art 101. From (4), and from the differential 

equation of J s (&, V1Z 

/"(D + ^/'(0+( 1 < 6 > 

various other recurrence-formulae may be derived, e g 

?//(?) + sJ s (0 = &s-i(0, 0) 


corresponding to Art. 287 (18) 

By successive applications of (5) we obtain 

at)' 


.( 8 ) 


It is easily verified, by the method of ‘ mathematical induction,’ that the 
expression on the right-hand of (8) is in fact a solution of the differential 
equation (6) provided J„ (?) is a solution of the same equation with a put = 0 
This suggests a convenient choice, for our purposes, of the Bessel a Functions 


1 of the second kind.’ We write 

< 9 > 


where D„ (?) is the function introduced m Art. 192];, viz. 



e — t£coshw fa 


( 10 ) 


* H Weber, Math Ann., t 1 (1868) 

■f The problem is fully discussed by Lord Kayleigh, Theory of Sound , Art. 339 
X It may be shewn, by the method of Ait. 296, that D„ [hr) is the potential of a uniform 
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IVarw of Krpamion 


s * I* t % 


It is evident without further proof that />,<£) will at i >f\ ih*- .{tH< f u’’.*l 
equation ((!), and have the same HVstetn of reeuiieuee teriu’tl ie .» Lift 
Ah an important speeial ruse of (It), w>* hint* 

/>,(£> - />,'(£> « I I 4 

Tho following approx inmtii ms are nselul. Win u *; is no ill w< h »,. to 
Arts. HR), 11)2, 


d •••» />«(£) * 1 h<|4 Js I 7 i i'w t ... » 

7f 


4(0-1-;. -4 

4 ?r 


and t hence \ by (8) and for * > 0, 

r 


■mo-.,.’, .+ ..., 


Oi| , I ,« 

/>,«o 


1 1 1 1 1 


’ IIIl 


iK 1 * * V * v * * 1 ^ / 


? I $ 1 


4 ! i H 


Again, for largo vnluon of £ 

'h (§) “ Hill (£- |tt - ,W > I ... 

The formulae nmy In* mini to mve.li-ile i| t e item ... vil-i 

oHeilluting cylinder r'e.j'. a jiiimo atriii"., to the mioimdio • .. t lh» ,eh .,»■>( *i i- 

of the cylinder Hein;' 

fW", . , , 

tho riulial velocity at the Hurfaee r n will Ite 

i *1* * tf f . 

"* ** fi* , rm ff, 

Tho oorroHjicmding vidua of $ in 

;!/■) oi. ,***, . i; 

with tho condition ohii.J , 

If, as we will Mippofte, the eireumfereu, .. „f t|,« «\hiidei i- on m, .2 , i .4;, 

tho wave-length of tho Hound, ku will \m a email ftartiMM, and wo find fr^n* u 

4 \nHnht, 

Honco at dintanecB r which aro large eomjwuvif with l * \ we !» iu\ to 1 1 , 

• A A 

tf> %/l| n}/ * ^ | # 

r 

r f tho velocity at tho boundary /• „ had Iren everywl.e,,- , „|„d. w et. 1),. . h „ 

tho value of $ at a dmtanrn would ha\e hero 

u %< n * f ^ H , , f| 

whSh k’l'v niww ‘«'"» Kv the eqiuie „f v . . 

™f . ’ 1 ? ,’ y very Mimil. The. illn-.ti th. * ft,-, 4 .4 j ,* , „ 

tamo, cf. Ait M). her example, by far the ur.-,*ter part „f the , 

f< mod Xltlon’ hv T% tm V' lm Wir,N win. n . , , M 

torced vibration hy tho alternating \mmmvn at tho nnjifioHa, 

zt “:szi, ■ 

fffc Pavers t IH Yt a a m M ’ r ‘ *•***><*' M itk, Sur tt / f n| 

L c ’ z (q)en * tf 1U * P* Iheory of Htmnd , Art* l£S*|j t 
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207 20 K ] HWw due to a Vibrating Cylinder 

1 t,e owt jon of tli*' air on the \ ihrathig cylinder in 


I A« t Uff f) ( L . 

I /* e»n , ttd$ I \ «*or» $ “ . nrdZh (Xrt) ' 

* »• J (» < r 


„ I)\\fot) dU 


,( 21 ) 


I s \\ hm I i 'i >um 11, tin * mb tees to 


trfKsr* 


dr 

’ *// 1 


...(22) 


oppmvstwtrU Tin 1 iu*»«t unpMttaui part of the is that tho inertia of tho cylinder is 
n,, r» a » d h) alt equal to that of t h** air displaced ; of, Art, 08*. 


298 , We may nUo imest i^ate the seat term# of a system of plants waves 
In h fixed r\ lindrieul obMaele whoso axis is parallel to the wave-fronts. 


aiming, for the potential of the incident waves, 

4> r ,4r , **(0 

a* in \rt, uqi, we require in the first plane to expand this m a series of the 
type r 2 1 of Art* 207 , The requisite formula is 

p**' • ./„ ( /,r ) J- 2 /./, < At) com + ... | ■ 2 iV » (A t) coh *0 + ( 2 ) 


TliU may t»« jirowd dtivOlyh Uv expanding making uho of tho 

furimiltt 

( WO> J ,!<•<««(> i <•<« ( n - 2 ) 6 + " ( " “ * ] <th (» - 4) 0 + . . .1 , 

( 3 ) 

hijsI piekin# out the enetlirieut of eus#$ in the result. 

The expansion (2) involves the (‘quality 

* I f *dri*mn ,. oS sOitO i u J h (kr) y 

rrj m 

Mt h a known formula, in Bessel's KimKioim}. Conversely, if we assume 
lids, us otherwise etdahli hed, we have another proof of ( 2 ). 


t },«« , ,u f ef» » I ttdUM bom«» r« pro rated hy 

f/l > /!„ 

>h. *nrf m ,* << iiiil it ,'/•/> • '/’ 1 " I'* "I> 


,( 5 ) 

■(«) 


* \ (nil. 1 >m. (<■ ytmi i» (.<•. ><«(<' V !«•>• 

4 Saints li iei« If t« I# J*« 8*«t» , ikda 

- I Ho v BII.I Matin « », it. in; Whittaker, .1 M,rn Anuh/m, Art. MS. Hie oato 1 = 0 h 
. ’ u nut with m Art. UHI; it omv be mter|iioted m *hwm liow tho potential (to > 

•t.'-ti il nts 4 nlumt tiio itrij'in m tli«* iilan* 1 xy ; of. Alt. 2H,» (7). 
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Waves of Expansion 


[chap. X 


gives A. -*?£■'(*«) 

JDJ(ka) ’ ■ 

except m tlie case 5=0, when the factor 2 is to he omitted 
If ha he small, we have, approximately, 


Jq (ha) = - ^ la , D 0 ' (£a) = — 

it lea ■ 


and, for 5 > 0, 
Hence 


(*a)« 




2® (5—1) ! 5 
Bq~ ~^Trh 2 a 2 i B s 


A' (ka)=- ■ 

7 n® (>(a) 2 ® 


2 3 s l 


7 r (Jca)* + l 


[*> 0 ] 


(7) 

( 8 ) 
(9) 

( 10 ) 


2*»-i s i(*_i)i 

The most important terms correspond to s= 0, s=l Neglecting the rest, we have, for 
the scattered waves, 

<#>'=-1 7r& 2 a 2 {Z) 0 (hr) - 2iDi (hr) cos &} . .(11) 

For large values of hr this becomes, on restoring the time-factor, 


= - WS 71 *) ~T~ (1+2 cos 6) e v 

T~ 


( 12 )* 


The rate (per unit length of the cylinder) at which energy is carried outwards by the 
scattered waves is 


where r may conveniently he taken very great If we substitute the real part of <j>' from 
(12), the mean value is found to be 

|ir 2 pocr(fe) 4 (13) 

The energy-flux in the primary waves is, as m Art 291, £ p 0 Pc The ratio of (13) to this is 
(since (r=hc) 

fir 2 (4a) 3 2 a ( 14 ) 

Thus a wire of an inch in diameter scatters only 6 63 x 10 ~ 3 of the incident energy, 
when the wave-length is four feet. 


* d<l>' 


r 27r 


d<j>' 


299. The approximate methods of Arts 293, 294 can be applied to the 
corresponding problems m two dimensions f The formula (5) of Art 286 
is now replaced by 

</>!>=- i /A (kr) ^ds + ij^ — D, (kr) ds, .... (1) 

which is established m a manner analogous to that indicated on p. 475 In 
the case of a region, extending to infinity the line-integrals can be restricted 
to the internal boundary, provided that at a great distance H from the ongin 
<j) is comparable with e~ lk:R /R . 

In the same way we have 

0 = - i Jh, (kr') d ^ds + (kr') ds, (2) 

where r' denotes distance from a point T r external to the region considered 

* Cf Lord Eayleigh, Theoiy of Sound , Art. 343 
f Lord Eayleigh, 11. cc ante pp 491, 493. 
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Within a region whose dimensions m the plane xy are small compared 
with the wave-length kr will be small, and the formula (1) reduces to 

< f >JP = ^i logr dn ds ~2^i^d^ 10grdS ’ ^ 

where a constant term has been omitted. This satisfies the equation 

= 0 (4) 

appropriate to the case of an incompressible fluid 

1° Taking first the direct impact of waves on a plane lamina, we write 

^=e ,<J +x, • ( 5 ) 

where x is the potential of the scattered waves If the lamina be supposed to occupy that 
portion of the plane x=0 which lies between the lines y= ±6, the condition to be satisfied 

fly x i® 

( 6 ) 
(7) 


|>=0, 6>y>-6] 


da; 


ri 3 

The formula (l)gives Xp = i I b x ^n^ >0 (*0 fy > 

where the values of * and dD 0 /dn on the positive face of the lamina are to be understood 
If x, y refer to the position of P we may write d/dn=-d/dx, and at a distance r from the 
origin, large compared with 26, we have 

( 8 ) 




The definite integral is one-half the ‘impulse 1 of the lamina (per unit length) when 
moving broadside-on with velocity ik in an incompressible fluid of unit density , lienee 
by Art VI (11) 

/ ^dy=\il 7 r5 2 , • • • *(9) 

(10) 

( 11 ) 


and therefore Xp = “ l^kh 2 2) 0 (hr) =^irrk 2 b 2 Di (Icr) cos 6. 

When hr is largo this reduces to 

1 7 (yfcr+j7r) 


= G ' ’ cos 6, 

x r 2^/2 r h 

by Art 297(H) 

The ratio of the energy scattered per second to the onorgy-flux m the primary waves is 
easily found to bo 

iVW’ 26, • • (12) 

which is exactly 0110 -sixth of tho corresponding ratio m tho case of a circular cylinder of 
radius b (Art 298 (14)) 

2°. In the case of an aperture bounded by parallel straight edges (y — ±b) m a piano 
screen ($=0), we assume as in Art. 293, 2° 

( j)=e' llx +e -' lkx - and <£=x'> ( 13 ) 

for the two sides respectively, and seek to determine Xi X 

X— 1, x'-+i “ (14) 
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over the apGrturo, whilst 


Waves of Expansion 


h 


*o, 


(V 

X -C<) 


fa v * (tr 

over the screen Now if wo apply (1) and (2) to tho part of the plane him: ti* tlio i Hit 
the axis of y, and if we further take />' at the imago of I\ wo have by aihhf ion 





m 


where Bn is drawn from tho powtivo face. At distances r from tlm origin win. U are i.„ 

compared with 2b, this becomes 


Xp “* “ i 




Ill 


In tho immediate neighbourhood of tho aperture the motion represented Ip the 
functions *' must resemble tho flow of a liquid through the same aperture, ami an 
approximate value of tho definite integral in (17) is accordingly obtained by romp, .risen 
with the results of Art 66, 1". Tt appears that corresponding to a flux unity thr.nmh the 
aperture the increment of * in passing from tho aperture itself to a dkt.mre r win. I. k 
large compared with 2 b is 

1 , ill- 

tr 1 ** I,' 

Id H 71 5? *TZ 11°, b0 ® la11 Com > ,aml wil ’>* «•" wave-length, and the formulae („ 
and (17) thon show that tho corresponding increment of * in the actual problem m 

1 + 1/1 \l d y ( l0 K i^+r+ i«*> is, 

by Art 297 (12) Equating this to 

1 ( b , 2r 

TT J ~l, 0/i ft* /I!.) 

* *20) 


we find 


[ h ^ d>/ as — w 

J * logiX6-f-y + |^7T ’ 

Hcnco when kr is largo, wo have from (17) 


Xp logi>fc6-|- y +|i n . 7) "( /Y )-] ()gi j X . ft+y+ ^ v ^ 


t,)‘" (*<» 


Lota 1 “ " i "“ i mi 

* «» ~r W .8,n i„ tlm 

i tt 2 

+ + f±2I 

. f i — - «- 

. JLi. rfL»Tta“L l ',«tL It 'ftt w,v ™ * * ^'-■'-.1 

formula (1) tve Zpto" t “‘'” 4 * ArL «'» 

h 1 0t Art 286 ( 5 ) Ab »o now point amen, it willjbo 

Cf. Lord Rayleigh, l,c. ante p. 493. 
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299 - 800 ] Transmission by an Aperture 

sufficient to state the chief result The waves are supposed to be incident from the 
direction (X, p, 0), and we write, accordingly, 

^ =e **(^+M) +X) (23) 

where x is to represent the scatteied waves We assume also that the axes of x, y have 
special directions m the plane of the cross-section, such that the kinetic energy (per unit 
length parallel to z) of an incompressible fluid of unit density, when the cylinder moves 
through it with velocity (u, v, 0), would bo given by an expression of the form 

% (A« 2 +B» 2 ), . (24) 

the term in uv being absent The dimensions of the section being supposed small com- 
pared with the wave-length, the waves scattered m the direction (X!, pi, 0) are given by 

y «-*(*> +W- - i -*- l {(A+ i 8)XX,+(B+S) W i,)«-* (b,+w , (25) 

Xp (ffir/fo-)* (8ir hf 

where S is the area of the cross-section 

For an elliptic section whose semi-axes in the directions of a, y are a, b , we have 
(see Art 71 (11)) 

$=:rrab, A = 7rZ) 2 , B — tto 2, . (2C) 

In the cases of a circular cylinder (a=&), and of a flat lamina (a«0), we reproduce results 
already obtained 

300 We may also investigate the disturbance produced in a tram of 
plane waves by a thin screen which is interrupted by a scries of paiallel, 
equal, and equidistant slits As before, the treatment is approximate, and 
involves the assumption that the wave-length is large compared with the 
distance between the centres of successive apertures. 

As a subsidiary question, we require to determine the flow of an incom- 
pressible fluid through a fixed rigid grating of the above kind This can be 
solved by Schwarz’ method (Art. 73), but for the present purpose it will be 
sufficient to state, and verify, the result The axis of x being taken noimal 
to the plane of the grating, and that of y m this plane, at right angles to the 
lengths of the apertures, we write 

cosh w = [x cosh z, • (1) 

where, for the moment, 

w — cj) + z = x + iy, . ( 2 ) 

and the constant ji is supposed gi eater than unity This makes w a cyclic 
function, but we avoid all mdetermmatenoss if in the first instance we 
confine ourselves to that half of the plane xy for which x > 0, and if furthei 
wo fix the value of w at any one point We will assume that at the origin 
xjr = 0, whilst <p is equal to the real positive value of cosh -1 /x. 

The formula (1) gives 

cosh <j> cos 'i|/' = /i cosh x cos y , 


sinh smh x sm y. . (3) 
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•H)0 1 H’Vn-e.s* incident on a Grating 

Tlu* locus (/)-() consists of those portions of the axis of y for which 

1 > /u. cos y > — 1 , 

these represent the apertures, so that on the scale of our formulae the half- 
bivadth of an nportun* is sin l (I//x) For other portions of the region x>0, 

<f> will he positive. Again, the lines = 0, ijr = + tt, = + 2tt, .. will consist 
partly of the lines // = (>, // = + 7 r, y = + 27r, respectively, and partly of 
those portions of the axis of ij for which 

I ^ cos y\>l, 

these eoi respond to the parts of the sci ecu between the apertures 

'l'he eunes (/> const., \[r ■= const arc traced, for a particular case, on the 
opposite page, the value of /x adopted for convenience of calculation being 

JU = COsh l;7T = 1 2040, 

whence sin' 1 ' = d 1 27r, cos -1 - = 1887T 

y, /x 

The latter numbers give the rolative breadths of the apertures and of the 
intervening portions of the screen 

The formulae (.‘1), and the diagram*, admit of a variety of interpretations 
in Kleetn .statics and other mathematically cognate subjects. In the present 
application we must suppose that, at two points symmetrically situated on 
opposite sides of the axis of y, the values of ^ arc identical, whilst those of 
<l> are equal in magnitude but of opposite signs 

It appears from (8), or by inspection of the figure, that the function <f> 
in td) is a periodic even function of y, the period being tt It can therefore 
he expanded by Fourier’s Theorem m a senes of cosines of multiples of 2 y, 
the coetlieieiits being functions of x whose general form is to be determined 
by substitution in tlm equation 

V, a <£ = 0. •• • ( 4 ) 

Thus, for ./• positive we find, having logard to the condition to be satisfied for 

large values of.'', 

tj> . log ix + x + 2 0„e~ i2SX cos 2sy •• •• ( 5 )t 


" >li, ken fitMii a paper cited oil )> 5 Hi boloxv A formula equivalent to (1) was given by 
,,n 7 a of the coofficLntK am not required fox our purpose It may be shewn 

c. 1 yv(., 


,,, t III, livpi n'c.iuictric notation. boo the paper oitod 
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If we introduce a moie general linear unit, and denote the breadth of each 
aperture by a, and that of each intervening strip by b, we may write 


cosh <jb cos ^ cosh cos , smh $ sin f = y sinh sin , 

.. ( 6 ) 

7 rb 7ra /h\ 

where /* = sec 2(^+1) = cosec 2 ~(a- +b) ' " ' ,(7) 

The expansion (5) is now replaced by 

t-hgU + ^r + i.C.e-fco,^, . ( 8 ) 

r & + o / a+b 

2 S 7 T ,qn 

where ^-ttt * W 


irx 


Try 


a -\-b 


We turn now to the acoustical problem Corresponding to a tram of 
incident waves whose potential is e lkx , we assume* 

<£ = e zkx ^ or <|> = , .(10) 

according as x $ 0 Asm Arts 293, 2°, and 299, 2°, we must have 

X = — 1; X = +l> • • (^) 

3 Q I 

over the apertures, and ^ = 0, ^ = 0, . . (12) 

over the lest of the plane x — 0. Since % must satisfy 

(V 1 2 + ^) % = 0, . (13) 

and must further be periodic with respect to y, with the period a + b, it must 
admit of being expanded m a Fourier’s series of the form 

x = B 0 e~ lkx + %B s e~\ x cos^|, (14) 

provided fry ~ 

Since, by hypothesis, a + 6 is small compared with the wave-length 2-rr/k, 
the right-hand side of (15) is positive Hence the quantities X, are real, 
and, moreover, differ respectively very little from k. Terms involving eV 
are excluded by the condition of finiteness for x=<x>, so that the waves 
represented by % are ultimately plane The fact that they must tiavel 
outwards from the grating justifies the omission of the term m e ,u 

If 1c were zero, the conditions determining x would be the same as if the 
fluid were incompressible, and we should have 

X — — 1 + Ccj>, . . ■ • • (1C) 


* The symbol $ is here used for the acoustic velocity-potential, as <j> at present bears a special 
meaning. 
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Reflection and Transmission 


where <f> is the function determined (in the manner above explained) by (6), 
and G is some constant , and we may anticipate that the same expression 
will hold approximately m the actual case for the immediate neighbourhood 
ol the grating Again, for small values of kx, the expansion (14) takes the 

form 

2st ry 


X = B 0 (l- ikon) + 2 j B 8 e- K s x cos 




■ - (17) 


where the substitution of k s for X s in the exponential involves an error of the 
order k 1 (a + 6)V4w 2 . Hence, substituting from (8) m (16), we find that (16) 
and (17) are m fact identical, provided 

t rO 


and, for s > 0, 
Hence 

where 


P 0 = - 1 + G log fx- ikB „ = , 

B k = CC S 

1 

B 0 = - 

CL + b , 


Z = 


7 T 


■ log sec 


1 + TjIcI j 
t rb 


(18) 

(19) 

( 20 ) 

... . ( 21 ) 


2 (ci -j- b) 

As regards all the conditions are satisfied if we suppose that its value 
at any point P' on the negative side of the grating is equal in absolute 
magnitude, but opposite m sign, to that of % at the image P of F on the 
positive side Hence 

% ' = -P 0 e’ te -2B s eV cos^JI . • (22) 

At a distance of several wave-lengths from the grating the last terms in 
■(14) and (22) may bo neglected, and the waves are sensibly plane Oil 
reference to (10) we see that the coefficients of the reflected and transmitted 
waves are 1 -t -B„ and — B,, , or 

M _ and 1 (23) 

TTikl l + 'ikl’ 

respectively, that of the primary waves being taken as unit. Hence the 
intensities I, I' of these waves are given by 

1 


1 = 


F = . 


(24) 


1 + W “ 1+A.*/* 

For sufficiently gieat wave-lengths there is very little reflection, oven 
when the apeitures occupy only a small fraction ot the area of the screen. 
As corresponding numerical values we have 

a 


a + b 

l 

ad b 


= 0, -1, -2, 3, 4, -5, 6, -7, 8, 9, 10, 
= oo , -590, 374, -251, 169, 110, 067, 037, -016, ‘004, 0. 


33 
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Let us suppose, for example, that the wave-length is ten tinier tie* mf« nnl 
tt + J, and that the apertures occupy one-tenth of the area **t the giaftii^ 
It will be found that the reflected and transmitted inteimif ie^ are 

/ SS *121, r - 87 !), 

respectively. Notwithstanding the comparative* narrowness <»f f he opening, 
88 per cent of the sound gets through. 


301. A similar method applies to the ease of tx grating ertmjMw* u i 
parallel equidistant wires. 


We note m the first place that the potential and stream function* *«| hii meont 
pressiblo fluid, due to a system of equal and equidistant line sources cut tun*, the plane , * 
perpendicularly at the points (0, 0), (0, ±<t\ (0, ± 2o), ..., ?m* given - Art* til' hi f lie 
formula 


w oc log z Hh log (z ~ ia ) -f log ( 2 + w) + log (* - 2i« ) p log w I s!i*i - t , ,, ♦ , I 
where w ***<!>+ ty, 2 . . , 2, 

or, say, M=dogsinh w \ ...» ... , a 

This makes 

<l>~i logi (cosh — ’ x -cos * rr ' /S ) t ^ tan 1 * * 1 J l\ , I 

V aJ [twill 

in agreement with a result given by Maxwell*. 


The case of a row of double sources having their axes parallel t»» . 1 * m obtained 
differentiating (3) with respect to 2 ; we thus find 


7 r 7T» 

10 « noth 
« <1 


whence 




sirrn - 
a 


1 , 2rr y* 

cosh -- —cos 

a a 


am 


tijtv 


cosh m77J vm ****** 

it it 


Theso results enable us to solve very simply a mmiUtr of problems m Hatred* n nn)v% 
Magnetic Induction, and so on. In particular, the potential and fdreatti fWtmtr* fot ,«* 
liquid flowing through a grating of parallel cylindrical bars of radius h are ynvm h\ 

. itb* 


W i? 4* wiwu , 
a a 


coth 1 


sinh 


2 nr# 


or 




7 r&a 

a , 6 2ttx 2 a * 2 / ’ 

cosh cos J 


'V’-y- 


vl>‘ 


Kill 


2if#/ 


tt x 2rrX 

cosh 


r con 


2 try * 


Electricity and Magnetism , Art. 20ft, 
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300 - 301 ] 

a the velocity at infinity is unity, in the direction of a negative This follows from the 
periodicity with respect to y, and from the fact that for small values of *, y we have 

(9) 


^ x?+y*)’ 


approximately It is assumed that the radius b of a bar is small compared with the 
distance a between the axes of consecutive bars 
If the real part of z be positive, we have from (7) 

2S'7TZ V 

irb* ( ” 

W- 


72 / oo 

v^z+^-(l + 22 e“ * J, . 


whence 




2$JTB 


Similarly if x be negative, wo find 
(jy — x 


irb* ( 




( l + 22e a cos 


y 

- (10? 

, 2*jry\ 

(11) 

a ) 

2S7T?/\ 

”5 A 

(12) 


In the acoustical problem the velocity-potential will bo of the form 


or 


<t> = 


Be lkx - 2 0,e- x » a cos -*-• V , 
1 a 

according as *$0, where X, is the positive quantity definod by 

4a 2 7r 2 


X a 2 = 


-ti 1 


(13) 

(14) 

(15) 


For values of x which aro small compared with the wave-length wo may ignore the 
difference between X, and 2ajr/o, provided the wave-length bo large compared with a. 
Under these circumstances the formulae (13), (14) roduco to 



- - 225? L ZsTry 

$ = l-M-M(l-.d)tf;+SO , t e « cos ^ , . 

(16) 

and 

co %s 7 rV 

<l>= B+ikBx~2G 8 e a cos ,7 , . 

i u 

• (IV) 

respectively. 

Tlio function <f? accordingly assumes the form 



<P=a<j[>4- ft 

(18) 

whore <j) is determined by (11) and (12), and a, fi are constants, provided 


1 +A~a 

!^+ft Ii= — a 7 —— + /3, a(l-iO-«, ikli=a, O'. 

a <t u 

(19) 

These make 

a n ^ 

A -\+ikV " I+U4> ‘ " 

(20) 

where 

a 

• (21 > 

The intensities of the reflected and transmitted waves ato therefore 



m ,, i 

y- l+W’ i+w 

• (22) 


33—2 
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If the half-wave-length be large compared with W/a, we have free transmission, with hardly 
any reflection This further illustrates the “ extreme smallness of the obstruction offered 
by fine wires or fibres to the passage of sound*.” 

The diffraction of plane waves of sound by the straight edge of a ‘ semi- 
infinite ’ plane screen, and the formation of a sound-shadow, have been 
investigated by Sommerfeldf, and (with some extensions) by CarslawJ 
The data here involve no special linear magnitude except the wave-length, 
and the general character of the results is accordingly independent of the latter 


Atmospheric Waves. 


302 The theory of such questions as the large-scale oscillations of the 
earth’s atmosphere, where the equilibrium-density cannot be taken to be 
uniform, is still very imperfect One special difficulty is that of taking into 
account the physical conditions which are imposed m the upper regions 
of the atmosphere It will be seen that the formulae indicate m certain 
cases an indefinite increase of amplitude with height This not only tends 
to violate the restriction to f infinitely small’ motions, it also indicates 
that m neglecting viscosity, whose retarding effect varies inversely as the 
density, and therefore increases continually upwards, we aie ignoring an 
important factor m the phenomena 

Let us suppose that we have a gas in equilibrium under certain constant 
forces having a potential fl, and let us denote by p Q and p 0 the values of p 
and p m this state, these quantities being m general functions of the co- 
ordinates os, y, z. We have, then, 

dp* = — Podti ( 1 ) 

The equations of small motion, under the influence (it may be) of disturbing 
forces having a potential O', may therefore be written 


~ ^ . r ^ Jr v 

P<> dt dx p 0 dx Po dx ’ 

o §» == _§P,P_§Po_ ri 
po dt 3 y + Po dy po dy’t 

dp p dp Q 3X1' 
dt dz p 0 dz dz ’ t 


.( 2 ) 


* Lord Rayleigh, Theory of Sound, t u Art 343 

The investigations of Arts 300, 801 are adapted from a paper “ On the Reflection and Trans- 
mission of Electric Waves by a Metallic Grating,’’ Proc. Lond Math Soc , t. xxix p 523 (1898) 
t “ Mathematische Theone der Diffraction,” Math Ann , t xlvn p 317 (1895) A verification 
of Sommeifeld’s result is given by Drude, Lehrbuch der Ojptik , Leipzig, 1900, p 188 

+ “ Some Multiform Solutions of the Partial Differential Equation of Physics and their 
Applications,” Proc Lond Math Soc , t xxx p. 121 (1899), “Oblique Incidence of a tram of 
Plane Waves on a Semi- Infinite Plane,” Proc. Edm Math Soc , t xix (1901). 
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The general equation of continuity, Art. 8 (4), gives, with the same 
approximation, 

p°jr- 1 M ~ l v (poV) - h (p ° w) (3) 

The case that lends itself most readily to mathematical treatment is 
where the equilibrium-temperature is uniform*, and the expansions and 
contractions are assumed to follow the ‘ isothermal ’ law, so that 

p = c-p, •• • W 

c denoting the Newtonian velocity of sound. If we write 

p = p 0 (1 + s). P =Po 0- + s )> 
the equations (2) reduce to the fonns 


du 9 , -s ' 

, = - C- (s - S'), 

9 1 cte 


dv „ 9 , 

— — c — (s’ S'), > 


9 1 


dy 

9 


dw _ _ C 2 « (s _ s) 

dt~ dz {S S) ’ 


xy 




( 3 ) 


( 6 ) 


where 

that is, s denotes the * equilibrium-value ’ of the condensation due to the 
disturbing-potential iV. 

We find, by elimination of u, v, w between (3) and (5), 


9 2 s 

9t 2 


c 2 fdp 0 9 9p 0 3 , 3po 7,\ m 

= c ^( s _ i ') + -^ 9 - + ^ 0 -+ 0 O) 


303 If we neglect the curvature of the earth, and suppose the axis 
of z to be drawn vertically upwards, p 0 "will be a function of z only, 
determined by 


9?>« = _ 


dz 


m- 


.( 1 ) 


On the present hypothesis of uniform temperature, we have, by Boyle s Law, 

p<> = gpoH, 

where H denotes as m Ait. 274 the height of a ‘homogeneous atmosphere’ 
at the given temperature. Hence 

p„ oc e~ zlU . ( 3 ) 

* The motion is in this case irrotational, and might have been investigated in terms of the 
velocity-potential. 



518 

Wave# of filr/Ht/utfon 

HU’. \ 

Substituting in Art. 802 (7), and [Hitting x 0 , we fuel m ! 
disturbing forces, 

to „/ ra 1 <'t\ 

v-'V* 

lllif 4 4 » •>ff 

1 b‘* 

For plane waves 
only, and therefore 

travelling in a vertical direcimn. a will l« 

a !osi j ! i* ^4 >3 y 


f) 3 « ,, /() a .v 1 ?s\ 

W 3 * 0 W J ~ lio ) 

i M 

If we assume a time-factor e M , this is satisfied by 



c p ? Ad m \ ,, ,, 

» » t 4 lit! 

provided 

“ 

« » * l ’/ t 

or 

• 

"> •% //•' ' '' 

i H i 

where 

1 - . V. . 

< ’1 1 


The lower sign m (8) gives the case of waves mm, it, l 

in real form the solution for this ease m 


••'I' 1 


( }u > 

» » • bit 
ht a mid! 


ft m dtffrH (•()« ( <r t m l -\ , 

The wave-velocity (a/k') varies with the frequency, but |„ Ml , „ 
compared with c/2 II it is approximately constant, dittoing (iu.m < 
quantity of the second order. The main effect of tin- vumimu of d. „ „* , 
on the amplitude, which increases as the waves travel utmm.K * 

regions, according to the law indicated by the ,-v, »1 Tie, 

increase might have been foreseen without calculation ; to, wl„ „ 

of density within the limits of a wave-length is wnall tlmi . , . ,, 

reflection and the energy per wave-length, which van. i ’<1,1 

amplitude), must therefore remain unaltered as the wav, . , , , < 

p 0 oc e */ ff , this shews that a oc As already imheat i il ' ' ' 7 ' 

re.% bo greatly modtfiod by 

When cr < c/IIl, the form of the mjiitiim i« rlimiy.ol, ,„ } 

*-01 ,«*■* + A^) ( ‘,m<rt 

where wi 1; vra 3 (the two roots of (7)) are rent im.l • , ■ , 

— • — - - - t Lr ;:;,, 1 tiz ::: ,; 

Xtrr ’XSTiSKiT LT “1 : - - 

he temperature diminishes unirormly upwards «L lit ,** "Miluli.in 

connected bv the adiabatic law. ’ Ul * rowilt tt ti.iii* of 411* 4* it*.), vt 
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the nodal plane be that of « = 0, we have m 1 A 1 + = 0, and the position of 

the loop (s = 0) is given by 

, = ( 12 ) 

m 1 - & m 2 


When the motion is m two dimensions, one horizontal and one vertical, we have 


d*s 

df 


If we assume that 
we find 


see e 


d 2 s d^s 
W dz 2 

.(<rt-kx)+mz 


1 ds\ 
“ Sdz) 


' H 


,-f- or 2 — k 2 c 2 = 0 


( 13 ) 

( 14 ) 

( 15 ) 


If the roots of this equation m » are real, one of them at least will be positive, if they are 
imaginary, their real part is positive 

If the vibrations are wholly horizontal, wo have m= 0, and <r = fc The waves are 
therefore propagated unchanged with velocity c, as we should expect, since on the present 
hypothesis J uniform equilibrium-temperature the wave-velocity is independent of 
amplitude*. 

304 This leads to the consideration of the slow horizontal oscillations of 
an atmosphere of uniform temperature covering a globe at rest. 

If we introduce angular coordinates 6, co as in Art. 197, and denote by u, 
v the velocities along and perpendicular to the meridian, the equations (o) 

of Art. 302 give 

-3) = - (s-i), • • • W 

’ add K ° S ’ a sm d 9» v 

where a is the radius. If we neglect the vertical motion («>), the equation 
of continuity, Art 302 (3), becomes 
0s 1 


0 U C a 0 , 


dt ' 


a sm i 


'0 (it sin 9) dv 
I d9 + 0 a 


( 2 ) 


The equations (1) and (2) shew that u,v,s maybe regarded as independent 
of the altitude. The formulae are m fact the same as m Art 197, except 
that s takes the place of ?/A. and e a of gh Since, in our present notation wo 
have c a = gH, it appears that the free and the foiced oscillations will follow 
exactly the same laws as those of a liquid of uniform depth II covering the 
same globe 

Thus for the free oscillations we shall have 

S — Sn • COS (ert + ( 3 ) 

* This Art is derived mainly from a paper by Lord Rayleigh, “ On Vibrations of an Atmo- 
sphere!” P/ul Ma 9 (4), t xxix p 7 173 (1890) [So Papen, t. m. p. 335] For a »f a. 

effects of upward variation of temperature on propagation of soundwaves see Reynolds On 
the Refraction of Sound by the Atmosphere,” Roc. B. S t. xxu. p 531 (1874) [Sc. Papers, i. 
p. 89], and Lord Eayleigh, Theory of Sound , Art 288. 
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where S n is a surface-harmonic of integral order n, and 


a 2 = n(n + 1)--. 

a 2 


[CHAP. X 


(4) 


As a numerical example, putting c = 2 80 x 10 4 , 2 TO = fx 10* [o S ], we find, 
m the cases n = 1, » = 2, periods of 28 1 and 16-2 hours, respectively ’ 

The tidal variations of pressure due to the gravitational action of the sun 
and moon are very minute. It appears from the above analogy that the 
equilibrium value s of the condensation will be comparable with aflgH where 
/is the quantity defined in Art 179 Taking af/g= 1 80 ft (for the lunar 
lde), and H - 2o000 feet, this gives for the amplitude of s the value 7 2 x lO" 5 
if the normal height of the barometer be 80 inches, this means an oscillation 
of only -00216 of an inch. 

It will be seen on reference to Art. 212 that the analogy with the oscil- 
lations of a liquid of depth H is not disturbed when we proceed to the tidal 
oscillations on a rotating globe. The height H of the homogeneous atmo- 
sphere does not fall very far short of one of the values. (29040 ft ) of the 
depth of the ocean for which the semi-diurnal tides were calculated by 
Laplace The tides in this case were found to be direct, and to have at the 
equator 11 267 times their equilibrium value Even with this factor the 
corresponding barometric oscillation would only amount to 0243 of an inchf 

periods Zf c 'ZZZfT* ***“ b “ hp have Sokr “ a » d semi-diurnal 
periods and cannot be due to gravitational action, since m that case the corresnondmsr 
kmar would be 2 28 whm » ^ p,uo Mj " S 

The observed oscillations must be ascribed to the daily variation in temperature which 

Sectwet 6 ! I f “ m P le - harmomc 1 constituents, will have components whose periods are 
P y h h • °f a solar day It is very remarkable that the second (viz the 
semi-diurnal) component has a considerably greater amplitude than the first It has been 
suggested by Lord Kelvin that the explanation of this peculiarity is to be sought formthe 

made the suwT f T ^ ^ dlUmal C0m P 0Eent question has been 

Earth’s mtakon “ investigation by Margulesf, taking into account the 


* See the table on p 828, above 

t Of. Laplace “Beoherches sur plusieurs points dn systems du monde,” Mem de VAcad rov 
des Sciences, 1776 [1779] [Oeuvres, t. ix p 283] Also Mecamque Celeste, Lme 4”>°, chap v 

thfZT" 1 BtT \ \ T* P 204 (1890> ThlS Pap6r ’ Wlth S6Veral 0tllers 0lted m the oours ® of 
this work, is included m a very useful collection edited and (where necessary) translated by 

Prof Cleveland Abbe, under the title “ Mechanics of the Earth’s Atmosphere,” Smithsoml 
Miscellaneous Collections , Washington, 1891. 
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VISCOSITY. 


305 The main theme of this Chapter is the resistance to distortion, 
known as ‘ viscosity ’ or ‘ internal friction,’ which is exhibited more or less by 
all real fluids, but which we have hitherto neglected. 

It will bo convenient, following a plan already adopted on several occasions, 
to recall briefly the outlines of the general theory of a dynamical system 
subject to dissipative forces which are linear functions of the generalized 
velocities* This will not only be useful as tending to bring under one point 
of view most of the special investigations which follow ; it will sometimes 
indicate the general character of the results to be expected in cases which 
are as yet beyond our powers of calculation 


We begin with the case of one degree of freedom The equation of motion 

is of the type . n (1 \ 

aq + bq + cq — Q -W 


Here q is a generalized coordinate specifying the deviation from a position 
of equilibrium , a is the coefficient of inertia, and is necessarily positive , c » 
the coefficient of stability, and is positive m the applications which we shall 
consider , b is a coefficient of friction, and is positive _ Since the terms oil 
the left-hand of (1) arc differently affected by changing the sign of t, the 
motion of a system subject to an equation of this type is not reversible. 

If we put T — ^aq 2 , V=-^cq 2 , F — \bc[, ... ■ ••(-') 


the equation may be written 

d 

dt 


(T+ F) = -2 F+Qq. 


( 3 ) 


This shews that the energy T+V is increasing at a rate less than that at 
which the extraneous force is doing work on the system The difference 2 F 
represents the rate at which energy is being dissipated, this is always 

positive. 

* For a fuller account of the theory reference may be made to Lord Bayleigh, Tton/ o/ 
Sound, ec. iv , v , Thomson and Tart, Natural Philosophy (2nd ed), Arts. 340-345, Bouth, 
Advanced Rigid Dynamics, cc vx , vn 
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la free motion we have 


aq + bq + cq - 0. . . (4) 

If we assume that q oc e xt , the solution takes different forms according to the 
relative importance of the frictional term. If 6 2 < 4ac, we have 


x=-^ + ^( c — 

2 a,- \cc 4 av ’ 

. ..(5) 

or > sa y> x=-- + iv. 

T 

. . (6) 

Hence the full solution, expressed m real form, is 


q = Ae~ tlr cos (at + e), . . 

.. (7) 


where A, e are arbitrary The type of motion which this represents may 
be described as a simple-harmonic vibration, with amplitude dimini shing 
asymptotically to zero, according to the law' e-*/ T The time t in which the 
amplitude sinks to 1/e of its original value is sometimes called the ‘ modulus 
of decay ’ of the oscillations 

If b/2a be small compared with (c/a)*, i> 2 /4ac is a small quantity of the 
second order, and the ‘speed’ <r is then practically unaffected by the friction 
This is the case whenever the time ( 27 tt) in which the amplitude sinks to 
e (~ zh) °f lts initial value is large compared with the period (27t /<r) 

When, on the other hand, b 2 > 4ac, the values of X are real and negative 
Denoting them by - tq, - a 2 , we have 

q = A x e~** + A 2 e~^ (8) 

This represents ‘aperiodic motion’, viz the system never passes more than 
once through its equilibrium position, towards which it finally creeps 
asymptotically. r 

In the critical case b 2 = 4ac, the two values of X are equal, we then find 
by usual methods 

q = (A+Bt)e-* i , ( 9 ) 

which may be similarly interpreted 

As the frictional coefficient b is increased, the two quantities a 1: a. 2 become 
more and more unequal; viz one of them (ot,, say) tends to the value b/a 
and the other to the value c/6. The effect of the second term in (8) then 
rapidly disappears, and the residual motion is the same as if the inertia- 
coefficient ( a ) were zero 


306 We consider next the effect of a periodic extraneous force. 
Assuming that 

Q oc e b ( <Tt+e \ 


.( 10 ) 
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the equation (1) gives 
If we put 


One Degree of Freedom 

Q 


i G r> 

1 = R COS € U 

c 


® C — c 2 a + icrb 
crb 
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,.( 11 ) 


= R sm ei, 


■where 6q lies between 0 and 180 , we have 

- 

Taking real parts, we may say that the force 

Q = G cos ( at + e) . 

will maintain the oscillation 

G 

q = ^ cob (cr£ + e — 6j) 


Since 


Ii 2 = 1 


era* 


+ ■ 


cr 2 6 2 


it is easily found that if 6 2 < 4ac the amplitude is greatest when 

6 a \* 


its value then being 


c\* 
,a) 

Gfa\i 
b\c 


1-i 


-4-r 

^ etc/ ’ 


ac/ 


•(12) 

(13) 

(14) 

...(15) 

■ • ( 16 ) 

..(17) 

....(18) 


In the case of relatively small friction, where &'-/4uc may be treated as 
of the second order, the amplitude is greatest when the period of the 
imposed force coincides with that of the free oscillation (cf. Art. 1 ). 

formula (18) then shews that the amplitude when a maximum bears to i s 
* equilibrium- value ’ (0/o) the ratio (ac)*/i>, which is by hypothesis large 

On the other hand, when 6 2 >4ac tho amplitude continually increases as 
the speed <r diminishes, tending ultimately to the ‘equilibrium-value C/c. 

It also appears from (15) and (12) that tho maximum displacement follows 
the maximum of tho foice at an interval of phase equal to ^ where 

( 19 ) 


tan €i = 


<rb 

o — chi ' 


If the period be longer than the free-period m the absence of friction this 
difference of phase lies between 0 and 90°; in the opposite case it lies 
between 90° and 180°. If the frictional coefficient b be relatively small, the 
interval differs very little from 0 or 180°, as the case may be, unless <r be 
very nearly equal to the critical speed (c/a)*. For the critical speed the 

phase- difference is 90°, 
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'Thin is greatest when a (a vt )h 

Ah in Art. 1(17* when the mcillut ten * ay* vn tape! <},* euju * <! m 


gives 
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the equilibrium* value 
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307. An intot-eating example in futm in tl b* tin tub *„ . 
canal*. 

lint equation of motion, a* ni,*it(i<*i| In tip inti»t»Jii«'*e.,, ,,j ,* t (( , ,, 
term, in 

W > H , . (i v 

1 

wl'cri* the notation ta hh in Art. bHOf 

In tint caw of/m< vvavon, putting ,V '! iukI .mvuiumg t!, .t 

f / t *' "* * 

i'l'MUv tt. 

w * 1<nu * ^ 1 li/ 4 1 4 </*•» ' * Ig'i . it 

If wo. neglect, the aquare of >//,r, thin given, it, r, „l torn, 

f - At- ,-OH |4'(r-f t | i , , |, 

' 1 ,j - “ — - 

,h " " r * - »*■'• - 

X ipx >n * 4 * *» 

whore n' in the angular velocity of the ntoon relative to « fi v ,| ,*,»„» „ M »j,* 
cattal, and « m the oarth’n ratlin* Wo find, untuning the 

It “ i ,j mo.. . 

rt~ n'W \ yun'u 1 <»*> 

* Airy, » TM.-» *,„t Wav.w," Arts. ais , 
t In particular, r» now rttuidw for yh, whw h in tlwt .U-j.U,, 
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Hence, for the surface-elevation, we have 

, 7 _ 1 Iff 

^ ~ l dx * c 2 — ^' 2 a 2 4- tyfJM'd 


g2l (n'i4-o;/<X-l-e) ^ 


where H = ctfjg , us m Art 179 

To put these expressions m real form, we write 

* i m'a? 

tan 2v = i > 

A A c 1 — n 2 ar 

where 0 < % < 90° We thus find that to the tidal disturbing force 

X = — / sin 2 f n't + “ + 6 


corresponds the horizontal displacement 


£=-£ 
and the surface-elevation 
V = i 


_ — rT.-iTi sin ^ + - + e 

{{c l - riWf + l^n! W}* V ® 


%)> 

cos 2 f n't + -+ e - % 

V a 


525 

..(7) 

( 8 ) 

(9) 

.( 10 ) 

• (11) 


H c 2 

((c 1 -nV) 1 +i(iVVp' 

Since in these expressions n't + x/a + e measures the hour-angle of the 
moon past the meridian of any point ( x ) on the canal, it appears that high- 
water will follow the moon’s tiansit at an interval t x given by n% = % 

If c 2 < n'-ar, or h/a < n'^ct/g, we should m the case of infinitesimal friction 
have y = 90°, le the tides would be inverted (cf Art 180) With sensible 
friction, x will lie between 90° and 45°, and the^ time of high-water is 
accelerated by the time-equivalent of the angle 90° - % 

On the other hand, when hla>ri 2 a/g, so that in the absence of friction 
the tides would be direct, the value of % lies between 0° and 45°, and the 
time of high-watei is retarded by the time-equivalent of this angle 

The figures on the next page shew the two cases The letters M, M' 
indicate the positions of the moon and ‘anti-moon’ (see p 340) supposed 
situate m the plane of the equator, and the curved arrows shew the direction 
of the earth’s rotation. 

It is evident that m each case the attraction of the disturbing system 
on the elevated water is equivalent to a couple tending to dimmish the 
angular momentum of the system composed of the earth and sea 

In the present problem the amount of the couple can be easily calculated. 
We find, from (9) and (11), for the mean tangential force on the elevated 
water, per unit area of the surface, 

4- [*"" pXrjdx = - jjfph if sin 2%, (12) 

ZiTTCtJ o 

where h is the vertical amplitude. Since the positive direction of X is east- 
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Vimwitff 

wards, this shews that then* is on the whole a ludimi'** *4 a# *f w ttd ! a* <• 
If we multiply by the area of the water surf nee and hy fhe i * h * ** * 

the amount of the retarding cample. 







W 




\ 



The effect of phase-difference# in the composition of u„ ml,., 
different speeds has been already dimmwd in Ail, *| ,, -uiith lie- 

formulae theie given to the present caw \v»* uniNt witm » '*«’ # .. o 

We find, from (8), above, ’ 4 


de r/y |tt« 9 (i’’N «V| 

rfer 4 (ft 3 - rt'Vp pW-ti*' Id* 

If we have two tide-generating bodies with v.-rv imarlv 

expreHHion given the interval of time at which the sprmg'tidos a ,11 mil.,* 

instant of conjunction (or opposition), 

Tho above investigation is reproduced on account of if,, themet,. ,, |,„, „ 

apply it to tho actual circumstances of the earth, the pin, e ,hrt, , v ,heh ,« ,» 

capable o oxplanmiK Wir to Ik, quite mai^niHeant m comp*,, , *,t|, 1, 

occur IlniH i if wo „na K mo a broad equatorial oceanie Ml lldAo illU . 

from (8)j and from Art ISO, u • u 

ta.,2^ u !__.y 


t- 3U 


* Cf. Airy, ** Tides and Waver, " ArU 3*dM„, , 
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Ffitrt of Friction on Pfutxe 


t t *«, tho i* M4 bdu J ^ ? 4 > «‘f he«* It .sot* inn rational to nuppoHo that 

*>< ¥ 4 <* d 4 < ^ 4* p' ** n a * t a* vumM ho a ennudornbh* multiple of tho lunar day 


i,a j 


V«h r,M' V 

»* !\- 


* * anp* pn-lu* ml hv triot mn m tho time of high wator would he 

*P? 4 


IIm * n 4 4 ,<,<4 <n vp w u h*r a pha^o a< reWution oi more than a fow mmutoH. 

» * i ** m a h}iu r »m fn« amount <»t 1 niging of tho hptnng-tidos as calculated from 


a i< 

in, 


U 


p-U *n <• tiit oat nha turn uf tho frtotional term in (1) in only 

»4 5*i t« |*to out ’ouotaHy tho Hhvt of Httmll diHHipativo foroen; 
n*n a all o' fitt tho ipioatinn whether tho largo phano- 

- * * nr an tho tnh mo not to In* attributed to tho mortia of tho 
* > *■ i **ntmuf Jam of *t > t mundane g rather than to friotional cannon, 

i * , nhaV to i *m tho immorioal tllnat ration a atop further, and to 

t Ul ,n t> i , «v t <4 ih*. i# tmdo*/ « oiiph on the Martha rotation. Wo have 

*/« 
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But the investigation of the ° m f lmeS asser ’ fce( ^ on astronomical evidence 

would have a n 8 a& c t woSd bt d Tw Sy ™ C “ Wel1 as *«n. 

such a point SIraWe bef ° re ° ne COuld P r( “c ™th confidence on 

of aZnamitdTf ^ ^ the ° rj ’ let *’ ” ?» be tb « coordinates 

dependZ ontsT fi m ' , W ® WlU SUppose sub J eet to conservative forces 
depending on its configuration, to ‘motional’ forces varying as the velocities 

rrrr s f r s The 

os general assumptions we can make, will be of the type 
W „ aF 

dt9g,. + jBM?1 + B n<b+ ■■ = ~^+Q l , .. .(l) 

"where the kinetic and potential energies r P V 1 

the forms P ges P are given by expressions of 

= a n?i a + Q-v/i? + . + 2 ct 12 q l q„ + . . , 

2V= Cup! 2 + c 22 p 2 2 + .. + 2cj 2 pip 2 + 

It is to be remembered that 

dre = GW, C rs = C sr , 

but we do not assume the equality of B n and B sr . 

If we now write 6,, = i n = * (jBr8 + _ _ 

and = - /Sir = i (-fi„ - i? sr ), 

the typical equation (1) takes the form 


.( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


d dT d F T 

lr +^+Pnq 1+ /3 n q 2+ . =-g r + Q„ 


dt dq> 

provided 4P-W + W+ • +2i„ M , + 

From the equations in this form we derive 


d 


It (T+V) + 2F=%Q,q, 


(7) 

( 8 ) 

(9) 


dotgtoi “pj. ld rf7nr t the rate “ ” hlCl1 the forces are 

+ , g . ‘ a 1 th k goes t0 “crease the total enerow 7+ F «f 

the ratelh IiTST^lS^T to^ TT ° f d ^ sl Pated, at 

essentially positive, it is called by Lord IUyWh*X F 18 

formally employed, the ‘ Dissipation -Function’ § ’ * 10m Jt was fest 

S SSS *»* and Can- 

P 583 (1866)^ ** (<M 

have been made by Ferrel, m 1853. P ’ h fi t estlmate of the kind appears to 

* “Some General Theorems relating to Vibrations ” p™ T * ,, 

(1873) [Sc Papers, t i p. 170]; Theory of Sound, Art 81 S ° C ’ *' 1V " p 357 
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ftixxipatire Si/xteuw in General 


The ferine in 17} which are due to F may be distinguished as the 
• !nt*ii«tii.d terms.' The remaining terms iti q u q. i} ... q nt with coefficients 
.!)]•(• >*{ to the relation (i,, - arc of the type we have already met with 

m tin general <• [tuitions of a •gyroHtattc.’ system (Art 141), they may there- 

1 »},. h, i, f, rfd to as t ho •gyrostatic terms’ 

309 Win n tin- gyrostats', terms are absent, the equation (7) reduces to 

ao) 

dt ('<1? _ (•'(/, tS<] r 

,\rt 107, we may suppose that by transformation of coordinates 
lb, > \pn •..n>n > tor T and V are reduced to sums of squares, thus: 

'IT l >'/[■/ + + (H) 

'1 r (V/, 3 + <y/./ +•... + c n q.,c (12) 

It in .jneutly, but by tm means necessarily, happens that the same trans- 
)oi unit ion ,d " i educes F to this form, say 

'IF - /»,<],’ + ( 13 ) 

The typical equation (10) then assumes the simple form 

tl r i'l r -|* /M/r + C r q r — Qn ^^) 

which ha-* hei -n discussed in Art. 305. Each coordinate q r now varies 

hi4cj?H*4cfitty th*‘ rv>\. 

When F ». Id* ntlm-. d t.y Urn same tm.mformat.on as T and V, the equations of small 

a,.), t /my, +Wi K..+ W» + «i!H a ft. ) 

tt s/j t'/t,n'/i 0 1'inin + ' tlai j- _ . (15) 

<V/« t I'nl'/l |dVl'/'j4***+ /, an'/»+ , Vin“Vn> J 

... atm! • fur nxamnlo, in tlio oaso of froo oscillations about 

.< ««“«•' (*» fumiamunta ; tyi>o) a “; lliptic ‘ harmomc 
Will, the ,w. of the orbit contracting .mcordmg to tlio law « 

i tiiiiwhat Mttmtor whom th« frictional coefficients are 

r 7::;:: : «... » - »> *■» •» -o.» ^ -m,. 

7::;:;;; :;7, — » .— «.*> -w »• ■— - 

ll Ue, my y, . Tim rth equal, mi then reducos to 

<t,'j r \Krir'f , 'r l lr °> _ . . .. 

I» ““t mil 305 

,»L y. , ore mnlt.|.he.l by U,c small , rl , - *«• 

H.u ,} U. * 4 ii-iU tin. solution of (It!) i« »f tho typo ^ 

+ 


*. \ h r- 
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The relatively small variations of the remaining coordinates are then given by the remain- 
ing equations of the system (15). For example, with the same approximations, 

a*q,+l> r »qr+c»q,-0, (19) 

wtence (20) 


Except m the case of approximate equality of period between two fundamental modes, 
the elliptic orbits of the particles will on the present suppositions be very flat 


If we were to assume that q r —a cos (at- f-e), 

(21) 

where a- has the same value as in the case of no friction, whilst a vanes slowly with the 
time, and that the variations of the other coordinates are relatively small, we should find 

T -h F= \a r q T 2 + %c r q* — Jo- 2 a, a 2 , 

nearly. Again, the dissipation is 2F~b rr q r 2 , 

• (22) 

the mean value of which is £cr 2 & rr a 2 , 

.. (23) 

approximately Hence equating the rate of decay of the energy to the 
the dissipation, we get 

mean value of 

da , b rj 

dt~~ ^ ct r a ’ * 

(24) 

whence a==a()e -*/ T , 

(25) 

lf ■ • . 

a rr 

• (26) 


as in Art 305. This method of ascertaining the rate of decay of the oscillations is some- 
times useful when the complete determination of the character of the motion, as affected 
by friction, would be difficult (cf. Arts 331, 338). 

When the frictional coefficients are relatively great, the inertia of the system becomes 
ineffective , and the most appropriate system of coordinates is that which reduces F and V 
simultaneously to sums of squares, say 


2 F=s &i ?i 2 + h q $ + . 4 - b n q n 2 , | 
2 V = c i ft 2 + c 2 ?2 2 + + c n q n *. j 

The equations of free-motion are then of the type 

b 1 q r +c r q r =0, 

whence qr=Ce -tlr^ 

if T ~~ 

r r 


* (2V) 

. . (28) 

• ( 29 ) 

. .(30) 


310. When gyrostatic as well as frictional terms are present m the 
fundamental equations, the theory is naturally more complicated. It will be 
sufficient heie to consider the case of two degrees of freedom, by way of 
further elucidation of a point discussed in Art 205 . 


The equations of motion are now of the types 

a i2i+&n?i+(Ji2+/3)s' 2 +tfiS , i==@i, 
® 2?2 + (&21 ~ jl + £>22 ?2 + ?2 = Ql ■ 


( 1 ) 
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To determine the modes of free motion we put $ 1 = 0 , ^ 2 == ^) assume that q \ and 
vary as e H . This leads to the biquadratic in X 

A-(a 2 bii+ ctibyi) X 3 + («2 tf i'l~ a i <3 2+/3 2 + ^ii^22““ ^i2 2 ) 

4*(^llC‘2 + &22 c l) X + Ci<?2 = 0 »(2) 

There is no difficulty m shewing, with the help of criteria given by Routh* that if, as m 
our case, the quantities 

&1, C& 2 , &11 J ^22) &11^22“^12 2 

are all positive, the necessary and sufficient conditions that this biquadratic should have 
the real parts of its roots all negative are that c u c 2 should both be positive 

If we neglect terms of the second order m the fuctional coefficients, the same conclusion 
may be attained more directly as follows On this hypothesis the roots of (2) are, approxi- 
mately, 

X = — — <*2 i icr‘2, (3) 


where oq, <r 2 are, to the first order, the same as in the case of no friction, viz they are the 
roots of 

a 1 a 2 ar 4 -(a 2 Cx4-a 1 C2 + ^ 2 ) or 2 + c 1 c 2 =0, . . (4) 


whilst a u <X ‘2 are determined by 


ai + a 2 =^ 


(bn 


-V 

— 2 =| 1 

& 

+ 

]T 

\®i 

«2 / 


°2 

\ C l 

0 »/ 


(5) 


It is evident that, if <n and <r 2 are to be real, c u c 2 must have the same sign, and that if 
a u a 2 are to be positive, this sign must be 4- Conversely, if c u c 2 are both positive, the 
values of <ri 2 , <r a 2 are real and positive, and the quantities o x /ai , c 2 /a 2 both lie m the interval 
between them It then easily follows from (5) that a l5 a 2 aro both positive t 


If one of the coefficients c 1} c< 2 (say c 2 ) bo zero, one of the values of o* (say <r 2 ) is zero, 
indicating a free mode of infinitely long period We then have 

&22 c l 


0*1" 


_Ci , g 
‘ <&i ~ cqa 2 




a 2 6* 1 4j3 2 


( 6 ) 


As m Ait. 205 we could easily write down the expressions for the forced oscillations m 
the general case where Q 2 vary as e l<rt , but wo shall hero consider more particularly 
the case where c> 2 ~0 and <2 a = 0 The equations (1) then give 

(c’x - (T 2 Ctx + lO-^n)<7i + (5 1 2 4 ^ 2 =^ 1 } ) 

f (V) 

i(T (b V2 - /3) qi 4 (i<ra 2 4 b 22 ) q 2 = 0 ' 


* Advanced Rigid Dynamic s, Art 287. 

| A simple example of the above theory is supplied by the case of a particle m an ellipsoidal 
bowl rotating about a principal axis, which is vortical. If the bowl be frictionless, the equili- 
brium of the particle when at the lowest point will be stable unless the ponod of the rotation lie 
between the periods of the two fundamental modes of oscillation (one m each principal plane) of 
the particle when the bowl is at rest But if thero be friction of motion betweon the particle and 
the bowl, there will be ‘secular’ stability only so long as the speed of the rotation is less than 
that of the slower of the two modes referred to If the rotation be more rapid, the particle will 
gradually work its way outwards into a position of relative equilibrium m which it rotates with 
the bowl like the bob of a conical pendulum. In this stato the system made up of the particle 
and the bowl has less eneigy for the same angular momentum than when the particle was at 
the bottom Cf. Art 250 


34—2 
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Hence q x - 


— % C^CT 3 — ($2 &11 + ft 1 ^22) OH 2 4* {P'% Cl + /3 2 4“ 611 Z>22 *“* ^12 2 ) ' 2, ° r HH &22 C 1 


ft. 


This may also be written q x — Tf — — a s 2 ~*~ ^ 22 ~ Q x 

J ** o 1 a a {(t(r + a 1 ) 2 + <ri 2 }(t(r + fl 2 ) 


. .( 8 ) 

. ..(9) 


Our mam object is to examine the case of a disturbing force of long period, for the sake 
of its bearing on Laplace’s argument as to the fortnightly tide (Art 216) We will there- 
fore suppose that the ratio o-i/o-, as well as o-j/aj , is large The formula then reduces to 


01= 


Ci=s 


ICTC&2 -f &22 


aia 2 cri 2 (ur -b a 2 ) ^ £>22 (W a 2+1) 


;ft 


. . ( 10 ) 


Everything now turns on the values of the ratios <rja 2 and aa 2 /b z 2 
these may be both neglected, we have 


If or be so small that 


.... ( 11 ) 


m agreement with the equilibrium theory The assumption here made is that the period 
of the imposed force is long compared with the time in which free motions would, owing 
to friction, fall to e~ 2n of their initial amplitudes This condition is evidently far from 
being fulfilled m the case of the fortnightly tide If, as is more m agreement with the 
actual state of things, we assume <r/a 2 and cra 2 /b 22 to be large, we obtain 


as in Art 205 (24) 


„ _ a 2 a 2 O _ a 2 a 


( 12 ) 


Viscosity, 

311 We proceed to consider the special kind of resistance which is met 
with in fluids The methods we shall employ are of necessity the same as 
are applicable to the resistance to distortion, known as ‘ elasticity,’ which is 
characteristic of solid bodies The two classes of phenomena are of course 
physically distinct, the” latter depending on the actual changes of shape 
produced, the former on the rate of change of shape, but the mathematical 
methods appropriate to them are to a great extent identical 

If we imagine three planes to be drawn through any point P perpen- 
dicular to the axes of x, y , z , respectively, the three components of the stress, 
per unit area, exerted across the first of these planes may be denoted by 
pxx> p%y, Pxz) respectively , those of the stress across the second plane by 
Pyx ) Pyyt pyz ? those of the stress across the third plane by p ZX) p zyt p Z z*> 
If we fix our attention on an element SxSySz having its centre at P, we find, 
on taking moments, and dividing by SxhySz, 

Pyz — pzy > Pzx = Pxz > Pxy = Pyx > 

In conformity with the usual practice in the theory of Elasticity, we reckon a tension as 
positive, a pressure as negative Thus m the case of a frictionless fluid we have 


Pxx — Vyy — Pzs — ~V' 



310 - 312 ] Oblique Stresses 

the extraneous forces and the kinetic reactions being omitted, since they arc 
of a higher order of small quantities than the surface tractions, ihesc 
equalities reduce the nme components of stress to six , in the case ol a 
viscous fluid they will also follow independently from the expressions toi 
Pyz, Pzx, p*v m terms of the rates of distortion, to be given presently 

(Art 313) 

312 It appears from Arts. 1, 2 that in a fluid the deviation of the state 
of stress denoted by p mj , . from one of pressure uniform m all directions 
depends entirely on the motion of distortion m the neighbourhood ot P, ne. 
on the six quantities a, b, c,f, g, h by which this distortion was in Art 30 
shewn to be specified. Before endeavouring to express p m „p xy , • as functions 
of these quantities, it will he convenient to establish certain formulae ot 

transformation 

Let us draw Px\ Py', Pz' m the directions of the x , tJ z 

principal axes of distortion at P, and let a , b , c be the 


direction-cosines. We have, then, 

Hence 


- (i. h- + £>■ + 1 £?) - lf w * 1 ‘ k + 1 


X 

y 

z 


«i, 


i 3) 


th, 

j 



M 



3 dz’ 




JLJLV/JLXW 

a = If a! + h 2 b' + Ifc , 'j 

b = mfa' + mib' + m£c', V (!) 

c = n{-d + nib' + ntf, J 

the last two relations being written down from symmetry We notice that 

a + b + c = a! + V 4- c\ 

as we should expect, since either side measures the ‘expansion’ (Art 7). 
Again 

sv + S - ("■ + 37 + a*’) + ’ w ' + 

+ (*, + ». ^ A) + • 

and this, with the two corresponding formulae, gives 

/ = m^a' + rn 2 np + m 3 a/, I 

p = + rtjij)' + n 3 l a c , | 

h = + l, {mb' + l{m 3 o'. J 


( 3 ) 
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313 From the symmetry of the circumstances it is plain that the 
stresses exerted at P across the planes y f z' } z'u/, aft/ must be 1 wholly parpen 
dicular to these planes Let us denote them by p u p», p A respectively, In 
the figure of Art 2 let ABG now represent a plane drawn perpendicular to 
infinitely close to P, meeting the axes of x\ ?/, z' m A, //, lespeefively ; 
and let A denote the area ABG The areas of the remaining faces of the 
tetrahedron PABG will then be Z,A, LA, ?A Resolung paralhd <n *r the 
forces acting on the tetrahedron, we find 

JPaajA ^ pili A . li + pJA k 4* pJA * I i i 

the external impressed forces and the resistances to acceleration being 
omitted for the same reason as before. Hence, and by similar reasoning, 


Pxx—P\li 4- pA a +pj< s a , ) 

Pvv = Pi m i + P&h* + pm*> | < I ) 

Pzz ^Pi^i + IWf +pjn,;\ ) 

We notice that 

Pocx + Pyy +Pzz=Pl 4" p* 4* fit* ♦ *,....(2) 


Hence the arithmetic mean of the normal pressures on any three mutually 
perpendicular planes through the point P is the same. We shall denote 
this mean pressure by p*. 

Again, resolving parallel to y, we obtain the third of the following .sym 
metrical system of equations * 


Jjyz =//]'//* in x irpjFrWt 

Pzx—Pi^ik 4 -ptfkk 4* ptfhk, 

Pxy = Pik^h + pPm 2 + pA'IUx. 




These shew that 

Pyz Pzy , Pzx Pxz , pxy ^ Pyx , 

as was proved independently in Art. 811. 

If >n the same figure we suppese PA, PB, l‘U to bo draw,, mrallel to 
at y, a respectively, whilst ABO IS any plane drawn near P, whose direction- 
e«ues are l, m , n we Snd .. the same wa, that the components (,, h „ | 
of the stress exerted across this plane are 7 7 ' ‘ ht ’ 

Phx = Ip XX + mpxy + np xz , 1 

Phy = lp yx + mp yy + np yz , i 

Phz = Ipzx + mp zy + np u j 

is a function of the density and temperature ohwtif*’ th ° f * K&H ’ tlw 

•ad Mto, » J to, «Td“ “ n , 4 '“r 

expansion at the point (x, y, z) See Art UUnfia h “depends also on the rate of 
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314 Now p u p,, p* differ from -p by quantities depending on the 
motion of distortion, which must therefore he functions .of a , b e, only 
The simplest hypothesis we can frame on this point is that these functions 

are linear We write therefore 

Pl = -p + X ( a ' + V + o') + ipa, 
p„ = -p + X (a' + V + o') + 2 pV, 
p 3 = — p + X ( o ! + b + c') 4- 2pc , 

where X, p are constants depending on the nature of the fluid, and on its 
physical state, this being the most general assumption consistent with the 
above suppositions, and with symmetry Substituting these values of 
m (1) and (3) of Art 313, and making use of the results of Art. 312, we find 

p m = -P + x 0 + b 4- c) + 2 pa, ■ 

Pyy = -V + X O + b + C) + ^ 

p zz =.-2) + \(a, + b + c) + 2pc, 

p yi =2pf, Pzx = Pw = ■ •• 

The definition of p adopted in Art 313 implies the relation 

3X + 2a = 0, W 


( 2 ) 


....(3) 


whence, finally, introducing the values of a, b, c,f g, h from Art 30 





fdu 

dv 

du>\ 

+ 

2 fi 

du 

Pxx — 

-p- 

- i 


+ by 

+ Tz) 

die’ 




fdu 

dv 

dw\ 

14- 

2 fi 

dv 

Pyy" 

-p- 

-Ip 


+ fy 

+ a?J 

by’ 




fdu 

dv 

dw\ 

Id- 

2 fi 

dw 

11 

-p- 

-V 

V9^ 

+ dy 

+ Tz j 

dz ’ 


( 3 ) 




few 

dv\ 

s 

Vyz = 

P 

(a y 

+ ai) 

II 



(du 


— fpxz ) | 

Pzx = 

P 

\dz 

+ dx) 



fdv 

du\ 

II 

8 

= 

■fi 

\dx 

+ dy) 


The constant p is called the ‘coefficient of viscosity ’ Its physical meaning 
may be illustrated by reference to the case of a fluid m what is called 
‘laminar’ motion (Art. 30) , i e the fluid moves m a system of parallel planes, 
the velocity being in dnection everywhere the same, and in magnitude 
proportional to the distance from some fixed plane of the system. Each 
stratum of fluid will then exert on the one next to it a tangential traction, 
opposing the relative motion, whose amount per unit area is p times the 
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variation of velocity per unit distance perpendicular to the planes. In 
symbols, if u — ay, v—0, w = 0, we have 

Pxx=Pyy=Pzz~—p, p yz =0, p zx — 0, p xy — pa. 

If [M\, [£], [I 7 ] denote the units of mass, length, and time, the dimensions 
of the p s are [ML 1 2 I *], and those of the rates of distortion (a, b, c, ...) are 
[I 1-1 ], so that the dimensions of p are [JUL -1 ! 7-1 ] 

The stresses in different fluids, under similar circumstances of motion, will 
he proportional to the corresponding values of p ; but if we wish to compare 
their effects m modifying the existing motion we have to take account of 
the ratio of these stresses to the inertia of the fluid From this point of 
view, the determining quantity is the ratio p/p , it is therefore usual to 
denote this by a special symbol v, called by Maxwell the ‘kinematic coefficient’ 
of viscosity The dimensions of v are [DT- 1 ]*. 

It will be noticed that the hypothesis made above that the stresses 
Pxx, Pxy, ... are hnear functions of the rates of strain a, b, c, ... is of a purely 
tentative character, and that although there is considerable a priori proba- 
bility that it will represent the facts accurately in the case of infinitely small 
motions, we have so far no assurance that it will hold generally. It has 
however been pointed out by Prof. Osborne Beynoldsf that the equations 
based on this hypothesis have been put to a very severe test in the experi- 
ments of Poiseuille and others, to be leferred to presently (Art 319). 
Considering the very wide range of values of the rates of distortion over 
which these experiments extend, we can hardly hesitate to accept the 
equations m question as a complete statement of the laws of viscosity. In 
the case of gases we have additional grounds for this assumption in the 
investigations of the kinetic theory by Maxwell*. 

. The P ractlcal determination of p (or v) is a matter of some difficulty Without entering 
into the details of experimental methods, we quote a few of the best-established results. 
The calculations of von Helmholtz §, based on Poisemlle’s observations, give for water 

0178 

11 1+ 03375+00022102’ 

m c G.s units, where 6 is the temperature Centigrade The viscosity, as m the case of all 
iquids as yet investigated, diminishes rapidly as the temperature rises , thus at 17° C the 
value is p v = 0109 

. * oom P resslble fluids there may, on a certain view, be a second coefficient of viscosity, 

involved in the expression for the mean pressure p as depending on the physical state, and the 
rate of expansion See Arts 313, 341. 

t “On the Theory of Lubrication, &a Phil Trans , t. clxxvii p 157 (1886) [Sc Papeis, 
t u p. 228] y 

t “ On the Dynamical Theory of Gases,” PM. Turns , t elvii p 49 (1866) [Sc. Papen, t u. 
P 2t >] 

. § ^ el)er &eibung tropfbarer Flussigkeiten, , ’ Wien Sitzungsler , t xl. p 607 (1860) [Ges Abh„ 
1. 1 p 172]. 
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Coefficient of Viscosity 


Tor mercury Koch* found 

fi 0 = 0169V, and p 10 = 01633, 

respectively 

In gases, the value of „ is found to be sensibly mdependent of thepressur^v^nvery 
wide limits, but to increase somewhat with rise of temperature Maxwell found as the 
result of his experiments on vibrating disks! , 

F = 0001878(1+ 00366 6), 

this makes proportional to the absolute temperature as 

Subsequent observers have found a somewhat smaller value for the first factor and a les 
rapid increase with temperature We may take perhaps as a fairly approximate value 

^0= 000170 

for the temperature 0° C For air at atmospheric pressure, assuming p - 00129 this gives 

V 0 = 132 

The value of v vanes inversely as the pressure j 


315 We have still to inquire into the dynamical conditions to be 
satisfied at the boundaries 

At a free surface, or at the surface of contact of two dissimilar fluids, 
the three components of stress across the surface must b be continuous § lie 

resulting conditions can easily he written down with the help of Ait < ( )■ 

A more difficult question arises as to the state of things at the surface 
of contact of a fluid with a solid It appears probable that in all ordinary 
cases there is no motion, relative to the solid, of the fluid immediately m 
contact with it. The contrary supposition would imply an ™ finl ® 7 & ‘ 
resistance to the sliding of one portion of the fluid past another than o 
sliding of the fluid over a solid ||. 

If however wo wish, temporarily, to leave this point open, the most natural 
to make is that the slipping is resisted by a tangential force proportic mal to 
velocity If we consider the motion of a small film of fluid, o thickness infimtidy m^l 

compared with its lateral dimensions, » contact with the solid i » ^tTon ^ 
tangential traction on its inner surface must ultimately balance > ^ ^ e »xe t< id < ^ 
outer surface by the solid The former force may be calculated from A: . • ( > 

latter is in a duection opposite to the relative velocity, and ^ 

constant (ft say) which excesses the ratio of the tangential force to the relative velocity 

may bo called the 4 coefficient of sliding friction 


; or -a othei a—.- M J » 

(1868) £ V. t. ». P 1] S. .1.8 Tomlinson, » Th. ^ 

Phil Tiam t clxxvu p 767 (1886) [Stokes’ Math and Phys Papas, t v p 180]. 

* A* very' full account of the results obtained by various experimenters is given in Wmkel- 

mann’s Handbuch der Physik, t. i , Art ‘ Eeibung ’ Account 

§ This statement requires an obvious modification when capi an y 


Cf Art. 332 

|| Stokes, l c post p 539. 
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316. The equations of motion of a viscous fluid are obtained by com 
sidermg, as in Art. C, a rectangular clement BxBi/Bz having its centre at l\ 
Taking, for instance, the resolution parallel to x, the difference of t hu normal 
tractions on the two y^-faces gives (dp xx /dx)Bx Bt/Bz< Tin* tangential 
tractions on the two ^-faccs contribute (dp^/dif) By BzBu\ and the two 
^y-faces give in like manner (dp 2 Jdz) Bz . hvBip lionet*, with our msual 
notation, 


Du 
P J H 


= P X + 


dp%% 

dx 


JPvx 

% 


+ 


<>Pa . 

3 * ’ 


Dv 

p Dt 


Dw 

p 7)i 


Y + dpxil t>Pyn , (Ip*,, 1 
^ dx dy dz 1 

n Z a- -P** 4- a. fy*** 
p/j + dx + >/ + ‘f )z- 1 


i i ) 


Substituting the values of p xt} p m „... from Art. 1)14 (f>), ((}), wo find 


Dii xr dp . dO 
p m =px ~dx + ^dx +IJlV "• \ 


Dv 


dp 


de 


-JA - pY ~lj-^^^ 

Dw r . dp . d6 _ 
P DJ =pZ -dz + lp dz +P ' V * W ’ 




where e = du + dv + dw 

cte o y + dz' 

and V s has its usual meaning. 

When the fluid is incompressible, these reduce to 


<«) 


Du 
9 1)1 


P 

P 


Dv 

Dt 

Dw 

~Di 


= p x - d £+ pX% ' 
= P Y ~ d d y+ P V \ ' 
= pZ — ^ + pX* W. , 


(4) 


These dynamical equations were first obtained by Navier* and Poisson + 
on vauous considerations as to the mutual action of the ultimate molecules 
of fluids. The method above adopted, which is free from all hypothesis 


p. 3 s!)''( 1822 ) 0lre SUI leS L ° 1S dU MoUvement des Guides Mtfm. it l’ Arad, dee Heieneet, t. vi. 

+ “MWre Bur lea ^nations gdn&ales de l-fiquilibw et du Monvement dos Con, a solides 
dlastiques et des Fluides,’ Journ . de VKcole Polytechn , t. xm, p. 1 ( 1829 ) 
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of this kind, appears to be due m principle to de Saint- Venant * and 
Stokes f 

The first of them, for 


The equations (4) admit of an interesting interpretation 
-example, may be written 

Du 
Di z 


X - - + 

p ox 


(5) 


The first two terms on the right hand express the rate of variation of u m consequence of 
the external forces and of the instantaneous distnbution of pressure, and have the same 
forms as m the case of a fnctionlcss liquid The remaining tom w\ due to viscosity 
gives an additional vanation following the same law as that of temperature in Thermal 
Conduction, or of density in the theory of Diffusion This variation is m fact proportional 
to the (positive or negative) excess of the mean value of u thiough a small sphere of given 
radius surrounding the point <*, y, .) over its value at that point} In connection with 
this analogy it is interesting to note that the value of r for water is of the same order of 
magnitude as that ( 01249) found by Dr Everett for the thermometric conductivity of the 

Greenwich gravel 

When the forces X, 7, Z have a potential Q, the equations (4) may bo written 


3/, 

f 4- 2 iorj = — 


wheie 


3 u 
3 1 

|-2^ + 2^=-gJ+-vV v 

y = — 

p ' 


•• ( 6 ) 


CD 


q denoting the resultant velocity, and £, ,, f the components of the angular velocity of the 
fluid. If we eliminate x' ty cross-differentiation, we find 


5H5 + 'v + ‘S + " , » 


(8) 


Dr) . 3y , J&v . « 

W-^'+n^+t^+wK. 

Dt ^dv + 1 di/^ i dz 

The first three terms on the light hand of each of these equations express, as in Art 146, 
the rates at which {, ,, f vary for a given particle, when the vortex-lmos tuovc ^ 1 ‘ ® 

fluid, and the stiengtlm of the vortices remain constant. The additional variation of those 
quantities, due to viscosity, is given by the last terms, and follows the law of conduction of 
heat It is evident from this analogy that vortex-motion cannot originate m the intorioi 
of a viscous liquid, but must bo diffused inwards from the boundary 


* Comptes Bendas , t xvu. p 1240 (1848). „ „ _ m 

+ “ On the Theories of the Internal Friction of Fluids in Motion, Ac., Oamb. Tram , t. vm 

t) 287 (1845) [Math and Phys. Papers, t l p 75] 

P 1 Maxwell, “ On the Mathematical Classification of Physical Quantities, P>oc. iond Math • 
Soc , t m. p 224 (1871) [Sc Papers, tup 257], Elect) icity and Magnetism, Art 6. 
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317. To compute the rate of dissipation of energy, due to viscosity, 
wo consider first the portion of fluid which at time t occupies a rectangular 
element SxSt/Sz having its centre at (a\ ?/, z)> Calculating tin* rates at 
which work is being done by the tractions on the pairs of opposite* fares, we 
obtain 


{ 0 $ d } 

da .(Px* u + 'PxyV +Px/><’) + d y(p„xU + V mi v + p llz w) (/)«)/+ /),,,» f /)„«')' 

(O 

The terms 


dpxx , dpyx , dpzi 
. dx dy dz 


(>Px* , <tp»! 
, dx dy 


express, by Art. JUG (X), the rate at which the tractions on the faces are 
(lomg work on the element as a whole, in increasing its kinetic energy ami 
m compensating the work done against the extraneous forces A’, V, Z. ' The 
remaining terms express the rate at which work is being done in (‘hanging 
the volume and shape of the element. They may be written 

(p xx a +p vv b + p zl c + 2p ux f + 2 p xx g + 2p xy k) SxSySz (Jt) 

where a, b, c,f, g, h have the same meanings as in Arts. .‘SO, JS 1 4. Substitut ing 
from Art 314 (2), (3), wo get 

— p(a + b + o) SxSi/dz 

+ (- fo O + b + c) J + 2p (a a 4- b- + c 3 + 2/ a + 2 g 3 ■+ 2k 1 )} SxSySs. . . ,(4) 

It will ho sufficient for the present to consider the ease where there in 
no variation of density, so that 

u + £> + c = 0. (fl) 

The expression '(4) then reduces to 

V (a 2 + lr + c a + 2/ a + 2f + 2h?) SxSyBz <« > 

which accordingly represents tho rate at which mechanical energy is dis- 
appearing. On tho principles established by Joule, the energy thus 
apparently lost takes tho form of heat, developed in the element. 

If we integrate over the whole volume of the liquid, we find, for the 
total rate of dissipation, 


2-f 7 = jSjQ?dtcdydz, 


...( 7 ) 
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where 


Dissipation of Energy 




- 4 (* 


+ 2 


?>y 


+ 2 


,'dw V 

Xte) 


+ 


/dw 

dvV 

idu dwV 

/dv 

du\-\ 

u 

+ W + 

\dz + dcc) + 

V9# 

+ 0 t/)} 


541 


.( 8 )* 


If wo subtract from thin the expression 

*0 


"bn 0y 


0?A 2 
00/ ’ 


which m zero on the present hypothesis, we obtain 

)u dw' 
dz dv 


1 (ViV & 

*A 2 , f^u dw\* / 

/dv _ 

0W\ 2 | 

ipa a {[ — ~ 

l VV' < 

J + U"3rJ +l 

\dx 



'0v dw dv dw . 0w bn 


\0y 00 


00 0 ?/ 00 0 & 


0W 0^ 0W 0V ^ 0U 0v\ / q \ 

00 / 00 bvby by dx) 


If we integrate thin over a region such that % v, w vanish at every point of the 
boundary, iw m the ease of a liquid filling a closed vessel, on the hypothesis of no slipping, 
the twins due to the second line vanish (after a partial integration), and we obtain 

2^ T »JJj0^ , %^0 = 4 /xJ|J (^ 2 + 7? 2 + i' 2 ) dxdydz . .. . (10)t 

In the general case, when no limitation is made as to the boundary conditions, the 


l , m, % 
u . , v, w 
i, n, £ 


dS, 


(ii) 


formula (it) leads to 

•!/* I j f (.e+^+^dzdydz-p. J J-jj-dS+ip. JJJ 

where in the former of tho two surface-integrals, Sn denotes an element of the normal, and, 
in the’ latter, /, n are tho direction-oosmes of the normal, drawn inwards m each case 
from the mirfaco-oloment 5$. 

When the motion considered is irrotational, this formula reduces to 

fLi 2 


2 F: 


‘If 


dn 


dS, 


( 12 ) 


simply. In the particular ease of a spherical boundary this expression follows independ- 
ently from Art, 44 (5). 

It appear from (8) that t 1 cannot vanish unless 

0, and /= f/=A=0, 

at every noint of the fluid. It follows, on reference to Art 30, that the only condition 
under Jhlh a liquid can bo m motion without dissipation of energy by viscosity is that 
S ; i Sic any extons.on or contraction of linear elements, in other words 

vtm of a rigid body. 

* Blokes, “ On the Effect of the Internal Faction of Fluids on the Motion of Pendulums,” 
(Jamb. Tram., t. is p IB] (1851) [Sc. 1 apers, t >“ P ^ ^ Hydrodynamik,” Math Ann , 

, 1 TXH I——** «*> y*-* ■ 

t. ix. (1BH0). 
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i 


Problems of ft Heady Motion. J 

318. The first application which wo shall consider is to tin* Meaidy I 

motion of liquid, under pressure, between two fixed parallel planes. 5 

I 

Let the origin be taken half-way between the planes, and the axis of ** 
perpendicular to them. We assume, in the first instance, that n is a 
function of z only, and that v, w *» 0. Since the traction parallel to .r on any ? 

plane perpendicular to y is equal to pdti/dz, the difference of the tract hum 
on the two faces of a stratum of unit area and thickness Sz gives a resultant 
pd^it/dz * . Sz. This must he balanced by the normal pressures, which give 11 
resultant — dpjdx per unit volume of the stratum. Hence 


dHt, dp 


r I ) 


Also, since there is no motion parallel to //, dp/dz must vanish. Then* results 
might of course have been obtained immediately from the geneml equations 
of Art. 310. 


It follows that the pressure-gradient dp/dr is an absolute eonsfnnt. 
Hence (1) gives 

11 « A 4 Hz 4- } z % ^ , , 1 2) 

duo ‘ 

and determining the constants so as to make a«() for z^±h % we find 


l 


Hence 


2p 

rh 

udz 
J -A 


(A 3 — Z") 


•n d l> 


d# 


.<«) 


i l/x, dp 
'2 IP'Oji' 


•(4) 


When, as in Prof. Hole Shaw’s experiments* a liquid flows in tvvodiim-nsii.il. l.-fween 
close parallel plates, wo may wnto 


il 2 « Hi) 7fiv dp 

<r,) 

provided wo neglect the rates of variation of it, v with respect, to ,, in oompurh<m with 
their rates of variation with respect to Also, assuming that «>- 0 everywhere, wo have 
dp/ds={), i.o. p is a function of x and y only. The conditions of no slipping at, the plane . 
±k are satisfied if wo write 


% -■ 




Jtl) 


The quantities n\ v? here denote the mean velocities along a line parallel to A md am- 
assumed to bo functions of y only. Substituting in (5) wo find 


dp %fx 

cb*** h 8 


u\ 


dp m 


ty h * 


...All 


lleferrcd to in the footnote on p. 80 . 
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Hence V may be regarded as the components of an irrotational motion of a liquid m 
two dimensions, in which the velocity-potential is 


A 2 

p ' 


( 8 ) 


The kinematical conditions, when the liquid is forced by pressure past an obstacle 
havin'' the form of a lamina of thickness 2A placed between the plates, are accordingly 
identical, for the most part, with those relating to the two-dimensional flow of a friction- 
less fluid past a cylinder whose section has the shape of the lamina. The statement is 
made with a slight qualification, since the equations (5) must cease to hold at distance 
from the obstacle comparable with h, owing to the fact that the viscous liquid cannot g i e 
past the surface of the obstacle, as a perfect fluid would do But the configurations of the 
stream-lines in the two problems can be made as nearly the same as we choose by taking 
the plates sufficiently close together* 

319 The investigation of the steady flow of a liquid through a straight, 
pipe of uniform circular section is equally simple, and physically more 

important. 

If we take the axis of £ coincident with the axis of the tube, and assume 
that the velocity is everywhere parallel to *, and a function of the istance 
(r) from this axis, the tangential stress across a plane perpendicular to r will 
he pdw/dr Hence, considering a cylindrical shell of fluid, whose bounding 
radii are r and r + Br, and whose length is l, the difference of the tangential 
tractions on the two curved surfaces gives a retarding force 

0 

dr ' 




On account of the steady character of the motion, this must be balanced by 
the normal pressures on the ends of the shell. Since dw/dz - 0, the difference 
of these normal pressures is equal to 

(p l -p-i)^rrrBr, 

where Pl , p, are the values of p (the mean pressure) at the two ends. Hence 


9 ( dw 

dr \ dr 


pl 


. r. 


•CO 


A«ain, if we resolve along the radius the forces acting on a rectangular 
element, we find 0p/0r = 0, so that the mean prcssuie is uniform over each 
section of the pipe 

The equation (1) might have been obtained from Art. 316 (4) by direct, 
transformation of Coordinates, putting 

r = (xr + y'^f 

* Stokes, “Mathematical Proof of the Identity of the Stream-Lines obtainea by means of a 
Viscous Film with those of a Perfect Fluid moving in Two Dimensions, Ent Ass Hep., 1818, 
p 143 [Math, and Phys. Papers , t v. p. 278] 
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The integral of (1) is 

w —%r^ + Alogr + B ( 2 ) 

Since the velocity must he finite at the axis, we must have A = 0; and if we 
determine B on the hypothesis that there is no slipping at the wall of the 
pipe ( r = a, say), we obtain 


W = \f (a2 " r2 > (3) 

This gives, for the flux across any section, 

/"” (4) 

It has been assumed, for shortness, that the flow takes place under 
pressure only. If we have an extraneous force X acting parallel to the 
length of the pipe, the flux will be 

{ l + pX ) ( 5 ) 

In practice, X is the component of gravity in the direction of the length 

The formula (4) contains exactly the laws found experimentally by 
Poiseuille* in his researches on the flow of water through capillary tubes , 
viz that the time of efflux of a given volume of water is directly as the 
length of the tube, inversely as the difference of pressure at the two ends, 
and inversely as the fourth power of the diameter. 


This last result is of great importance as furnishing a conclusive proof that there is in 
these experiments no appreciable slipping of the fluid m contact with the wall If we were 
to assume a slipping-coefficient 0, as explained m Art 315, the surface-condition would be 

dw 


or 


if X==/x//3 


w— 



This determines B , m (2), so that 


. .( 6 ) 


w= ^r ( “ 2_r2+2Xa ) (7) 

If A/a be small, this gives sensibly the same law ot velocity as m a tube of radius a+ A, on 
the hypothesis of no slipping The corresponding value of the flux is 


?ra 4 pi-po 
8 fi l ‘ 



. ( 8 ) 


If A were more than a very minute fraction of a in the narrowest tubes employed by 
Poiseuille [a= 0015 cm] a deviation from the law of the fourth power of the diameter, 


* “Kecherches expdrimentales sur le mouvement des liquides dans les tubes de tr&s petits 
diametres, Convptes JRendus , tt xi , xn (1840-1), Mevi des Sav Etrangers, t ix (1846). 
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which was found to hold very exactly, would become apparent This is sufficient to 
exclude the possibility of values of X such as 235 cm , which were inferred by Helmholtz 
and Piotrowski from their experiments on the torsional oscillations of a metal globe tilled 
with water, described in the paper already cited* 

The assumption of no slipping being thus justified, the comparison of the formula (4) 
with experiment gives a very direct means of determining the value of the coefficient /* for 

various fluids 

It is easily found from (3) and (4) that the rate of shear close to the wall 
of the tube is equal to 4>wja, where w 0 is the mean velocity over the cross- 
section As a numerical example, we may take a case given by Poiseuille, 
where a mean velocity of 126 6 o S was obtained m a tube of '01134 cm. 
diameter. This makes 4 w„/a = 89300, if the unit of time be the second 

320. Some theoretical results for sections other than circular may be 
briefly noticed 

10 The solution for a channel of annular section is readily deduced from equation (2) 
of the preceding Art , with A retained Thus if the boundary-conditions be that w =0 for 
r = a and r=6, we find 

W =^-{ a2 " r2+ loW« l0g «}’ (1) 

giving a flux jV " fog 5/i } " ' (2) 

2» It has been pointed out by Greenhilli that the analytical conditions of the present 
problem are similar to those which determine the motion of a frictionless liquid in a 
rotating prismatic vessel of the same form of section (Art 72) If the axis of » be para lei 
to the length of the pipe, and if we assume that w is a function of x, y only, then m the 
case of steady motion the equations reduce to 

d P=0 ^= 0 ] 

3* ’ 1. (3) 




dp f 

dz’ J 


where y 1 2 =d 2 /dx 2 +d 2 /3y‘ 2 Hence, denoting by P the constant pressure-gradient ( dp/dz), 

we have n 

v,*w — (4) 

with the condition that w=0 at the boundaiy. If wo write ^ O^+y 2 ) for w, and 2o> 

for Pin, we reproduce the conditions of the Art referred to This proves the analogy in 
question 

In the case of an elliptic section of semi-axes a, b , we assume 




* For a fuller disoussion of this point see Whetham, “On the alleged Slipping at the 
Boundary of a Liquid in Motion,” Phil Trans , A. t clxxxi p. 559 (1890) 

+ “ On the Flow of a Viscous Liquid in a Pipe or Channel,” Proc. Land. Math. Soc., t. xin. 

p 43 (1881). 

35 
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which will satisfy (4) provided 
The discharge per second is therefore 


P_ aW_ 

2 [i ' as 2 -)- J 2 


(6) 


ffjj P ira?b % 

I ]"***- •• W* * 

This bears to the discharge through a circular pipe of the same sectional area the ratio 
2 abKat + b*) Tor small values of the eccentricity (e) this fraction differs from unity by a 
quantity of the order e 4 Hence considerable variations may exist m the shape of the 
section without seriously affecting the discharge, provided the sectional area be unaltered 
Even when a 5 = 8 7, the discharge is diminished by less than one per cent 


321 We consider next some simple cases of steady rotatory motion 

The first is that of two-dimensional rotation about the axis of z 9 the 
angular velocity being a function of the distance (V) from this axis 
Writing 

u — — coy, v — cox, (1) 

we find that the rates of extension along and perpendicular to the radius 
vector are zero, whilst the rate of shear m the plane xy is rdoo/dr Hence 
the moment, about the axis, of the tangential forces on a cylindrical surface 
of radius r, is per unit length of the axis, = p rdcojdr 2t rr . r On account of 
the steady motion, the fluid included between two coaxial cylinders is neithei 
gaining nor losing angular momentum, so that the above expression must 
be independent of r This gives 

A _ 

+ £ ( 2 ) 

If the fluid extend to infinity, while the internal boundary is that of a solid 
cylinder of radius a, whose angular velocity is eo 0 , we have 

a 2 

(3) 

The factional couple on the cylinder is therefore 


— 47 Tfia 2 co 0 


....(4) 


If the fluid were bounded externally by a fixed coaxial cylindrical surface 
of radius b we should find 


a 2 b 2 — r 2 
r 2 b 2 — a 2 


*>o, 


which gives a frictional couple 


— 47 TfJb 


a 2 b 2 

*& 2 -a 2 * Wo 


(5) 

(6) f 


* T ^’ CorrespoEdln e restats som « other forms of section, appears to have been 

Warned by Boussmesq. in 1868 , see Hicks, Bi it Ass Rep , 1882, p 63 

+ This problem was first treated, not quite accurately, by Newton, Pi mcipia, Lib n Prop 51 
The above results were given substantially by Stokes, U cc ante pp. 539, 541 ’ ' 
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322 A similar solution, restricted however to the case of infinitely small 
motions, can be obtained for the steady motion of a fluid surrounding a solid 
sphere which is made to rotate uniformly about a diameter. Taking the 
centre as origin, and the axis of rotation as axis of x , we assume 

u = — coy, v = cox, w = 0, (1) 

where w is a function of the radius vector r, only. If we put 

P = far dr (2) 

these equations may be wntten 

d P dP A /oi 

w== _ W=0, . . •• (3) 

dy ox 

and it appears on substitution m Art 316 (4) that, provided we neglect the 
terms of the second order in the velocities, the equations are satisfied by 

p = const , V 2 P = const (4) 

The latter equation may be written 

.(5) 

whence “ = — + B • • • (®) 


+ -dP = cons t or r ^- + 3<w = const., 
dr- r dr dr 


co = ~ + B 


If the fluid extend to infinity and is at rest there, whilst co„ is the 
angular velocity of the rotating sphere (r = a), we have 

(7) 


a' 

W =V®0- 


If the external boundary be a fixed concentric sphere of tadius h the 
solution is 

a? 6 1 — r 8 ( Q\ 

w 0 to; 


GO — • 


b°- 


The retarding couple on the sphere may be calculated directly by means 
of the formulae of Art 314, or, perhaps more simply, by means of the Dissi- 
pation Function of Art 317 We find without difficulty that the rate of 
dissipation of energy is 

yff f(P- + f) (J) dxdydz = P (—') dr = 8-rry g™, co* (9) 

If N denote the couple which must be applied to the sphere to maintain 
the rotation, this expression must be equivalent to Nco„, whence 


„ 0 a'b s 

A = 8^ gi— 

or, m the case corresponding to (7), where i) = oo , 

N 5 = 87 T/ia?a.i 0 

* Kirchhoff, Mechanik , c. xxvi 


.. . ( 10 ) 

...(ii)* 

35—2 
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The neglect of the terms of the second order in this problem involves a 
more serious limitation of its practical value than might be expected It is 
not difficult to ascertain that the assumption virtually made is that the ratio 
eo 0 a 2 ]v is small If we put v- 018 (water), and a = 10, we find that the 
equatorial velocity co 0 a must be small compared with 0018 (c s.)* 

When the terms of the second order are sensible, no steady motion of the above kind is 
possible The sphere then acts like a centrifugal fan, the motion at a distance from the 
sphere consisting of a flow outwards from the equator and inwards towards the poles, 
superposed on a motion of rotation t 

It appears from Art 316 that the equations of motion may be written 

^-2K+2w>)=jr-|| + j'V 2 w, . , (12) 

where y'=-+;|# 2 * * ... ...(13) 

P 

Hence a steady motion which satisfies the conditions of any given problem, when the 
terms of the second order are neglected, will hold when these are retained, provided we 
introduce the constraining forces 

Z==2 (wr) — v£), ^=2 (vg-urj) . . .(14)J 

The only change is that the pressure p is diminished by \p<f These forces are everywhere 
perpendicular to the stream-lines and to the vortex-lmes, and their intensity is given by 
the product 2#co sm where o> is the angular velocity of the fluid element, and x 1S the 
angle between the direction of the velocity q and the axis of the rotation co 

In the problem investigated in this Art. it is evident ct prion that the constraining 
forces 

X——a ) 2 ^, Y= — (o 2 y, Z— 0 ... . (15) 

would make the solution rigorous It may easily be verified that these expressions differ 
from (14) by terms of the forms -00/9#, -9a/9y, -9 Qjdz> respectively, which will only 
modify the pressure 


323. The motion of a viscous incompressible fluid, when the effects of 
inertia are insensible, can be treated in a very general manner, in terms of 
spherical harmonic functions 


It will be convenient, m the first place, to investigate the general solution 
of the following system of equations 

W = 0, W = 0, W = 0, 


du' dv 3-m/_ * 
dx + dy dz ~~ 


.(i) 

.( 2 ) 


The functions u\ v', w' may be expanded in series of solid harmonics, and 


* Cf. Lord Rayleigh, “On the Mow of Yiscous Liquids, especially m two Dimensions,” Phil 
Mag. (4), t. xxxvi p 354 (1893) [Sc. Papers, t. iv. p 78] 
f Stokes, l.c ante p. 539. 


t Lord Rayleigh, l c 
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it is plain that the terms of algebraical degree n in these expansions, say 
Un, Vn, <, must separately satisfy (2) The equations (1) may therefore 
be put m the forms 

3_ _ 9 <\ = <9 /<W _ 

dy V dx dy ) 3 z\dz dx / 5 

3 /3 Wn 3 Vn \ _ _3_ / dVn __ du n ' \ 

dz \ 3 y dz ) dx \ dx dy ) ’ 

3 fd tin dw n '\ 3_ fdiUn 3^ft \ 

3^ V”3F ” ~dx / 3 \ 3# 3* / 1 

Hence 

3^' 3v n ' __ 3%u 3w / __ gW __ /^\ 

"dy ~~~dz"- dx 1 3s dx dy 9 3a? 3y dz 9 

where % n is some function of x, y, z , and it further appears from these 
relations that V 2 ^ n = 0 ? so that is a solid hamiomc of degree n. 



From (4) we also obtain 

‘t- y J V + * s :+ -< 5 > 

with two similar equations Now it follows from (1) and (2) that 

V 2 (ccu n ' + yv n ' + zw n ’) = 0, (6) 

so that we may write 

XU n ' + IJVn + ZW n ' = <£n+i> 0) 

where 4> u -h is a solid harmonic of degree n + 1 Hence (5) may be written 

TO 

The factor n+ 1 may be dropped without loss of generality, and we obtain 
as the solution of the proposed system of equations . 


u' = 2 
v’ =2 


3$ 


w 


+ Jj(a- v hA 

+ z dy y dz)’ 


dfn , „ d X±_dXn\ 
dy +X dz Z dx)' 

d& 


dx dy I 
where the harmonics <p n , %n are arbitiary*. 


W +y 


(fl) 


* Ci Borchardt, “ TJntersuchungen uber die Elasticitat fester Korper unter Berucksichtigung 
der Warme,” BerL Monatsber Jan 9, 1873 [ Gesammelte Wei he, Berlin, 1888, p 245]. The m 
yestigation in the text is from a paper “ On the Oscillations of a Viscous Spheroid,” JProc Bond, 
Math Soc , t xm p 51 (1881) 
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324 ^ If we neglect the mertia-terms, the equations of motion of a 
viscous liquid reduce, in the absence of extraneous forces, to the forms 




fx,V 2 v ~ 


with 


dp 

dy' 

dw 


yV 2 w = 


dp 

dz’ 


d_u dv_ 
dx dy + dz ~ 


By differentiation we obtain 

V*p = 0, 

so that p can be expanded in a series of solid harmonics, thus 

V ~ 2 pn • 

The terms of the solution which involve harmonics of different algebraical 
degrees will be independent. To obtain the terms we assume 


( 1 ) 

( 2 ) 

.(3) 

.(4) 


u = Ar 2 ^2 + p r m+a A Eh 

dx doc r m+l 3 

V = Ar 2 Br- n+3 ~ -V±. 

dy dy r mJrl 3 

w = Ar 2 ^ + J3r 2n+a — , 

dz dzr 2n+1 ’ 1 


( 5 ) 


where r 2 - a? + y 2 + z 2 . The terms multiplied by B are solid harmonics of 
degree n + 1, by Arts. 81, 83. Now 

Hence the equations (1) are satisfied, provided 

1 


A=; 


2 (2 n + 1 ) fji 

Also, substituting m (2), we find 

2 nA - (n + 1) (2 n + 3) I? = 0, 
whence B = 


.( 6 ) 


(n + l)(2a + l)(2n + 3) /t ’ 
Hence the general solution of the system (1) and (2) is 

u 


■(*> 




B l 

l v 

w = -z 

p 


I ra d Pn . nr*>+* a O. : 

i, ,, 

(2 (2 n + 1) dx T (n + 1) (2 n + 1) (2 n + 3) dxr 2n+r 

j-+< 1 

f ,/ d ? n + 9 Pn } 

i 

(2 (2n + 1) dy (n + 1) (2 n + 1) (2 n + 3)9y r m+1 j 

■ + v', > 

L a Pn ] 

1 , / 

(2(271+1) dz (n + 1) (2n + 1) (2n + 3) dzr* n+1 

\ + w >) 


( 8 ) 


where u\ v\ w' have the forms given m (9) of the preceding Art * 

a t TH + 13 “ yestl f*“ n 18 demed ’ Wlth some modifications, from various sources Cf. Thomson 
and Tait, Nairn al Philosophy, Art 736, Bernhardt, l.c , Oberbeck, “Ueber stationare Flussig- 
keitsbewegungen mit Berucksiohtigung der inneren Beibung,” Crelle, t l™ p 62 (1876). 
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The formulae ( 8 ) make 

xu + yt> + ™ Pn + tn^ (9) 

Also, if we denote by £, 17 , £ the components of the angular velocity of 
the fluid (Art 30), we find 




2v = l^ r ^ T -( z d -p- C c d ^) + 2(n + l) d -^, \ . . 

/j, (n + l)\ doc dz J ' d y ' 

2f = - 2 (a ^ - y d p\ + S (n + 1) ■ ^ 
b fi (rt + 1) V dy J docj v 


dz 


• (10) 


These make 


2 (x% + yr) + s£) = Sw (u + 1 ) %»i 


. ...( 11 ) 


325. The results of Arts 323, 324 can he applied to the solution of a 
number of problems where the boundary conditions have relation to spherical 
surfaces. The most interesting cases fall under one or other of two classes , 
viz. we either have 

xu + yv +• zw = 0 , (1) 

everywhere, and therefore p n — 0 , <j> H = 0 , or 

oc% + yr) + z£= 0 , ( 2 ) 

and therefore %» = 0 

1°. Let us investigate the steady motion of a liquid past a fixed sphoncal obstacle. If 
we take the origin at the centre, and the axis of x parallel to the flow, the boundary con- 
ditions are that it=0, v=0, w=0 for r=a (the radius), and u= U, v=0, w=0 for r=cc It 
is obvious that the vortex-lines will bo circles about the axis of x, so that the relation (2) 
will be fulfilled Again, the oquation (9) of Art 324, taken in conjunction with the con- 
dition to be satisfied at infinity, shews that as regards the functions p n and we are 
limited to surface-harmonics of the first ordor, and therefore to the cases n- 1, n= -2 
Also, we must evidently havo y>i=0 Assuming, then, 

fa** (Joe, • • -( 3 ) 


• (4) 


we find 




3 IS 


A 

2 fXT' 

A 


3 B 

w— 0 T X XZ- , xz 
2 /xr i r 6 

The condition of no slipping at tho surface r = a gives 

2 A T7 n A 3 B 

3 na + 1 tya ’ 

or A== -&fjiUa, B=~l(7a 3 
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xu+yv-\-zw— u(^ 1 - $ ~ +i x, 

£=°> 7 = 1 5?U £■ 


Ua i 

r i 

Ua 


% Ua 

t^3 ' 
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... ( 6 ) 

0) 

( 8 ) 


The components of stress across the surface of a sphere of radius r are, by Art 313, 


xv z 

Pr X = -Z> X x+^Pxy+~PxzS 

x y z 
Pry — ~!Pyx J r-Pyy\--Pyz'> u 

XV Z 

Prz=-Pzx+*-Pzy + -Pzz 


. . (9) 


If we substitute the values of p^ p xv , p XZ) .. , from Art 314, we find 

( 0 \ 0 

r^-lju +fi^(xu-t‘yv+zw),\ 

xpyx+ypvy+zpvz^ -yp+n V -\-fi^(xu+yv+zw\ [• . . (10) 

xp2 X J rypzy + zpz2=-zp+(~ (r~ — l\w+ - p^(xu+yv+zw) j 
In the present case we have 

o ixUa 

P=P0+P-2 = P0-$?j r X ( 11 ) 

We thus obtain, for the component tractions on the surface r~a, 

Prx=~~ a P 0 +!^. Pn=~\Pt, Pr*=- Z ~Po ( 12 ) 

If bjS denote an element of the surface, we find 

SSPrxd$= 67 r/i Ua, jjprydS= 0, jjp rz dS=Q . . . ( 13 ) 

The resultant force on the sphere is therefore parallel to x, and equal to 6 jr/*a U. 

The character of the motion may be most concisely expressed by means of the stream- 
function of Art 94 If we put x=r cos 9, the flux (2* m|r) through a circle with Ox as axis, 
whose radius subtends an angle 0 at 0, is given by 

^=-£tr(l-f “+i^)r 2 sm a 0, (14) 

as is evident at once from ( 7 ) 


If we impress on everything a velocity - U in the direction of *, we get the case of a 
sphere moving steadily through a viscous fluid which is at rest at infinity The stream- 
function is then 

•f=|C r ar(l-|^)sm s d . . ..(15)* 


* This problem was first solved by Stokes, in terms of the stream-function, l c. ante p. 541. 
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The following diagram shews the stream-lines const, m this case, for a senes of 
equidistant values of The contrast with the case of a frictionless liquid, delineated on 
P 121, is remarkable, but it must be remembered that the fundamental assumptions are 
very different. In the former case inertia was predominant, and viscosity neglected , m 
the present problem these circumstances are reversed 



If X be the extraneous force acting on the sphere, this must balance the resistance, 
whence 

X~Sirp.aU . .(16) 

It is to be noticed that the formula (15) makes the momentum and the energy of the fluid 
both infinite* The steady motion here investigated could therefore only bo fully estab- 
lished by a constant force X acting on the sphere through an infinite distance 

The whole of this investigation is based on the assumption that the mertia-terms 
uduflx , ... m the fundamental equations (4) of Art. 316 may bo neglected m comparison 
with ... It easily follows from (6) above that Ua must be small compared with v 
This condition can always be realized by making U or a sufficiently small, but m the case 
of mobile fluids like water this restricts us to velocities or dimensions which are, from a 
practical point of view, exceedingly minute Thus even for a sphere of a millimetre radius 


* Lord Bayleigh, Phil Mag. (5), t, xxi p. 374 (footnote) (1886) [Sc. Papas, tup 480] 
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moving through water (v— 018), the velocity must be considerably less than *18 cm 
per sec * 

We may employ the formula (16) to find the c terminal velocity J of a sphere falling 
vertically m a fluid t The force X is then the excess of the gravity of the sphere over 
its buoyancy, viz 

-p)<fig, ■ • • (IV) 

where p denotes the density of the fluid, and pi the mean density of the sphere This gives 

(18) 

i 1 

This will only apply, as already stated, provided Uajv is small For a particle of sand 
descending m water, we may put (roughly) 

Pi=2 p, i/= 018, y=981, 

whence it appears that a must be small compared with 0114 cm. Subject to this condition, 
the terminal velocity is U— 12000 a 2 

For a globule of water falling through the air, we have 

pi= 1, p= 00129, p= 00017 

This gives a terminal velocity 27= 1280000 a 2 , subject to the condition that a is small com- 
pared with 006 cm 


2° The problem of a rotating sphere m an infinite mass of liquid is solved by assuming 




(19) 


dy 9 dz " dx ’ 

where X-2=$> (20) 

the axis of 2 being that of rotation At the surface r=a we must have 

^ = - coy , v=cd%, w— 0, 

if a) be the angular velocity of the sphere This gives A = <oa 3 ; cf. Art 322 


326 The solutions of the corresponding problems for an ellipsoid can 
be obtained m terms of the gravitation -potential of the solid, regarded as 
homogeneous and of unit density. 


The equation of the surface being 


tf 2 y 2 

a^b 2 



the gravitation-potential is given, at external points, by Dmchlet’s formula} 


€l — irabc 




y* 

+x + FTx" 


C 2 + \~ 


dk 
A ’ 


• (1) 


•(2) 


* Ij0r ^ Ka y lei gb, l c ante p 548 For an experimental inquiry into the law of resistance 
and the terminal velocity, when the above condition is violated, see Allen, “The Motion of a 
Sphere m a Viscous Fluid,” Phil Mag (5), t 1 pp 323, 519 (1900) 
f Stokes, l c ante p. 541, 

t Grelle , t xxxn p 80 (1846) [ Werhe , t 11 p 11], see also Kirehhoff, Meehamk, c xvin., 
and Thomson and Tait, Natural Philosophy (2nd ed ), Art. 494 m 
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where 

A={(“ 2 +X)(6 2 +X)(c 2 +X)}* 

(3) 

and the lower limit is the positive root of 



^ y 2 2 2 _ x 

« 2 +X 1 6 2 +X 1 c 2 +X 

(4) 

This makes 

dQ _ _ o£2 _ 

£ =W ’ 0y =2 ^’ Tz^ nY *' ■ 

(5) 

roo 

where a = abc 

i x 

d\ J p° d\ r eft 

(« 2 +X)A’ P- a0o J x (62+X)A’ y ~Jx(c 2 +\) A • 

(6) 

We will also write 

X~“ 6C J, A 5 

(7) 


it has been shewn m Art 113 that this satisfies v 2 x = 0 


If the fluid be streaming past the ellipsoid, regarded as fixed, with the general velocity 
U m the direction of . 0 , we assume* 


4 ^ . r? I 

+B(* 




CX 


x) + F, 


a 4 .Bv dx - 

V ~ A dvd>/ +Ji dy ’ 


A , J) 

w—A -A 

oxdz CZ 


( 8 ) 


These satisfy the equation of continuity, m virtue of the relations 

v 2 &=o, v 2 x=°; 

and they evidently make u= 27, 0 = 0 , w=0 at infinity Again, they make 
V%=2i? - 


/, = 2 7? = 27? . y%> = 22?# — 


dx 2 ’ 




0003 ’ 


so that the equations (1) of Art 324 are satisfied by 

dy 

p = 2J5/x g-* + const 


•(9) 


(10) 


n 


2^ 25 + 2*3* 

L dX dX 


It remains to shew by a proper choice of A, B we can make u, v, w — 0 at the surface (1). 
The conditions 0=0, w = 0 require 

= 0, or 27 t ~ +B"0 . . (11) 

JXsrO tt 2 

With the help of this relation, the condition u = 0 reduces to 

27rAa Q - Bxo+U—0, . ' • *( 12 ) 

where the suffix denotes that the lower limit m the integrals (6) and (1) is to bo replaced 
by zero Hence 


tv A - - i Ba\ 


B* 


U 

Xo + aotf 2 


.(13) 


At a great distance r from the origin we have 


W abc Zabc 

&= — - v = 

r A 


whence it appears, on comparison with the equations (4) of the preceding Art , that the 
disturbance is the same as would be produced by a sphere of radius B, determined by 

? UK=2abcB, or Z2 = | „ . .(14) 

4 8 Xo+ a o° 2 


Oberbeck, l c ante p 550 
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The resistance experienced by the ellipsoid will therefore be 

6 nfj.RU. . . . . (15) 

In the case of a circular disk moving broadside-on, we have a— 0, b = c , whence 
<* 0 = 2 , xo =7rac ? s0 that 

E = c— 85 c. 

o7T 

We must not delay longer over problems which, for reasons already 
given, have hardly any real application except to fluids of extremely great 
viscosity We can therefore only advert to the mathematically very elegant 
investigations which have been given of the steady rotation of an ellipsoid*, 
and of the flow through a channel bounded by a hyperboloid of revolution 
of one sheet f 

Some examples of a different kind, relating to two-dimensional steady 
motions in a circular cylinder, due to sources and sinks in various positions 
on the boundary, have been discussed by Lord Rayleigh J 

327 We may however notice some general theorems, relating to the 
dissipation of energy m the steady motion of a liquid under constant extra- 
neous forces, which have been given by von Helmholtz and Korteweg. They 
involve the assumption that the mertia-tei ms m the dynamical equations 
may all be neglected 

1° Considering the motion m a region bounded by any closed surface 2, let u, v, w be 
the component velocities m the steady motion, and u+u\ v + w+io f the values of the 
same components m any other motion subject only to the condition that u\ v\ w' vanish at 
all points of the boundary 2 By Art 317 (3), the dissipation m the altered motion is 
equal to 

a> ) + ••• + * • (pyz+p'yz) (/+/0 + ••• + ...} dxdydZ) . .( 1 ) 

where the accent attached to any symbol indicates the value which the function in ques- 
tion assumes when u, v, w are replaced by u\ v\ w' Now the formulae (2), (3) of Art 314 
shew that, in the case of an incompressible fluid, 

Pm<* +Pw V +PzzC ' + %>*/ + 2 p^g' + 2p xy h f 

=p'xxct+p r yv & + c + 2p' yz f -f %p' zx g -f 2p' xv h, . . (2) 

each side being a symmetric function of a, b , c, /, g , h and b\ c', g\ h! Hence, and 

by Art 317, tbe expression (1) reduces to 

2 IjJ(pxxa'+p yy b' +p zz c' +2p yz f +%p zx g r + %p xy ti) dxdydz-\-\\\<$ dxdydz 

The second integral may be written 

Jfj( p ^ +A " + ) dxd v dz ’ 

* Edwardes, Quart Journ Math , t. xxvi pp 70, 157 (1892). 

f Sampson, Ic ante p 118 

$ “ On the Flow of Viscous Liquids, especially m Two Dimensions,” Phil Mag (5), t xxxvi. 
p 354 (1893) [Sc Papers, t iv p 78] 
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and by a partial integration, remembering that ?/, v', w' vanish at the boundary, this 
becomes 

~jjj{ u '^ x+d ^ +d ^) + -' + '‘) dxd y dz ’ or Mp( Xu '+ Yv '+ Zv, ') dxd y dz ’ 

by Art 316 If the extraneous forces X, Y , Z have a single-valued potential, this vanishes* 
m virtue of the equation of continuity, by Art 42 (4) 

Under these conditions the dissipation m the altered motion is equal to 

\\\$dxdydz+\\\$>' dxdydz, . . (3) 

or 2 (2^+ F’) That is, it exceeds the dissipation m the steady motion by the essentially 

positive quantity 2 F’ which represents the dissipation in the motion u\ v\ w' 

In other words, provided the mertia-terms may be neglected, the steady motion 
of a liquid under constant forces having a single-valued potential is characterized by 
the property that the dissipation m any region is less than m any other motion consistent 
with the same values of u , v, w at the boundary of this region 

It follows that, with prescribed velocities over the boundary, there is only one type of 
steady motion m the region * 

2° If u , v , w refer to any motion whatever m the given region, we have 

2 F= jjji dxdydz =2 5Ji(p xx a +p yv b +p 2Z c 4- 2 p yz f+ 2p zx g+2p xv /i) dxdy dz , (4) 

since the formula (2) holds when dots take the place of accents 

The treatment of this integral is the same as before If we suppose that u, v, w 
vanish over the bounding surface 2, we find 

*— ///Rlr+^ + % i ) + " + }*** 

= dxdydz A-pjJJ(A r u+ Fv+Zw) dxdydz ... (5) 

The latter integral vanishes when the extraneous forces have a single-valued potential, 
so that 

F~ — p JJJ(t 4 2 + v 2 +^ 2 ) dxdydz (6) 

This is essentially negative, so that F continually diminishes, the process ceasing only 
when ^=0, y=0, w = 0, that is, when the motion has become steady. 

Hence when the velocities over the boundary 2 are maintained constant, the motion m 
the interior will tend to become steady The type of steady motion ultimately attained is 
therefore stable, as well as unique t 

It has been shewn by Lord Bayleigh J that the above theorem can be extended so as to 
apply to any dynamical system devoid of potential energy, in which the kinetic energy ( T ) 
and the dissipation-function ( F ) can be expressed as quadratic functions of the generalized 
velocities, with constant coefficients 

If the extraneous forces have not a single-valued potential, or if instead of given 
velocities we have given tractions over the boundary, the theorems require a slight modi- 

* Helmholtz, “ Zur Theone der stationaren Strome m reibenden Flussigkeiten,” Verh . d. 
naturlnst -med Veiems, Oct 30, 1868 [TUtss Abh , tip 223] 

f Korteweg, “ On a General Theorem of the Stability of the Motion of a Viscous Fluid,”’ 
Phil . Mag . (5), t xvi p 112 (1883) 

X l c ante p 548. 
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The linear magnitude 


27 r 

T 


or {^irv 


27t\^ 


is of great importance m all problems of oscillatory motion which do not 
involve changes of density, as indicating the extent to which the effects of 
viscosity penetrate into the fluid. In the case of air (v = 13) its value is 
1 28P* centimetres, if P be the period of oscillation m seconds For water 
the corresponding value is 47 P% We shall have further illustrations, 
presently, of the fact that the influence of viscosity extends only to a 
short distance from the surface of a body performing small oscillations with 
sufficient frequency 

The retaidmg force on the rigid plane is, per unit area, 


-/* 


du 

L^J 


2/=0 


= {cos (at + e) — sm (at 4- e)} 


= pv^a^a cos (at + e + \ir) ■ ... (9) 

The force has its maxima at intervals of one-eighth of a period before the 
oscillating plane passes through its mean position. 

On the forced oscillation above investigated we may superpose any of the normal modes 
of free motion of which the system is capable If we assume that 

m oc A. cos my +B sm my, .. ( 10 ) 

and substitute m (1), we find _'= • • l 11 -) 

whence we obtain the solution 

(A cos my+B ammy) e~ vm ~ t . (12) 

The admissible values of m, and the ratios A B are as a rule determined by the 
boundary conditions The arbitrary constants which lomain arc then to bo found in 
terms of the initial conditions, by Fourier’s methods 

In the case of a fluid extending from y=- co to ^=+co, all real values of m aro 
admissible The solution, m terms of the initial conditions, can in this case bo immedi- 
ately written down by Fourier’s Theorem (Art 236 (4)) Thus 


-i r oo f 00 

i = ~~ dm l /(X)coHm(y~\)< 
7T J 0 J 


- vmH 


dX, 


if «=/(y) 

be the arbitrary initial distribution of velocity 

The integration with respect to m can be effected by the known formula 


J e 


~/32/4a 


We thus find 


. e”^ KWvt f(X)d\. 

* J -00 


w 

(U) 

(15) 

(16) 


1 

2 (rrvtif * . 

As a particular case, let us suppose that f(y)=± U , where the upper or lower sign is 
to he taken according as y is positive or negative This will represent the case of an 
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initial surface of discontinuity coincident with the plane y~0 After the first instant, the 
velocity at this surface will be zero on both sides We find 


U 


J (y - \) 2 f4ivt ^ 


2 (7Tvfft „ 

By a change of variables, and easy reductions, this can be brought to the form 

«= 2 ^Erf-^- 


where in Glaisher’s (revised) notation t 

Erf j 




dx 


.(17) 


m* 


.(19) 


The function 27r ^ Erf x was tabulated by Encke J It appears that u will equal \T) 
when y/2 4769. For water, this gives, m seconds and centimetres, 

sf =61 8 f 

The corresponding result for air is t—ZZy 2 . 

These results indicate how rapidly a surface of discontinuity m a viscous fluid would be 
obliterated, if indeed it could ever be formed 


The angular velocity (() of the fluid is given by 

°9 (».<)> 


- y z /4ivt 


( 20 ) 


This represents the diffusion of the angular velocity, which is initially confined to a vortex- 
sheet coincident with the plane y— 0, into the fluid on either side 


329 When the fluid does not extend to infinity, but is bounded by a 
fixed rigid plane y — h, then, m determining the motion due to a forced 
oscillation of the plane y = 0, both terms of (3) are required, and the boundary 
conditions give 

A + B = a, Ae (1+l ^ h + Be ~ < 1+ ^ -=0, (21) 


whence 


smh(l +i)/3h 


gi{(rt+e) 


.( 22 ) 


as is easily verified. This gives for the retarding force per unit area on the 
oscillating plane 





= fju (1 + ^) /3a coth (1 -b i) /3h . e %[ctJre) . 


( 23 ) 


The real part of this expression may be reduced to the form 

sinh 2 fill cos (at + e + 4- sm 2/3 h sin (at -f e + ^ 7 r) 




cosh 2 /3h — cos 2/3h 


.(24) 


* Lord Bayleigh, “ On the Stability, or Instability, of certain Fluid Motions,” Proc Lond, 
Math . Soc , t. xi. p. 57 (1880) [Sc. Payers, ti p 474] 

t See Phil Mag (4), t xlu. p 294 (1871), and Encyc Britann 9th ed., Art. “ Tables ” 

% Berl Ast J ahrbuch, 1834. The table has been reprinted by Be Morgan, Encyc. Meti op , 
Art “Probabilities,” and Lord Kelvin, Math, and Phys. Papers , t in. p 434 
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When /3 h is moderately large this is equivalent to (9) above , whilst for 
small values of /3/i it reduces to 


cos (at 4- e), 


(25) 


as might have been foreseen 

This example contains the theory of the modification introduced by Maxwell* into 
Coulomb’s method t of investigating the viscosity of fluids by the rotational oscillation of 
a circular disk m its own (horizontal) plane The addition of fixed parallel disks at a 
short distance above and below greatly increases the effect of viscosity 

The free modes of motion are eximessed by (12), with the conditions that u = 0 for y=0 
and y^h. This gives A =0 and mh^sir, where s is integral The corresponding moduli 
of decay are then given by r = l/i/m 2 


330 As a further example, let us take the case of a horizontal force 

X =/cos {at + e), .... . . ..(1) 

acting uniformly on an infinite mass of water of uniform depth h. 


The equation (1) of Art. 328 is now replaced by 


3 u 
di 



( 2 ) 


If the origin be taken m the bottom, the boundary- conditions are ^ = 0 
for y — 0, and dujdy = 0 for y — h , this latter condition expressing the absence 
of tangential force on the free surface Replacing (3) by 


we find 


u - 


X =/<>*<*+«>, 
if f cosh (1 + 1) 0 (Jfrj) 


cosh(l -f i) fih 


- 1 ' 


>i (crf-fe) 


..(3) 

(4) 


if = (cr/2z/)*, as before 


When fih is large, the expression in { } reduces practically to its first 

term for all points of the fluid whose height above the bottom exceeds a 
moderate multiple of f}~\ Hence, taking the real part, 




u ==- sm (at + e) 
a 


- ( 5 ) 


This shews that uhe bulk of the fluid, with the exception of a stratum at 
the bottom, oscillates exactly like a free particle, the effect of viscosity 
being insensible For points near the bottom the formula (4) becomes 

u=:- l £(l-e-^y)e^ t+i >, ( 6 ) 


t MSm. de VInst , t m. (1800) 


L 


* l c ante p 537. 


36 
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or, on rejecting the imaginary part, 

u = - sin (at + e) — — e~^ v sm (at - /3y + €). .... (7) 

cr cr 

This might have been, obtained directly, as the solution of (2) satisfying the 
conditions that u = 0 for y = 0, and 

f 

w = -.sm (<rt + e) 
cr 

for large values of /3 y 

The curves A, B, C, D, E , F in the accompanying figure represent 
successive forms assumed by the same line of pai tides at intervals of 
one-tenth of a period To complete the series it would be necessary to add 
the images of 1 E, D, C, B with respect to the vertical through 0 The whole 
system of curves may be regarded as successive aspects of a properly shaped 
spiral revolving uniformly about a vertical axis through 0 The vertical range 
of the diagram is one wave-length (2 tt/^S) of the laminar disturbance 



As a numerical illustration we note that if v = 0178, and % r/cr = 12 hours, 
we find /3 -1 = 15 6 centimetres This indicates how utterly insensible must 
be the direct action of viscosity on oceanic tides There can be little 
doubt that such dissipation of energy by f tidal friction 5 as at present takes 
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or 

<Ja 2vi fc=a 

(to 

at 


whence* 

a — a a e * “' w 

(10) 


The modulus of decay, t, is therefore given by t = 1 /2i'/r\ or, in terms 
of the wave-length (X), 


In the case of water, thin gives 

r = ‘7 12V seconds, 

if X he expressed in centimetres. It follows that capillary waves are very 
rapidly extinguished by viscosity, whilst for a wave-length of one metre r 
would be about 2 hours. 

The above method rests on the assumption that or is moderately large, 
where «r(=/rc) denotes tho ‘speed.’ In mobile fluids such as water this 
condition is fulfilled for all but excessively minute wave-lengths. 

Tho method fails for another reason when the depth is less than (say) 
half the wave-length. Owing to the practically inlimte resistance to slipping 
at the bottom, the dissipation can no longer be, calculated as il the motion 
were lrrotational. 


332. The direct, calculation of tlm effect of viscosity on water waves ean 
be conducted as follows. 

If the axis of y he drawn vertically upwards, and if we assume that the 
motion is confined to tho two dimensions ,r, //, we have 






These arc satisfied by 

„__?* + ?+ 13, 

<)jt di/ dtj dm 

and (4) 

provided V, a <jb = 0, ( ^ = vV^ (,•"»> 


when' 



+ 


0 3 

3 f 


* H tokos, lx. ante p. 541. (Through an oversight in the calculation tho value obtained for r 
was too small by one-hali) 
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To determine the ‘normal modes’ which are periodic in respect of x 
with a prescribed wave-length 2-Tr/k, we assume a time-factoi e at and a 
space-factor e ,kx . The solutions of (5) are then 

< j, = (Ae^ + Be- k y)e lb+at , f = (Ce m ' + I)e- m ’i)e llx+at , ( 6 ) 

with m 2 = lc- + ~. • (J) 

The boundary-conditions will supply equations which arc sufficient to deter- 
mine the nature of the various modes, and the corresponding values of a 

In the case of infinite depth one of these conditions takes the form that 
the motion must be finite for y = - oo . Excluding for the present the cases 
where to is pure-imaginary, this requires that B = 0, D = 0, provided m denote 
that root of (7) which has its real part positive Hence 

u=z-(ilcAe ]a - / + mCe m y)e' lkx+at , v = - (kAe hy -%kOe my ) e ,kx+at . . (8) 

If ri denote the elevation at the free surface, we must have dr t jdt = v If 
the origin of y be taken m the undisturbed level, this gives 

r, = - l -{A-iG)e^ t ( 9 ) 


If denote the surface-tension, the sti ess-conditions at the surface arc 
evidently 

i^ = 0, (10) 

to the first order, since the inclination of the surface to the horizontal is 
assumed to he infinitely small. 

dv . (dv , 3 u\ 


dy 9 Pxy ^ fJ '\dx + dy. 


Now Pyt /=— p + 2/x 

whence, hy (4) and (C) we find, at the surface, 


= _ 1 {( a a + 2 pjPct + glc + TV) A - i (glc + TV + 2vhma) 0}, . . .(12) 
a 


- {2 ivl*A + (a-h 2 vW) G} } . ..(13) 

P 

where T = TJp, the common factor e lkx+at being understood 

Substituting m (10), and eliminating the ratio A O, wc obtain 

(a 4- 2 j//c 2 ) 2 + glc + T'1c ] = 4 v% % m (14) 

If we eliminate m by means of (7), we get a biquadratic m a, but only those 
roots are admissible which give a positive value to the real part of the left- 
hand member of (14), and so make the real part of m positive. 
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If we write, for shortness, 
gJc + T'k s — cr-, 


vl f 
cr 


= e, 


a + 2 vk 2 = xcr ) ... . (15) 


the biquadratic in question takes the form 

(a? + iy = l66*(ai~-e) (1G) 


It is not difficult to shew that this has always two roots (both complex) 
which violate the restuction just stated, and two admissible roots which may 
be real or complex according to the magnitude of the ratio 6 If X be the 
wave-length, and c(=<x/&) the wave-velocity m the absence of friction, we 
have 


g __ 2tTV 

c cA* 


(17) 


Now, for water, if c m denote the minimum wave-velocity of Art. 264, 
we find 27 rvjc m — 0048 cm, so that except for very minute wave-lengths 9 
is a small number. Neglecting the square of 6, we have x = ± and 


a = — 2vk 2 ± %a. 

The condition p xy = 0 shews that 

0 _ 2 ivk 2 _ _ 2vkr 
A a + 2 vk 2 + cr 9 

which is, under the same circumstances, very small 
approximately irrotational, with a velocity-potential 

<f> = A ky+i(Jcx±crf) 


• • .. (18) 

( 19 ) 

Hence the motion is 

( 20 ) 


If we put <x = + kA/cr, the equation (9) of the free surface becomes, 
approximately, on taking the real part, 


7} = ae~ 2vm sm (kx ± at) (21) 

The wave-velocity is or ( gjk + T'k )*, as m Art. 264, and the law of 
decay is that investigated independently m the last Art * 


To examine more closely the character of the motion, as affected by viscosity, we may 
calculate the angular velocity (©) at any point of the fluid. This is given by 


2 Cl) = 


0y 

dx 


du 


= Vi 2 ^=-^ 
v 


— - QeWy+ihx-Vat 

V 


Now, from (7) and (18), we have, approximately, 
m=(l±q (3, where 



. (22) 


* Similar results were obtained by Basset, Hydrodynamics, t in, Arts 520—522 (1888), who 
also treats the case of finite depth Refeience may also be made to Hough, l c ante p 56S, 
where the case of a spherical sheet of water is considered 
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With flu* name notation aw before, we find 

+ (rktte tvm * «m {l v ±(<rt+fy)} (23) 

This (hniinnshes rapidly from the surface downwards, m accordance with the thermal 
analogy pointed out m Art 310. Owing to the oscillatoiy character of the motion, the 
Mgn of the vortieit y which is being diffused inwards from the surface is continually 
being reversed, so that beyond a stiatum of thickness comparable with 27r/|3 the effect is 
insensible, just as the fluctuations of temperature at the earth’s surface cease to have 
any sensible influence at a depth of a few yards 

In tin* case of a very viscous fluid, such as treacle or pitch, 6 may be 
large even when the wave-length is considerable The admissible roots of 
(Hi) are then both real One of them is evidently nearly equal to 26, and 
continuing the approximation we find 


. 20 - 


2 0 


whence, neglecting- capillarity, wo have, by (15), 


a = ■ 


. /L 

'ikv ' 


.(24) 


The remaining real root is 1 090, nearly, which gives 

« = — - 91 ^ ( 25 ) 

The former root is the more important. It represents a slow creeping 
of the fluid towards a state of equilibrium with a horizontal surface. The 
n> t,o of recovery depends on the relation between the gravity of the fluid 
(which is proportional to <jp) and the viscosity (/a), the influence of inertia 
being insensible. It appears liom (7) and (15) that vi — h, nearly, so that 
the motion is approximately ii rotational*. 

The type of motion corresponding to (25), on the other hand, depends, 
as to its persistence, on the relation between the inertia (p) and the viscosity 
(/*), the effect of giavity being unimportant It dies out very rapidly 

The above investigation gives the most important of the normal modes of tho proscribed 
wave length, of which Hie system is capable We know « pnon that there must be an 
infinity of others. These correspond to pure-imaginary values ol m, and aro of a less 
pcrMwUmt character. If In place of (<>) wo jihhiuuo 

Ad hlt . ti ,k * 1 ^ (H com «*> + /> Mill m'f/) u lU 1 tt/ , 


with 






(26) 

(27) 


and carry out tho invontigaiion aw before, wo (ind 

M . 

‘2iPA+(P-M'*)C 


(a + + T'P) A-i((ji + r f P) 0 - 2MaD=0, \ 

X i . //O . . r‘>\ rj __ Q j 


(28) 


. Cf. Tmt, “Note on Hippies m a Vise., us luimd,” Vm U. 8. lUm t xvn P U0 (1890) 
[,SV. Papas, Cambridge, 1B9B UI00, t. 11 . p. 3X3] 
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Any real value of m' is admissible, these equations determining tlie ratios A CD, 
and the corresponding value of a is 

a =- v (P + m /2 ) (29) 

In any one of these modes the plane soy is divided horizontally and vei tically into a series 
of quasi -rectangular compartments, within each of which the fluid circulates, gradually 
coming to rest as the original momentum is spent against viscosity. 

By a proper synthesis of the various normal modes it must be possible to represent the 
decay of any arbitrary initial disturbance 


333 The equations (12) and (13) of the preceding Art enable us to 
examine a related question, of some interest, viz. the generation and main- 
tenance of waves against viscosity, by suitable forces applied to the surface. 


If the external forces p'yy,p'xy be given multiples of e lkx + at } where k and a 
are prescribed, the equations m question determine A and C, and thence, by 
(9), the value of rj Thus we find 

p' yy _ (a 2 -f 2 vk*a 4 <r 2 ) A — % (a- 2 4 2vJcma) C , 

_ = ’ *** * W 

p'xy _ a 2 %vk 2 A 4 (a 4 2 vW) G 

m~gk' -*-*0 7 K) 

where or 2 has been wntten for gk + T'k? as before 


Let us first examine the effect of a purely tangential force. Assuming 
P'yy = Q, we find 

p X if _ ia (a 4 2 vie 2 ) 2 4 cr 2 — 

gpj] gk’ a 4 2vk 2 — 2 vkm ' ^ 

If, as we shall suppose for reasons already indicated, vk 2 Jcr and z ikm/or are 
small, the elevation will be greatest when a = ±i<r, nearly To find the force 
necessary to maintain a train of waves of given amplitude, travelling in the 
direction of ^-positive, we put a = — ^cr. This makes 


P 4 ivkcr 

9 9 


or P'xy = kpkcrr), 


(4) 


approximately. Hence the force acts forwards on the crests of the waves, 
and backwards at the tioughs, changing sign at the nodes A force having 
the same distribution, but less intensity in proportion to the height of the 
waves than that given by (4), would only retard, without preventing, the 
decay of the waves by viscosity. A force having the opposite sign would 
accelerate this decay 


The case of purely normal force can be investigated m a similar manner. 
1£ Pay = 0, vie have 

Pjy y _ (a + 4- a- 2 — 4i 

gpy ~ gk 


( 5 ) 



569 


332 - 333 ] Generation of Waves by Wind 


The reader may easily satisfy himself that when there is no viscosity this 
coincides with the result of Art 240 If we put cc = -ia,we obtain, with 
the same approximations as before, 


Hence the wave-system 


p'yy = - 4-l/JLkar) 

7] — a sm (lex — at) 


( 6 ) 

•( 7 ) 


will be maintained without increase or decrease by the pressure-distribution 
p' = const + 4 fvcta cos (Lx — at), (8) 

applied to the surface It appears that the pressure is greatest on the rear 
and least on the front slopes of the waves* * * § 

If we call to mind the phases of the particles, revolving m their circular 
orbits, at different parts of a wave-profile, it is evident that the forces above 
investigated, whether noimal or tangential, are on the whole urging the 
surface-pai tides m the directions in which they are already moving 

Owing to the irregular, eddying, character of a wind blowing ovoi a 
roughened surface, it is not easy to give moie than a general explanation 
of the manner in which it generates and maintains waves It is not difficult 
to see, however, that the action of the wind will tend to produce surface 
forces of the kinds above investigated When the air is moving m the 
direction in which the wave-form is travelling, but with a greater velocity, 
there will evidently be an excess of pressure on the rear-slopes, as well as a 
tangential drag on the exposed crests The aggregate effect of these forces 
will be a surface drift, and the residual tractions, whether normal or tangential, 
will have on the whole the distribution above postulated Hence the 
tendency will be to increase the amplitude of the waves to such a point that 
the dissipation balances the work done by the surface forces In like 
manner waves travelling faster than the wind, or against the wind, will have 
their amplitude continually reduced f 

It has been shewn (Art 264) that, under the joint influence of gravity 
and capillarity, there is a minimum wave-velocity of 23 2 cm per sec , or 
'45 miles per houi Hence a wind of smaller velocity than this is incapable 
of reinforcing waves accidentally started, which, if of short wave-length, 
must be rapidly extinguished by viscosity] This is in accordance with 
the observations of Scott Russell§, from whose paper wo make the following 
extract : 

“Let [a spectatoi] begin Ins observations in a perfect calm, when the surface of the 


* This agrees with the result given at the end of Ait 240, whore, however, the dissipative 
forces were of a different land 

i Cf Any, “Tides and Waves,” Arts. 265—272, Stokes, Gamb Turns , t ix p [62] [Math 
and Phys . Papers, t m p 74] , Lord Bayleigh, l e. ante p. 548. 

Bn W Thomson, Ic ante p 487 [Baltimore Lectuus, p 594] 

§ l c ante p 445. 
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water in smooth and reflects like a mirror the images of surrounding obj»M f * The* »pj ****** 
ance will not be allot* ted by even a slight motion of tint itii% and a vobnfy of !*• thm it df 
a mile an hour (HA m. per nee*) does not sensibly disturb flu* nmooihwvo of tip* olio !ur f 
surface. A gentle zephyr Hitting along the Hurfuee from point to pond, umv bo « <h oml 
to destroy the perfection of tho mirror for a moment, and on deporting, t he .atrfe o u u, 4 us % 
polished as before; if the air have a velocity of about, a mile an hour, the aula* v nj lie 
water becomes less capable of distinct reflexion, and on observing it in ran U a * ondsf *on, m 
into be noticed that the diminution of this reflecting power is owing to the pro am* e m| 
those minute corrugations of the superficial film which form woven of flu* th* f * w r 
[capillary waves],,.. This first stage of disturbance has this distinguishing m u um t mo * 
that the phenomena on the surface cease almost simultaneously with the inferno e son of 
the disturbing cause so that a spot which is sheltered from the direct action of tie* mind 
remains smooth, the waves of the third order being incapable of travelling ,*pouf uicmu 4> 
to any eonsiderahle distance, except when under the continued action of the omunal di» 
turhing force. This condition is the indication of present force, not of that winch s . jm t, 
While it remains it gives that deep blackness to the water which the aailor i < <n < n Homed 
to regard as the index of the presence of wind, and often as the forerunner of more 

u The second condition of wave motion is to he observed when the velocity of tie* wind 
acting on the smooth water has increased to two miles an hour. Small wav* ,• t h**u be pn 
to rise uniformly over the whole surface of the water; these are waves of the mm oud order, 
and cover the water with considerable regularity. Capillary waves dmappiar iron* the 
ridges of these waves, but am to bo found sheltered in the hollows between them, and on 
the anterior slopes of these waves. The regularity of the distribution of the, e •-.<** meh* v 
waves over the surface is remarkable ; tiny begin with about an inch of amplitude, tod a 
couple of inches long , they enlarge as the velocity or duration of the wave mere * e , bv 
and by the eoterminal waves unite; the ridges increase, and if the wind me name lie* h-o< * 
become etisped, and are regular waves of the second order [gravity waveo [♦. They mid mm) 
enlarging their dmietmimis, and the depth to which they produce the agitation »io te * eng 
Himultaneously with their magnitude, the surface becomes extensively covered with wave* 
of nearly uniform magnitude,” 

It will bo soon that our theoretical investigations give eom4«bi»thb* 
insight into the incipient stages of wave-formation. 

334. The calming effect of oil on water waves appears to be due tn the 
intnationH of tension caused by tin* extensions and eontmrfhm< uf the 
contaminated surfaccf. The surface-tension of pure water in less than the 
sum of the tensions of the surfaces of separation of oil and air, and oil and 
water, respectively, so that a drop of oil thrown on water is grmhwIH dtmvti 
out into a thin film. When the film is sufficiently thin, say not more than 
two millionths of a millimetre in thickness, it is found that tin* ten, don w no 
longer constant but is increased when the thickness is reduced by M retching, 
and conversely. It is evident at once* from tin* figure on p, 347 that in 

* KubhcIPh wave of tlwjint order is the 'solitary wave’ dihctihscd ante Am C K 

f Key nolds, “On the Meet of Oil in destroying Waves on the Surfaeo of Watei.” Ju*t, ,Um 
/te/h f 18H0 [tic. Papers, t. i. p. 409] j Aitkon, “ On the Effect of Oil on a Stormy Hun ” IW, iu*H. 
tfot\ Ed in., t. xu. p !>(*> ( 1883 ). 
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oscillatory waves the tendency is for any portion of the surface to be 
alternately mmt meted ami extended, according as it is above or below the 
moan level, The consequent. \ Minimus m tension produce an alternating 
tangent ml drag on the water, with a consequent increase m the rate of 

dissipation .if energy. 


The pie* edit* » formulae enable us to Mibmit this explanation, to a certain extent, to the 

te 't of i .il« nlat mu 

It i i e\ aleiif beforehand that the effect of the quasi-elasticity of the oil-film will he 
ore iter the shorter the wave length; ami that if the wave-length bo sutheiontly small the 
airfaee nil! bo practically inevtensihK and the horizontal voloetfy at the surface will bo 
annulled. Wo will a tsimir tin,* condition to be fultdled. 

Use internal motuai of tin* water will be given by tho (ormulao (8) of Art 332, but the 
determination * «f the constant* is different. The eomhtion to b<‘ satisfied by the normal 
<*tro ♦ is flu* satin* as m the Art cited, and give,. 


n’t £vk*a Wr * A / ur I ivknm) < b-0, • • 0) 

where ar qv/’-h T*l'\ .. (^) 


7 ft teforiir, now* to the total tension of the oil him. In place of tho condition of vanishing 
tangential *41 **\}\ we ha\e tin 1 eomiition 




it o for 

// e, 

(3) 

which 'OVe « 


ik\ \ f ni( 

' 0 

(4) 

Hltimu itmq tho rutin A 

: (\ we tmd 






m hr t tr) 

hr'* t>, .... - 

(- r >) 

or* on elmtiumf tug m by 

means of the equation 





iH l < h H ' 

i“ 

V 

(«) 


(- 

i t") (O 8 t IT 

y i-v » 

(V) 


The, eiptaf imt has an eUruneoitn root a 0, and other roots are inadmissible as giving, 
when nub diluted in >*>\ negative values to the real pari of an II vbjtr is small, tho 
rele\<mi root * ate, to a first appmsimathm, a +nr, and to a second 


a 


fhO 

' 2 s /2 ’ 


..(B) 


where t lie correct ion 
decay i 4 therefore 


fu tin- ‘..pm!’ ir «it' tlm iHcillatimw is neglected Tho modulus of 


1 



(») 


TIh« mtu» <»f thin t,. the modulus ohtniued mi tin- hyt>ot,hoHW of cwiHunt surfaco-toimion 
,vi/. l is which in by hjimlh**»»H mimll*. 

336. Problems of pci iodic motion in three dimensions, having special 
relation to spherical surfaces, may be treated m a general manner, as follows. 


Thin investigation Is ttMffl-viitted from that given in tho ynwtiw <^ 10n - 
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It IS convenient to give, first, the general solution of the system of 
equations ^ + ^ = ^ ^ + ^' = 0, (V’ + ^' = 0 > ( X ) 

du' dv' , dw' 


dx + dy + dz 


= 0 , 


( 2 ) 


m terms of spherical harmonics Tins is an extension of the problem 
considered m Art 323 We will consider only, m the first instance, case, 
where u, v\ w' are finite at the origin 

The solutions fall naturally .nto two tatact classes. If r denote the 
radius vector, the typical solution of the First Class is 


0 0 

v! = 

v' =fn(hr)(zl~*Qxn, 


....(3) 


w=^n(hr)(x~-y^)Xn,l 

where X „ is a solid harmonic of positive degree n, and f » is defined^in 
Art. 287 (7) It is easily verified, on refeience to Arts -86, -<■ , 
above expressions do in fact satisfy (1) and (2) 

It is to be noticed that this solution makes 

xu' + yv’ + zw' = 0 

The typical solution of the Second Class is 

,\ 


...(4) 


u ! = (n + 1) -'J'v-i (hr) — n-^ n+1 (hr) h-r~ n+s 


dx 

,d <p v 


dx r ln+1 ’ 

v' = (n + 1) ■fn-i ( hr - nifr n +i (hr) h-r n +3 ^ rM +i 
»'«(» + 1) f „ (hr) 3 A - (hr) 3 A 


(5) 


dzr m + 19 J 

n The coefficients of 


where d> n is a solid harmonic of positive degree .. 

^ n _,( hr ) and f n+1 (/ir) m these expressions are solid harmonics of degrees 
n-1 and n + 1 respectively, so that the equations (1) are satisfied, lo 
verify that (2) is also satisfied we need the formulae of reduction 


fyn (?) + (2ft + 1) fn (0 = fn-i (O’ 

which are repeated from Art. 287 

The formulae (5) make 

xu' + yv' + zw' = n (n + 1) (2 n + 1) (hr) <f> n 

the reduction being effected by means of (6) and (7) 


...(C) 

.. .(7) 


( 8 ) 
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If we write 

vpJaLJi. 

^ ~ dy dz’ 
we find, in the solutions of the First Class, 

A X» ] \ 

dxr m+1 ) ’ 


57S 


diif dw' 

2,? 


^ ~dx dy ’ 


..(9) 


2£' = - {(«- + 1) +n-i (hr) -g~"~ n +n+i ( 7ir ) 7rr ' K+3 

2ffh “h J- (_ - v 


27 = -, 
2£' = - 


(n + 1) +n-i (At) ^ 




..( 10 ) 


(» + 1) +n-i W - W t»+i ( /tr ) 7l2r “ +S 


1. x« 1 

3a? 2,1+1 


( 11 ) 


2w + 1 

1 

2n + 1 % 

These make 2 (*?' + 2/7 + O = " + 1) + n (hr) Xn . 

In the solutions of the Second Class, we have 

2f = - (2n + 1) h 2 f n (hr) (y \ z - * <l>n> 'j 

2,/ = - (2n + 1) h^ n (hr) [z ^ </>»> 

- 0 0 \ 

27 = - (2)1 + 1) A 2 7„ ( /ir ) X s dy~ y dx) ^ n ’ 

and therefore *£' + S«' + ^ “ 0 

In the derivation of these results use has been made of (6), and of the 

formulae 


( 12 ) 


(13) 



V* I 


_ .sn+i A X») 

x X n '' 

2n+l\ 

. 

, dx 

dx r :u+1 / 


r * 

fd X n 

n 211+1 jL _2C? — 

2/X» 

~~ 2 n + 1 

\dy 

dyr m+ \ 


r* 

(9X« 

.an+i 1 Xi N 


2?i -f 1 

Va* 

_ ? 3a r‘ M+ \ 


(14) 


which are easily seen to hold, wliateveL the foim of %» 

To shew that the aggregate of the solutions of the types (3) and (o), 
with all mtegial values of n, and all possible foims of the harmonics *», %», 
constitutes the complete solution of the proposed system of equations (1) and 
(2), we remark in the first place that the equations in question imp y 

( V 2 + A 2 ) (xu + yv + zw') = 0, . • ( 15 ) 

and (V 2 + A 2 ) (,*7 + yn + O = 0 •• • ^ 

It is evident from Aits 286, 287, that the complete solution of subject 

to the condition of finiteness at the origin, is contained in the equations ( ) 
and (11), above, if these be generalized by prefixing the sign So 
with respect to n Now when xu' + yv +?w and x% + yy + ? f , 
throughout any space, the values of u, v, w' are rendered y ( ) comp e y 
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determinate. For if there wore two .sots of values, say x\ i'\ //*' and n’\ r \ tt'*\ 
both satisfying the prescribed conditions, then, writing 

u L = v' — u!\ Vi - v f — ?/', Wi =“ v/ - w" 


we should have 


+ yi\ + zw x « 0 , 
®£+2Wi+ sf, •*<)» 


0^ . fVj . 0?/;, 
dtp + d,j + for : 




( 17 ) 


If u u v u «/, be regarded tus the component velocities of » li< pi i< !, the first of 
these shews that the lines of flow are closed curves lying on a system of eon 
centric spherical surfaces Hence the ‘circulation’ (Art. ,*11 ) in am mu-Ii inm 
has a finite value On the other hand, the second equation shews, by Art. II™. 
that the circulation m any circuit drawn on one of the above spherical surfaces 
is zero. These conclusions are irreconcdeahle unless v u tt\ are nil /<-ro. 

Hence, m the present problem, whenever the functions and h.ive 
been determined by (8) and (11), the values of v\ follow uuiiiueh a. in 
(3) and (6). 


When the region contemplated is bounded lute nut lit; In a spheiieal 
surface, the condition of fimtonoss when r - 0 is no longer imposed, and \w* 
have an additional system of solutions m which the functions v/,, ; <;■) n iv 
replaced by M' n (£), in accordance with Art 287* 


336. I he equations of small motion of an incompressible fluid are, in 
the absence of extraneous forces, 


du 

dt ’’ 


1 dp 
pdx 


+ nV A i f, 


du 

dt' 


1 dp 
P <>!! 


+ i'V% 


(Im 1 dp 


dt 


pvz 


rT>, ...(f) 


with 


8w aw 

dw dt/ dz 


.< 2 > 


* Advantage is here taken of an improvement introduced by Love, “Tin* Fmt pud Fmjiv 4 
Vibrations of an Elastic Spherical Shell containing a given Mass of Liquid/* /W. Math 

Hoc , t xix. p 170 (188S) 

The foregoing investigation is taken, with slight changes of m.tat.on, horn the folio* jm. 

m w n t, th f 0solllfttlons o£ 11 VlS0OUH Hplwioid,” /'roe. Lon, l Moth. So,., t. vhi. ... 1,1 , i H sl ( - 
On the Vibrations of an Elastic Sphere,” /'roe, Land Math Noe., t. ..... „. IsonshVo 

1 57 /mgr' n’ ld ° 0,llfUm ' d “ a Vrae Land. Math. So /, 

p. 7 (1884) The method has mrico been applied by the author, and by other witter^ u . n rrmf 

variety of physical problems It has until recently boon overlooked tliat KUbwt.uitiiilly the wme 
analysis had been given by Clebsch in tho paper “Uober die Keflexlon an ehu.r Ku ft . U1M„ « 
which reference . has already been made on pp 102, 4H7, of tills edition. The hud that t'iehwh 
ailed (confessedly) m the pumary objoct of Ins investigation, which was to treat a problem <.i 
hysioa 1 Optics indepeiiaontiy of tho assumptions of tho ‘ goomotriciil ’ thorny l.L perlmi., 
contributed to tho unjust neglool into which his paper has fallen. The analytical diffieultiL, 
which he found insuperable, when tho wave-length is small compared with tho circumfei ...me . f 
■the sphere, are identical with those alluded to on p. 490 ante. P " f 
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IT wo hh ' t i m** that <1, /', n< all v an as r", (lie aquations (I) may bo writ, ton 


(V t I, ) 


l * p — , , , ton 

. \ It ) r 1 , 

/«'*'• {*><!/ 


(V‘ f //”) //» - * 

poz 


a 
v ' 


vdniv h' 

FinlO it) Mid t»U Uo dod W‘o 

V /I 0. 

||< non a juit i»Milar *olui inn uf ( ) and rJh 
l 1 /# u 1 (/i 


h ft t * 

and tin* moIuI ion 1* 

If/# , 
u . * l a. 

/# ';i f\r 


/# /* f '7 ’ 

1 r/i < 
r ' Mr 
It ft vp 


tr 


1 <7* , 
It ’/#* r 1 


( 4 ) 

..<«) 


7> 


A /t ( 


+ -.(7) 


whrtv ##', r\ w iu«‘ dotnrminod by tho «*nnditimu of Mu* prnoodhig Art. 

llmirt* tin* MdutiniM in >phonral harmom<*\ suhjort. to t.ho nmulithm of 
fmitonosH at tin* origin* fall into two rlassn^. 

In tin* Firnt ( *las.< \m* Im\o 

p OiOist., 


" f„ Or) 

i \ 


r f „( ^ ,!•' )*„, 

"■ t«</'r)(.r^ .V f y’,X- 


.(H) 
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ni | pv } 0. 


.(»> 
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P l'» 


it 
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h p t\r 

! <» 

! 1 > $ „ 

, (hr) 

t'J 

uf » 

, y « m ?l *<• 

lUn)n 1 


i * 

t < p„ 

ll ft, VIJ 

f <« 

! Of„ 


«f r, 
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rotation* of tint fluid at 

thc% point 


indioaiod. 
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The component tractions on the surface of a sphere of radius r are given 
as in Art 325 by 


rp, x = - ocp + /i (r^. - 1^ u + jit — (tm + yv + zw), 


Wry 


/ 0 \ 0 

= —yp + /■ 1 ( r ^ r -lj v + /r^(a:i{ + + sw), 

( 0 \ 0 

r 9r _ X ) W + + ^ + 

In the solutions of the First Class we find without difficulty 


( 12 ) 


Wrx‘- 




rpry=~yP + V n U 


3%- 


tyJ 


dz 

dx X ' dz ) ’ I 


(13) 


Wrz 


+ e*(* d £-v¥).> 


where 


(U) 


dy ,y 9 x) 

P%=p {hr^n (hr) + (n-l) -f n (hr)}. 

To obtain the corresponding formulae for the solutions of the Second 
Class, we remark first that the terms in p n give 


d 


-xpn + ^r ^- 1 

The remaining terms involve 

9_ 

dr 


(pn n dp n _ ( 2 (n - 1 ) 
dx h? dx 


r- 


h* 


dpn + r in+a d _p_n 


2n + 1 / dx in + 13* r- ,l+1 
(15) 


r ^ - 1 )u = (n + 1) {hrf'^ (hr) 4- (n - 2) (hr)} ^ 

3 <j5„ 


- n {hrf' n+1 (hr) + nf n+1 (hr)} hV n+3 ^ , . (16) 


and 

3 

8a 1 


(rii' 4- i/r' + zvJ) = ?i (ii + 1) (2n + 1) (/w) <£>„ 

= n ( n + 1) W «-1 (hr) + fnri (hr) hV- n + 3 ^ ^ 


(17) 


Various reductions ha-ve here been effected by means of Ait 335 (6) (7) (14) 
Hence, and by symmetry, we obtain 


rn _ A ^Pn . ft r 2tt-H 1_ JV . (7 . 7) r 2rH-l A \ 


9a? r 2n+1 n dx 


dx r 27l+1 ’ 


= A — 4- B r 2n + l — 4- C 4- 7) r 2,l+1 — ^ 
^ 02 / + dyr m+1 dy ^ Vn dy f 211 * 1 ’ 

0 <l>n 

d z r 2U_f 1 5 ; 


( 18 ) 


rql — A ?Pn 4. ft r 2n+i A 4. (] 4- 7) r 2 ’^ 1 


C<f>n 

d z 




337 The general formulae being once established, the application to 
special problems is easy 

1° We may first investigate the decay of the motion of a viscous fluid contained m a 
spherical vessel which is at rest 

The boundary conditions are that 

w=0, 0=0, '*0=0, . . (1) 

for *=a, the ladius of the vessel. In the modes of the First Class, represented by 
Art 336 (8), these conditions are satisfied by 

^ n (/i«) = 0 . . . (2) 

The roots of this are all real, and the corresponding values of the modulus of decay (t) are 
given by 

r = (ka)- 2 . .... . (3) 

a v 

Tho modes w= 1 are of a rotatory cliaractei , the equation (2) then takes the form 

ta nha=ha, .. , (4) 

the lowest root of which is ha — 4 493 Hence 

r= 0495 

v 

In the case of water, we have v = 018 c s , and 

r=2 75a 2 seconds, 

if a be expressed m centimetres 

The modes of the Second Class aie given by Art 330 (10) Tho surface conditions maj 
be expressed by saying that the following three functions of #, y, viz 

u= /i l? +(B+ 1} t - 1 (**>*“-"+»+» (**> /iVn K1 i ft .> \ 

v= /i t? +(,i+l) (/,a) AV, ‘ ^ [ (») 

w = -g’ ! + (« + l)'^n-i (ha) £-»+,. , i (ha) A s r 2n H ,J g- . 

must severally vanish when 7 —a Now these functions, as they stand, arc sums of 
solid harmonics, and so satisfy the equations 

V 2 u=0, v 2 v=0, v 2 w = 0, . . (6) 

l 37 
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and wince they are finite throughout the sphere, and vanish at the boundary, they must 
everywhere vanish, by Art 40 Hence, forming the equation 



3u.9v.9w A 
dv dy da ~ 5 

(7) 

we find 

^ n+ i(/ia) = 0. 

■ • (8) 

Again, since 

^Il^-yv+•s■w = 0, ... 

- (9) 

for ? = a, we find 

yjr Pn +(»+!) (Sto +■ 1 ) (ha) <j) n =0, 

- • (10) 


where use has been made of Art 335 (6) (7) This determines the ratio p n <p n 


In the case n—l, the equation (8) becomes 

tan ^=37^2, ... . (11) 

the lowest root of which is ha — 5 764, leading to 

t — 0301 - 

V 

For the method of combining the various solutions so as to represent the decay of any 
■aibitraiy initial motion we must lefer to a papei cited on p 574 


2° We take next the case of a hollow spherical shell containing liquid, and oscillating 
•by the torsion of a suspending wire* 

The forced oscillations of the liquid will evidently be of the First Class, with % — \ If 
the axis of z coincide with the vertical diameter of the shell, we find, putting = m 
Art. 336 (8), 

n—Cyj/i (hf)y, v— — Cyfri(ht) v, w—0 . . . (12) 

If a) denote the angular velocity of the shell, the surface-condition gives 

Ctyi (7i(x)= — <£> (13) 


It appears that at any instant the particles situate on a spherical surface of radius r 
concentric with the boundaiy are rotating together with an angular velocity 


If we -assume that 


'I'i [hr) 


&(cr£-l~e) 


(14) 

(15) 


and put 


w— 7- ( i-*m 


•- (1C) 


where, as m Art. 328, 



-(17) 


tlie expression (14) foi the angular velocity may he separated into its real and imaginary 
parts with the help of the formula 


+1(0- 


sm( 

V 


GOSf 

c 2 


- (18) 


This was first heated, in a diffeient manner, by Helmholtz, l c ante p 536 
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If the viscosity he so small that (3a is considerable, then, keeping only the most 
important term, we have, for points near the surface, 

and thcieforc, for the angular velocity (14), 

a ft * fi-Pfa-r) ! 

7 - 5 

the real part of which is 

^ L0H fa «) + e] 

As m the case of laminar motion (Art 328), this lepresents a system of waves travelling 
inwards from the surface with lapidly diminishing amplitude 

When, on the other hand, the viscosity is very great, (3a is small, and the formula (14) 
reduces to 

<0 cos (<W+e), .... . (22) 

neaily, when the imaginary part is rejected. This shews that the fluid now moves almost 
bodily with the splicie 

The stress-components at the surface of the sphere arc given by Art 336 (13) In the 
present case the formulae reduce to 

Pu=-'l p+pCh^S {/><() y, p,„=r -(-p-ixOA^ihu)^ }>,z=-~p .(23) 

'i (v CO 

If &V denote <in element of the siuface, these give a couple 

- jS(v^ } i- > f/ji) u )dS=CixA^i' (Jia) j co, (24) 

Y l v l(t ) 

by (13) and Ait 335 (C) 

In the case of small viscosity, whore (3a is largo, we find, on reference to Art 287 (8), 
putting ha—( 1 that 

/ d \ n 

2 f , . (25) 

approximately, where £ = ( 1 — i) (3a This leads to 

A= - TTjLta* 1 ( 1 + 1) (3cicd. . , , ,(26) 

If we take account of the time-factor m (15), this is equivalent to 

jV= - ij B-ptfS (/3a) - 1 ^ TrpaP (fia) <a (27) 

The first term has the effect of a slight addition to the mortal of the sphere , the second 
gives a frictional force varying as the velocity 


(19) 

( 20 ) 

( 21 ) 


338 The general formulae of Arts 335, 330 may be furthei applied to 
discuss the effect of viscosity on the oscillations of a mass of liquid about 
the spherical form The principal result of the investigation can, however, 
be obtained more simply by the method of Art. 331. 


37—2 
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It was shewn in Art 259 that when viscosity is neglected, the velocity-potential m 
any fundamental mode is of the form 

<j>=A cos («•<+(). • - - • • 0) 

where S n is a surface harmonic This gives for twice the kinetic energy included within a. 
spheie of radius r the expression 

P j =pna (l) 2U+l | 4* co* («<+*), •• •• (2) 

if Scr denote an elementary solid angle, and therefore for the total kinetic energy 

T—^pna^S n 2 d'UT A 2 cos 2 (o-i-fe) ... - (3) 

The potential energy must therefore he 

Y—\pna\\S^d^ A 2 sin 2 (o-tfH-c), (4) 

and the total energy is 

T+ V—h pna J $S n 2 d'ur A 2 . (&) 

Again, the dissipation m a sphere of radius r, calculated on the assumption that the 
motion is irrotational, is, by Art 317 (12), 



p / f\f ridw= ^E jj^ 

• (6) 

Now 

CO 

(tk 

II 

& 

(7) 


each side, when multiplied by pdr being double the kinetic energy of the fluid contained 
between two spheres of radii i and t -ffir Hence, from (2), 


/ g) 2 "- 2 j ‘jsjdvr A> cos’ (,rt+.) 

Substituting in (6), and putting r=a, wc have, for the total dissipation, 

2F=2n (w-l)(2w+l) ~ JJtS n 2 dvT J. 2 cos 2 (o-tf-f «), (8), 

the mean value of which, per unit time, is 

2F—% l)(2n+l) ^ JJjS^cfozr JL a .. (9) 

If the effect of viscosity be represented by a gradual variation of the coefficient d, we 
must have 

j t (r+V)=-2F, . . . (io) 

whence, substituting fiom (f>) and (9), 

g~(»-l)<S»+l)^ (11) 

This shews that A cce~^ r , wheie 

T = - - (12)* 

(w- 1)(2» + 1) v * * [ J 

The most remarkable feature of this result is the excessively minute extent to which 
the oscillations of a globe of moderate dimensions aie affected by such a degree of viscosity 


JProc Loud Math Soc , t xm pp. 61, 65 (1881) 
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as is oidmarily met with in nature For a globe of the size of the eaith, and of the same 
kinematic viscosity as water, we have, on the c G s system, a = 6 37 x 10 8 , v— 0178, and 
the value of r for the giavitational oscillation of longest penod (n= 2) is therefore 

r — 1 44 x 10 u years 

Even with the value found by Darwin* for the viscosity of pitch near the freezing tempera- 
ture, viz p = 1 3 x 10 8 x g, we find, taking g = 980, the value 

r = 1 80 hours 


for the modulus of decay of the slowest oscillation of a globe of the size of the earth, 
having the density of water and the viscosity of pitch Since this is still large compared 
with the penod of 1 h 34 m found m Ait 259, it appeals that such a globe would oscillate 
almost like a perfect fluid 

The above investigation does not involve any special assumption as to the nature of 
the forces which produce the tendency to the spherical form The result applies, there- 
fore, equally well to the vibrations of a liquid globule under the surface-tension of the 
bounding film The modulus of decay of the slowest oscillation of a globule of water is, m 
seconds, r=ll 2a 2 , where the unit of a is the centimetre 


The same method, applied to the case of a spherical bubble, gives 

„ 1 _ _ . . (13) 

(w+2)(2w+l) v ’ 

where v is the viscosity of the surrounding liquid If this be water wo have, for n=% 

r = 2 8a 2 . 


The formula (12) includes of course the case of waves on a plane surface 
very great we find, putting X=27 ra/w, 

X 2 

T 87 T l V * 


When n is 


.(14) 


in agreement with Art 331 

The above results all postulate that 2ttt is a considerable multiple of the penod The 
opposite extreme, where the viscosity is so great that the motion is aperiodic, can be 
investigated by the method of Arts 323, 324, the effects of inertia being disregaidod In 
the case of a highly viscous globe returning to the sphencal form under the influence of 
gravitation, it appears that 

= 2_(?H“1)_+1 y_ ^ ^ (if); 

T “ n ga’ 


a result first given by Darwin (l c) Cf Art 332 (24) 


339 Problems of periodic motion of a liquid in the space between, two 
concentric spheres require for their treatment additional solutions of the 
equations of Art 336, m which p is of the form and the functions 

yjr n (hr) which occur m the complementary functions u\ v', w are to he 
replaced by (hr) 

The question is simplified, when the radius of the second sphere is 

* “ On the Bodily Tides of Yiscous and Semi-Elastic Spheroids, Phil Trans, t clxx p 1 

(1878) 
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infinite, by the condition that the fluid is at rest at infinity. It was shewn 
in Art. 281 that the functions ^ H (0> (£) aie both included in the form 


f d \ n Ae^+JBe-^ 

m) — ? (1 > 

In the present applications, we have £ = 7ir, where h is defined by 
Art 336 (4), and we will suppose, for definiteness, that that value of h 
is adopted which makes the real part of ih positive The condition of zero 
motion at infinity then requires that A = 0, and we have to deal only with 
the function 


/»($>=- 


d \ n e~ x 


( 2 ) 


introduced m Art. 287. It was there pointed out that the formulae of 
reduction for 4(f) are exactly the same as for \fr n (0 and (£). and the 
general solution of the equations of small periodic motion of a viscous liquid, 
for the space external to a sphere, is therefore given at once by Art 336 (8), 
(10), with _p_ u _! written for p n , and f n (hr) for yfr n (hr) 


1° The rotatory oscillations of a sphere surrounded by an infinite mass of liquid are 
included m the solutions of the First Class, with n— 1 As m Art 337, 2° we nut v, = Cz. 
and find 

n=Cfi (fo)y, v=-CfyQr)a! } m =0, .(3) 

with the condition Cf x (ha) = - ©, . ( 4 ) 

a being the radius, and a the angular velocity of the sphere, which we suppose given by 
the formula 


«=<** (,rf+€ ) . . ( 5 ) 

Putting h-(l -t) ft where £=(<r/2y)* we find that the particles on a concentric sphere 
of radius r are rotating together with the angular velocity 

fi(ha) l+iha ’ 

where the values of f x {hr)J x {ha) have been substituted from Art 287 (15). The real part 
of (6) is i 

n 


.(6) 


a )[{l j -,3 (ap)-)+2(3 2 fltj'} cos {<rt-fl(r- 

— fi(i — a) sin (<ri-/9 («•-<*) +•«]], 


1 -l-2/3a.4-2/3 2 a 2 H 

corresponding to ail angulai velocity 

oo = a COS (art-\-€) ... 

of the sphere 

The couple on the sphere is found in the same way as in Art 337 to be 

a3a gtgjto-ffltf 
A (ha) J p 1 + i/w 

Putting ha=( 1 - i) 0a, and separating the real and imaginary parts we find 

JV= - » Ti-rii^n (3~b6ff«+63 2 « 2 H -23 3 a 3 )+2ag 2 (ai a ('l + [3a) 

' l + 2ga + 2/3 2 a 2 ~ 


( 7 ) 

( 8 ) 

(») 

( 10 ) 
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Effect of Viscosity on the Pendulum 


This is' 1 equivalent to 


1 + (3a da> 
J\r= — ^ it pa X+"2 dt ’ 


3 + 6/3a + 6/3 2 a 2 + 2/3V 
jjr/ia x + 2/3a+2^a 2 


The interpretation is similar to that of Art 337 (27)* 

When the period (2* r/<r) is infinitely long, this reduces to 

iY = — 87T/Xtt 5 CO, 

m agreement with Art 322 (1 1). 


583 


•(H> 


( 12 ) 


2° In the case of a ball pendulum oscillating m an infinite mass of fluid, which wo 
treat as incompressible, wo take the origin at the mean position of the centre, and the axis 
of x m the direction of the oscillation 


The conditions to be satisfied at the surface are then 

u=U, » = 0 , w= 0 , • (13) 

for i —a (the radius), where U denotes the velocity of the sphere It is evident that we 
are concerned only with a solution of the Second Class , and the formulae (10) of Ait 336, 
when modified as aforesaid, make 


xu+yv+zw= + * 0 ^) 

By comparison with (13), it appears that this must involve surface harmonics of the jmt 
order only We therefore put 1, and assume 

P-*=a£, </>!=& . . ( 15 > 


Hence 


» = p s v f> + ^ ~ 2 ^ AV ’ «hi » ’ 


A 0 A 
"A 2 /x 0y r } 

A. 0 .r 

as r* 


-7?/ 2 (/ir)/tV>^4 


(16) 


The conditions (13) are therefore satisfied if 

,L- f d«a»/ s (Aa)2* I 2/ 0 {ha)B= U (17) 

The character of the motion, which is evidently symmetrical about the axis of ,v, can ho 
most concisely expressed by means of the stream-function From (14) or (16) wo line 


xti+yv + zw- 


2 A % 

/dft / 


; + «*y, <*.)«- {£? a (4«>- «<*,)}, ■(« 


01 , substituting from Art. 287 (15), 

If we put #=r cos 0, this leads, m terms of the stream-function \js of Art 94, to 

*= - i u** *** & K 1 - f a - - A fJ) ~ + L ( i +/L) tf ' tt(, "“ ) } • • 


. (19) 


• ( 20 ) 


Another solution of this pioblem is given by Kirchhoff, Mechanic, c xxvi 
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Writing U=ae^ ITt+e \ . ... ... . < (21) 

and therefore h=(l—i) /3, where /3=(<r/2j/)-, we find, on rejecting the imaginary pait of (20), 

-^ a “ 2 sm2<? [K 1 coR(tr<+e)+ i ( 1+ i) sm (**+•>}“ 

; jcos {crt - j3 (r ■ - a) 4 e) + ^1 -f ^ sin {a? - 0 (r - a) ■+ c} j- e“ ^ ^ (22) 


3 

2/3 a 1 


At a sufficient distance from the sphere, the part of the disturbance which is expressed 
by the terms m the first lme of this expression is predominant This part is irrotational, 
and difleis only in amplitude and phase from the motion produced by a sphere oscillating 
m a frictionless liquid (Arts 92, 96) The terms m the second line are of the type we have 
already met with in the case of laminar motion (Ait 328) 


To calculate the resultant force (X) on the sphere, we have recourse to Art 336 (18). 
Substituting from (15), and rejecting all but the constant terms in p 1x , since the surface- 
harmonics of other than zero order will disappear when integrated over the sphere, wc find 

P=J|_p, I d5=4 7 r(j3. 2 ^ + C' 1 ^ 2 ), (33) 

where B. 2 = - C' 1 =2^/i«/ (l ' (ha), .... . (24) 

hyArt 336 (19) Hence, hy (17), 

z -lZM (He - w) 

- « 

Tins is equivalent to 

*—>**(*£)%■ -^(jE+sb) 0 '- <“> 

The first term gives the correction to the inertia of the sphere This amounts to the 
fraction 


of the mass of fluid displaced, instead of \ as in the case of a fnctionless liquid (Art 92) 
The second term gives a frictional force varying as the velocity* 

When the period 2tt/<t is made infinitely long, thq formula (26) reduces to 

JT= — GirpvaU , . . (27) 

m agreement with Art 325 (16), since /3 2 = a*/ 2v 


340 . A few notes may be appended on the two-dimensional problems 
which are analogous to those of Arts 33T-339 


* This problem was first solved, m a different manner, hy Stokes, l c ante p 541 J?oi other 
methods of treatment see 0 E. Meyer, “Ueber die pendelnde Bewegung emer Kugel unter dem 
Emfiusse der mneien Beibung des umgebenden Mediums,” Crelle, t lxxm. (1871), Kirchhofi, 

Mechamk, c xxvi. The more general case where the velocity of the sphere is an arbitrary 
function of the time has been discussed by Basset, “On the Motion of a Sphere in a Yiseous 
Liquid,” Phil Trans., 1. clxxix p 43 (1887), Hydrodynamics , c xxii 
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Teims of the second older being neglected, the equations aie 



du 1 01) ^7 o 3^ ^ P , 

a t pdx 3 1 pdy 

• (1) 

with 

d u dv A 
+ =0 
ox oy 


As m Ait 

332, these are satisfied by 



deb d\!r 3 <f> df 

V = ~dy + dx’ ■ 

(2) 

and 

II 

(8) 

provided 

Vi 2 <3b = 0, = 

. (4) 


1° It will bo found that the modes of decay of an arbitraiy initial motion of a liquid 
enclosed in a fixed circular cylindci are given, in polar cooidmates, by 



when ^ now stands for the stream-function of Art 59 ^ The condition of ^ero normal 
motion at the boundary (r=-a) is already satisfied, and the tangential velocity dv/dr will 
also vanish there, provided 

kaJg [la) - sJ 9 (la) = 0, 
which is equivalent, by Art 29V (5), to 

«4 +1 (^)= o . . "W 

This determines the admissible values of l , and thence the values of the moduli of decay 

(r — ljvlc 1 ) 

In the case of symmetry we have $ = 0 The lowest root of J x (ka)=* 0 is ka- 3 832, 
which gives 

a 2 

t— 0681 - 
v 

If we put, for water, v= 014 c o s , wc find r=4 9a 2 seconds, provided a be expressed in 
centimetres 

For 5=1, the lowest root is Za= 5*135, whence 

r= 0379 , 

v 

or, for water, r = 2 7 a 2 

2° In the case of periodic motion, with a time-factor a , we have, fiom (4), 

(Vi 2 +A 2 )^=0, - 0 ) 

provided -icr/v, or (say) 

a-(i-*)a *-(£)* • - (8) 

* This result is from the papei “ On the Motion of a Viscous Fluid contained in a Spherical 
Vessel,” cited on p 574. The case s = 0 was discussed by Steam, “On some Cases of the Varying 
Motion of a Viscous Fluid,” Quait. Jouin. Math , t. xvu p 90 (1880). 
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The solution of (7) m polar coordinates involves Bessel’s Functions with the complex 
argument (l--i)/3/ The selection of suitable functions for the various cases, and the 
working out of results m a practical form, involve some points of delicacy* * * § In view of 
the length of the necessary investigations, and of the fact that the problems m question 
are inferior m interest to those which relate to a spherical boundary, we must content our- 
selves with a reference to the original papers by Stokes t 

One remarkable result may, however, be mentioned. When the period of a cylinder 
oscillating m an infinite liquid is made infinitely long, or (what comes to the same thing) 
if we attempt to find the steady motion produced by the translation of such a cylinder 
with constant velocity, we find oui selves unable to satisfy all the conditions The physical 
explanation maybe given m the woids of Stokes “The pressure of the cylinder on the 
fluid continually tends to increase the quantity of fluid which it carries with it, while the 
fnction of the fluid at a distance from the cylinder continually tends to dimmish it In 
the case of a sphere, these two causes eventually counteract each other, and the motion 
becomes uniform But in the case of a cylinder, the increase m the quantity of fluid 
carried continually gams on the decrease due to the friction of the surrounding fluid, and 
the quantity carried increases indefinitely as the cylinder moves on ” 


Viscosity m Gases 

341 When variations of density have to be taken into account, the most 
general supposition we can make with regard to the ‘ mean pressure ’ p, 
consistently with our previous assumptions, is, in the case of a c perfect 5 gas, 

p = RpO -p'(a + b + c), (1) 

where 6 is the absolute temperature, R is a constant depending on the 
nature of the gas, and y! is a second coefficient of viscosity^ There does not 
appear to be any experimental evidence as to the precise value to be attributed 
to //, but accoidmg to the kinetic theory of gases // = 0§, and we shall for 
simplicity adopt this hypothesis If it is desired to retain // m the formulae, 
the necessary corrections can be easily made 

It was shewn in Art. 317 that the work done m time Bt by the tractions 
on the faces of an element BxSyBz, m changing the volume and shape of the 
element, is 

— p (a+ b -f c) BxBySz Bt + <&Ba)By$z Bt, .. -(2) 

wheie $=-f/i(a + i + c)’+ 2 /i (a 2 + 6 2 + c 2 + 2/ 2 + + 2 A 2 ) . (3) 

* The investigations of Art. 192 requne revision when the argument is cample i Tlie 
formulae (4), (5), (6), are valid, provided the real pait of the aigument be positive (as is secured 
by the choice of h m (8) above), but the derivation of the descending and ascending senes (13) 
and (20) presents new points Incidentally, the results obtained by equating separately leal and 
imaginary parts would call foi examination 

i l c ante p 541 

J Cf Kirchhoff, Vorlesungen ubet die Tlieoi le del Warnie, Leipzig, 1894, c \i , Stokes, Math* 
and Phys Papers, t m p 136. 

§ Maxwell, l c ante p 536 
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Now, by Art,. 7 (3), 


ft + b + c = — 


1 . Dp 

p Dt 



•(4) 


\vh(M'o v denotes tlu* volume of unit mass Hence if E bo the intrinsic 
oni'igy per unit, mass, and SQ 8.t;8i/8z the heat given out by the element m 
time <5 /, we lime the equation of energy: 


/tv 


J)E 


p p&rBi/Sz 8t + <l>8.i:8//8z 8t = ^ p8x8i/8z 8t + 8Q 8x8y8z. . .(5) 


If the Kamo changes of density and temperature were made with infinite 
slowness, the amount of heat given out, say SQ / SxSySz, would "be 
determined by 

/)v 1)F 

— p pSxSi/Sz . St = -j' pSxSijSz , St + SQ' SxSySz . .(6) 


(Comparing, we have 

SQ^SQ' + m. ... (7) 

Hence when viscosity is in opeiation an additional amount of heat, 
measured by <b per unit volume and per unit time, must bo conveyed away 
from the clement If this additional How of heat cannot be effected, there 
will he additional expansion or rise of temperature The conclusion is that 
the viscosity of the gas involves the generation of heat at the rate <D per 
unit volume, at the expense of other foims of energy. 


If wo write (3) in the form 

*“il^{(^-o) a + (c- a)* + («-/>)*)+ ^(/ 2 +// 2 + n .... (8) 

it in soon that <I> is essentially positive, and (moreover) that it cannot vanish unless 

a m b r s <», and f~g ■* h =• 0, 

i.e. unless the distortion of the fluid element consists of an expansion or contraction which 
is the same in all directions. The conclusion that there is no dissipation of energy in tins 
east', rests of course on the assumption that the value of /x' m (l) is zero 


342, Wo may briefly notice the effect of viscosity on sound-waves. For 
consistency it is necessary to take account at the same time of heat-con- 
duction, whoso influence is of the same order of importance*, but m the 
first instance we follow Ktokesf m examining the effect of viscosity alone. 

In the ease of plane waves in a laterally unlimited medium, we have, 
if wo take the axis of ai in the direction of propagation, and neglect terms of 
the second order m the velocity, 


3^ 1 dp . Wu, 

dt pods dx 2 5 


( 1 ) 


* Tins was first romaiked by Kirehhoff, “Ueber cion Kmfluss dcr Waimeleitung m cmcni 
Gase. auf die Schallbewegung,” Vopq Ann , t cxxxiv. p 177 (1H6S) {Gen Abh ,, 1 . 1 p, 540], 
f t c, ante p 4f> 7. 
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by Art 316 (2), (3). 
is, as m Art 273, 


If s denote the condensation, the equation of continuity 


u 

dt ~ dx : 


-( 2 ) 


and the physical equation is, if the transfer of heat be neglected, 


<p=p Q + C 2 p 0 S, 

where c is the velocity of sound m the absence of viscosity, 
and s, we have 

dht >_ ,2^.4 
dt 2 ° doc 2 doc 2 dt 


.(3) 

Eliminating p 
. ..(4) 


To apply this to the case of forced waves, we may suppose that at the 


plane x — 0 

a given vibration 



u — ae l<rt 

. . . (5) 

is kept up 

Assuming as the solution of (4) 



u = ae' lcrt+mx , 

(6) 

we find 

m 2 (c 2 + fyvcr) = — a 2 , 

(0 

whence 

, w/, . vcr\-~k 



(8) 


If we neglect the square of vajc 2 , and take the lower sign, this gives 


icr „ vcr“ 

m = 4 — . 

c 3 c* 


( 9 ) 


Substituting m (6), and taking the real part, we get, for the waves propa- 
gated m the direction of ^-positive 


u = ae~ xl1 cos <r 



.(10) 


where ;==^— (11) 

1 1 >< j 2 v 7 

The amplitude of the waves diminishes exponentially as they proceed, the 
diminution being more rapid the greater the value of a The wave-velocity 
is, to the first order of r<r/c 2 , unaffected by the friction. 


The linear magnitude l measures the distance in which the amplitude 
falls to 1 je of its original value If X denote the wave-length (27 rcjo), 
we have 

2 A 

f C 2 ” 27 rl ’ 


it is assumed m the above calculation that this is a small ratio 


. . .( 12 ) 
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342 343 1 Damping of Sound-Waves 

hi tlm cum' of air- waves we hive c = 3 32 x JO 4 , z/ = T32, cob, whence 
f ^"^ar.ox-'xio- 5 , ;=9 5cx 2 xio\ 

cr Ac 1 

if X he expressed m centimetres 


To find tho decay of free waves of any prescribed 

wave-length (27 r/k), we 

assume 


•u = ae ,kx hat ; . . . 

i — i 

and, substituting in (4), we obtain 


or + \vk i 2 a = — lc' 2 c 2 . . 

(14) 

If wo neglect the square of vk/c, this gives 


a = — **vlr ± ike 

(15) 

Hence, m real foun, 


u = ae cos k (x ± ct), . 

(16) 

whm- r= 2 h 

(10* 


343 When conductivity is to be allowed for, the dynamical equation 
( 1 ), tind the <‘(iuation of continuity (2) are unaffected, but the physical 
relations must be modified 


The amount of heat icqunod to produce small changes in the volume v 
and (absolute) temperature 6 of unit mass of a gas is 

MBv + me, 

where iV is the specific heat at constant volume, and 

M-(y-1) e °N (18) 

Co 


Multiplying tins by p {) B:v, the mass per unit aiea of a thm stiatum, and 
equating to (/n'tf/fV . &r, where q is the theimal conductivity, wc find f 


\vh( v r(‘ 


d0 
c It 


+ (7-i) 


9 {) dv 
i> 0 c)t 


,d-6 
V da? 1 



— ( 19 ) 

.. (20) 


i (». // is the £ thermomotHc ’ conductivity!. 


« Vm a calculation, on the name assumptions, of tho effect ol viscosity m clamping the 
vibrations of an contained withm sphencal and cylindrical envelopes icfoionce may be made to 
tho paper “ On the Motion ol a Viscous Fluid contained m a Splioucal Vessel,” cited on p 574 
|« Tho heat generated by internal faction is hcio neglected, as being ol the second order 
of small quantities The system ol exact equations is given by Kirclihoff, Vorlminycn uber 
die Thaoric d&i Wdrmc, c xi 

1 Maxwell, Thcouj of Heat , c xvm 
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The relation between p, p, 6 is 

p 0 



If we put p = p 0 (l+s), 9 = d 0 (l + i/), 

and neglect terras of the second order m s and ij, the equations 
may be written 

dr) , 1 ,ds ,d 2 v 

Tt- (y - 1) di =v w’ 

and p=p> 0 (l-+s + v) 

Substituting this value of p m (1), we have 

3 1 da) dx 6 dx 2 ’ 

where b, = (_Po/ Po)^ 1S hhe Newtonian velocity of sound (Art, 274) 
s by (2), we find 

d Jl[ = If - « ^ _ /O + 4„ _^iL 

3£- 3a4 dxdt ^ dx 2 dt 3 ' ■, 


and 


dr) f -v0M ,9^ 

at +(v-1) a» a?’ 
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• ( 21 ) 

• ( 22 ) 

(19) and (21) 

-(23) 

• - (24) 

■ • (25) 

Eliminating 

, • ■ (26) 
(27) 


which aie two simultaneous equations to determine u and rj 
If we now assume that u and rj both vary as 

Q<nt+mx 

we find (a- — b 2 ni 2 - %vot.m*) u 4- b 2 otvirj = 0, 


(7 — 1 ) raw + (a — 1 h)ir) rj — 0, 
whence a J - {&oc 4- ($v 4- v) a 2 } m 2 4- v (Z) 2 4- %vc£) nx* = 0, 

where we have wntten & for yb 2 


. .(28) 
.. .(29) 


We verify that if v = Q, z/ = 0, we have a =±mc. Also that if v=0, 
v' — ao, we have oc—ixib, as we should expect, since the conditions are now 
* isothermal 5 


Accoidmg to Maxwell’s kinetic theory of gases 

v = \v , . . (30) 

but we shall only assume that v and v are of the same orclei of magnitude 

In the case of simple-harmonic motion we have oc = i<r } where 27 rja is the 
period. We have seen that for ordinary sound-waves the ratio ver/c 2 is small 
The equation (29) is a quadratic in m 2 , whose roots are 
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approximately A more accuiato value of the former root is 



Tin* complete solution for.rX) is lound to bo, approximately, 


m ss A x e t(rf ' i;/ u + A »e l(rf 1 Ultl , 

•>; = 7 "" 1 Ar" rn ‘"'‘ +' l>l 'A„e l,rn ‘"‘‘ l , 

c % a- ' 

pn>\ ided /a i, are chosen so as to have 4 their real parts negative The arbi- 
trary constants A l} A, enable us to represent the effect of prescribed penodic 
\ariutmns of u and ?/ at* the plane 1 ,r = 0 For ordinary fiecpiencies the ratio 
m ,c tr is huge, au<l the ratio A>>jA x accordingly usualty small The second 
tenn in the value of u is then unimportant, even near the origin, and m any 
cast* it, becomes insignificant in comparison with the fiist teun for sufficiently 
grout \ nines of j\ Its use is to repiesent the purely local effect of a periodic 
snmee of heat at the origin. 

If we adopt the value (30) of v, and lake c‘ J / 6 a = 7 = L 410, we find fiom 
(34) that the value of l is diminished by conductivity m the ratio 047 

The investigation of this Art* is due substantially to Kirchhoff *, who 
further examined the effect on the propagation of sound-waves m a nanow 
tubes Thin problem is important for its bearing on the well-known experi- 
ments of Kundt*. Lord Rayleigh has applied the same principles to explain 
t he action of porous bodies m absorption of sound - ]-. 



Turbulent Motion. 

344 It remains to call attention to the chief outstanding difficulty of 
our subject. 

It has already boon pointed out that the neglect of the terms of the 
second older (udufdia, &e.) seriously limits the application of many of the 
preceding results to fluids possessed of ordinary degieos of mobility Unless 
the velocities be very small, the actual motion m such cases, so fai as it 

« l.c. ante p 58 7 The investigation is given m Loid Rayleigh’s Theory oj Hound, 2nd ed , 
Arts. 348-350 

f “On Porous Bodies m relation to Bound,” Phil. Mag . (5), t. xvi p, 181 (1883) [Sc Payctb, 
t. ii. p. 220 , Theory of Sound, Art. 351] 
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admits of being observed, is found to be very different from that represented 
by our formulae. For example, when a solid of ‘easy’ shape moves through 
a liquid, an megular, eddying, motion is produced in a layer of the fluid 
next to the solid, and a widening trail of eddies is left behind, whilst the 
motion at a distance laterally is comparatively smooth and uniform 

The mathematical disability above pointed out does not apply to cases, 
of rectilinear flow, such as have been discussed in Arts 318, 319 , but even 
heie observation shews that the types of motion above investigated, though 
always theoietieally possible, become under certain conditions unstable. 
The case of flow through a pipe of circular section has been made the 
subject of a very careful expenmental study by Keynolds*, by means of 
filaments of coloured fluid introduced into the stream. So long as the mean 
velocity (w/ 0 ) over the cross-section falls below a certain limit depending on 
the ladius of the pipe and the nature of the fluid, the flow is smooth, and 
m accordance with Poiseuilles laws, but when this limit is exceeded the 
motion becomes wildly irregular, and the tube appears to he filled with 
interlacing and constantly varying streams, crossing and recrossing the pipef. 
It was infeired by Eeynolds, from considerations of dimensions, that the 
afoiesaid limit must he determined by the ratio of w 0 a to v, where a is the 
radius, and v the (kinematic) viscosity. This was verified by experiment, 
the critical ratio being found to be, roughly, 

^=1000 (l)j 

Thus for a pipe one centimetre in radius the critical velocity for water 
(v = 018) would be 18 cm. per sec. 

Simultaneously with the change in the character of the motion, when 
the critical ratio is passed, there is a change in the relation between the 
pressure-gradient ( dpjdz ) and the mean velocity w 0 So long as w 0 a/v falls 
below the above limit, dp/dz vanes as w 0 , as in Poiseuillc’s experiments, but 
when the irregular mode of flow has set in, dpjdz varies more nearly as 

The practical formula adopted by writers on Hydraulics, for pipes whose 
diameter exceeds a certain limit, is 

R^ifpw o 3 , . . ... (2) 

where It is the tangential resistance per unit area, w 0 is the mean velocity 
relative to the wetted surface, and / is a numerical constant depending on 
the nature of the surface As a lough average value for the case of water 

* “An Expenmental Investigation of the Circumstances -which detenmne whothei the Motion 
of Water shall lie Dii ect or Sinuous, and of the Law of Resistance in Paiallel Channels,” Phil 
Turns, t. clxxiv p 935 (1888) [Sc Papers , tup 51] 

I Somewhat similar observations were made hy Hagen, Berl Abh , 1854, p 17 

*1 The dependence on v was tested by varying the temperature The result is confumed, for a 
wider range of temperature, hy Cokei and Clement, Phil Trans., A, t cci p. 45 (1902) See also 
Baines and Coker, Proc Roy Soc , t Ixxiv. p 341 (1904) 



Turbubnt. Motion 


5Wi 


344) 


moving over a. elenn inm surface, we may take / A more complete 

expression for It, taking into account the influence of the diameter, was given 
by Darcy, ns the result of very extensive observations on the flow of water 
through eonduits/ 

The resistance, in the case of turbulent flow, is found to be sensibly 
independent of the temperature, and therefore of the viscosity of the fluid. 
Tlii s is what wo should tint input** from oonhidoratums of ‘dimensions, ’ if it 1m 

assumed that It r 

if wo aooopt the formula (2) as tin* expression of observed farts, u 
oonoluhion of some interest may at nurc 1 m* drawn. Taking t.ho axis of z 
in tho general direotion of flu* flow, if w denote tin*, mmn velocity (with 
respect to tho time) at any point of space, wc* have, at tho surfaeo. 




dm 


bn 


y )»>'»• 


if //•„ denote the general velocity of the stream, and Sn an element of the 
normal. If wo tnko a 1 inoar magnitudo f suoh that 

ti'n bl*' 

I bn * 

thou l measures tho distance between two pianos moving with a relative 
volooity n\ { in tho regular ‘laminar’ flow which would givo tho same tangent ini 
stress, Wo hud 

» 2r 

*<*J f - .<»> 

For example, {sitting p 1>|K,w 0 :MM> [c\k.|,/ o *005, we obtain / *0"2 1 c»m^ 

Tho smallness of this rosult suggests that in tho turbulent flow of a fluid 
through a pipo of not too small diumotor tin* value of /o is nearly uniform ovor 
tho section, falling rapidly to aero within a very minute distanoo of tho wa!k|,, 

Appliod to pipes of sufficient width, tho formula (2) gives 


mt 


- 2 tw H rrf)mwtt\ 


or 


1 dp 

pdz 


f "V 
* a 


A4) 


# Hw lUuikme, Applied Meehante*, Ait. ilHH ; t'uwm, Knnjt\ 9th cd,, Art, " ffvdio 

\ lleeheiehen t\rpti menttde* trial urn au minin' matt tie Pmn dam lr$ tmjanr* I*w»«, tM.Va 
Tho foimula m quoted l*v Hunkier uml Unwin. 

| Hurd Itiiyleigb, “ On tho Qurntmn of tho Si&hilit.v of tho Flow of Fluid*,” Phil, Map, 
t. xxxiv. |»* 59 flHiriJ [AV, Paper*, L Ha I>, UVt {. 

1 (tr. Hir W, Thomson, Vhd, Math (fit, t. xxiv. p. 211 ( JHH7). 

1) Thin wiw in fact found experimentally by Dnray, lt\ Hoo uhtn Morrow, **0« tho 
trihution of Volooity in a VWmin Fluid ovor tho Crons- Houtiou of a l*i|M\ and on tho Action 
at tho Critical Velocity, 1 * IW. Hmj , Hm\ A, t. Ixxvi, j», 205 (1905), 

l. ;m 
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The form of the relation which was found to hold by Reynolds, in his 
experiments, was 

1 dp v 2 ~ m w™ 

pdz 00 ’ 

where m = 1 723 *. 

The increased resistance, for velocities above a certain limit, represented 
by the formula (2) or (4), is no doubt due to the action of the eddies in 
continually "bringing fresh fluid, moving with a considerable relative velocity, 
close up to the boundary, and so increasing the distortion-rate (dwfdri) greatly 
beyond that which would obtain m regular ‘laminar’ motionf. 

The frictional or ‘skin-resistance’^ experienced by a solid of ‘easy’ shape 
moving through a liquid is to be accounted for on the same principles. 
The circumstances are however more complicated than m the case of a pipe 
The friction appears to vary roughly as the square of the velocity , but it is 
different in different parts of the wetted area, for a reason given by 
W. Froude§, to whom the most exact observations on the subject are due 

Another interesting case of turbulent motion has been investigated 
experimentally by Mallock|| 

345. It must unfortunately he confessed that the theoretical explanation 
of the instability of linear flow under the conditions stated, and of the 
manner m which eddies are maintained against viscosity, is still somewhat 
obscure We can only offer a brief account of the various attempts which 
have been made to elucidate the question 

Lord Ttayleigh, m several papers! , has set himself to examine the 
stability of various arrangements of vortices, such as might be produced by 
viscosity The fact that, m the disturbed motion, viscosity is ignored does 
not seriously affect the physical value of the results except perhaps m cases 
where these would imply slipping at a rigid boundary 

Cf Hagen, lx An interesting historical account of the whole matter is given by Knibbs, 
Pioc Boy. Sog N.S W , t xxxi p. 314 (1897) 

t Stokes, Math and Phys Papers , t i p 99. 

£ So called by writers on naval architecture, to distinguish it from the * wave-iesistance ’ 
leferred to m Aits. 245, 253 

§ *■ * Experiments on the Siuface-fuction experienced by a Plane moving through Water,” Brit. 
Am Rep , 1872, p. 118 “The portion of the surface that goes first in the line of motion, in 
experiencing resistance fiom the water, must m turn communicate to the water motion, in the 
direction m which it is itself travelling. Consequently the portion of the watei which succeeds 
the first will be rubbing, not against stationary water, but against water partially moving m its 
own duection, and cannot therefore experience as much resistance from it.” 

|| 4 ‘Experiments on Fluid Viscosity,” Phil Brans A,t clxxxvn p. 41 (1895) 

IT “On the Stability or Instability of certain Fluid Motions,” Proc Bond Math. Soc , t xi 
p 57 (1880); t xix p. 67 (1887), t xxvn p 5 (1895); “On the Question of the Stability of the 
Plow of Fluids,” Phil. Mag (5), t xxxiv p 59 (1892), “ On the Instability of Cylindrical Fluid 
Surfaces,” Phil Mag (5), t xxxiv p 177 (1892) [Sc Papers, t.i p 474; t. in. pp. 575, 594; t iv 
p 203] 
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Ab the method is wimple, and as the lesults have ail independent interest, we may 
buofly notice the two-dimensional form of the pioblem. 

Let us suppose that m a slight disturbance of the stead} laminar motion 

\i = L T , y = 0, w= 0, 
where U is a function of y only, we have 

u—U+%i\ v = w~ 0 . . . . ( 1 ) 


The equation of continuity is 


du' . dv' 


“ ** ‘ w 

The dynamical equations reduce, by Art. 146, to the condition of constant angular 
velocity D£/Dt= 0, or 

|f+(^+«')||+^||r= 0 . • - (®) 

where W 


wnerc Uy- 

Hence, neglecting terms of the second order in u', v\ 

( 3 d\/dv' 3iA cPU , 


(5) 

Contemplating now a disturbance winch is periodic m respect to ,v, we assume that 
u\ o' vary as e lkx + ltrt Hence, from (2) and (5), 

zZw'-f“=0, (6) 

_ •/ , , m /‘; / 0tA d l U t /( _ s 

and i(<t+IU) [ilv -g-j v ^ • * ( 7 ) 

Eliminating w', we find 


which is the fundamental equation. 

If, foi any value of y, dU\dy is discontinuous, tlie equation (8) must be replaced by 

('+“•' 4 (|)- 4 (f)"-o. ■ • • < 9 


where A denotes tlie difference of tlie values of the respective quantities on the two sides 
of the plane of discontinuity. This is obtained from (8) by integration with respoct to y y 
the discontinuity being regarded as the limit of an infinitely rapid variation The 
foimula (9) may also be obtained as the condition of continuity of pressure, or as tlie 
condition that there should be no tangential slipping at the (displaced) boundary. 


At a fixed boundary, wc must have V=0. 

1° Suppose that a layer of fluid of uniform vorticity bounded by the planes y= ±/i, is 
interposed between two masses of fluid moving irrotationally, the velocity being everywhere 
continuous This forms an interesting variation of a problem discussed m Art. 233 

Assuming, then, U=u for y > 7i, U~u.yjh for h > y > —7z, and L r ~ ~u for y < - Ji, 
we notice that cPU/dy 2 ~Q y everywhere, so that (8) reduces to 


d 2 v 

§ f 


W=0 


( 10 ) 


38 — 2 
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The appropriate solutions of this aie 

v'=Ae~ kl/ , ioty>h, 1 
v'=Be- k «+Ge k ' 1 , for h>y >-h , l 
i/= Be k,J , for y<-h ) 

The continuity of v' requires 

Ae- kk =Be- kk +Ga k \ ] 
De~ m =Be kk +Ge- kh i 
With the help of these relations, the condition (9) gives 

2(<r+ytu) Ce kk -j(Be- kh +Ce kk ) = 0, 

2 (a— kn)Be kk +j (Be kh + Ce~ kh ) =0 
Eliminating tlie ratio B <7, we obtain 


( 11 ) 


• (li) 


(13) 


. (14) 


For small values of kh this makes <r 2 =-£ 2 u 2 , as m the case of absolute discontinuity 
(Art 233) For large values of kh, on the other hand, & ~ ±fu, indicating stability Hence 
the question as to the stability for disturbances of wave-length X depends on the ratio X/2 /( 
The values of the function in { } on the right-hand of (14) have been tabulated by 
Lord Rayleigh It appears that there is instability if X/2 h > 5, about , and that the 
instability is a maximum foi X/2A = 8 

2° In the papers referred to, Lord Rayleigh has further investigated various cases of 
How between parallel walls, with the view of throwing light on the conditions of stability 
of linear motion m a pipe The main result is that if d- Ujdy 2 does not change sign, 
in other words, if the curve with y as abscissa and U as ordinate is of one eurvatuie 
throughout, the motion is stable Since, however, the disturbed motion involves slipping 
at the° walls, it remains doubtful how far the conclusions apply to the question at picsent 
under consideration, in which the condition of no slipping appears to be fundamental. 

30 The substitution of (10) for ( 8 ), when 0, is equivalent to assuming that 

the rotation f is the same as in the undisturbed motion , since on this hypothesis wo 
have 


which, with ( 6 ), leads to the equation in question 

It is to he observed, however, that when dPU/dy 2 — 0 , the equation ( 8 ) may be satisfied, 
for a particular value of y, by cr + JcU~0 For example, we may suppose that at the plane 
y — 0 a thin layer of (infinitely small) additional vorticity is introduced We then have, on 
the hypothesis that the fluid is unlimited, 

(16) 

the upper or the lower sign being taken according as y is positive or negative The 
condition ( 9 ) is then satisfied by , 

cr 4 - JcUq — 0j 



(17) 

(18) 
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where W 0 denotes the value of U for y=0 Since the superposition of^a uniform velocrty 
m the direction of * does not alter the problem, we may suppose f7 0 -°> aDd therefore 
«-=0 The disturbed motion is steady , in other words, the original state of flow is (to the 
first order of small quantities) neutral for a disturbance of this land * 

Lord Kelvin has attacked directly the veiy difficult problem of determining 
the stability of laminar motion when viscosity is taken into accountf. He 
concludes that the linear flow of a fluid through a pipe, or of a stream over 
a plane bed, is stable for infinitely small disturbances, but that for disturbances 
of more than a certain amplitude the motion becomes unstable, the limits of 
stability being narrower the smaller the viscosity] 


346 Reynolds, m a remarkable paper §, has attacked the question fiom 
a different point of view Taking the turbulent motion as already existing, 
he seeks to establish a criterion which shall decide whether the turbulent 
chaiacter will increase or dimmish or be stationary 


For this purpose the velocity («, v, w) is resolved into two components Wc may, for 
instance, write 


■-■-I j'Z'*- e -;/r> 


vidt , 


• 0) 


so that u 5, 5 aie the mean values of u, v, w at the point (*, y,i), taken over an interval 
o? time extending from r-*r to ,+ J, Again we might consider the mean values at the 
instant t over a space S (o.g a sphere) sunoundmg the point (a, y, a) , thus 

«= | JJJn didydz, 5-J J J jvdxdydz, e-g f Jfwdvdydz (2) 

Or again, wc might take a double mean, for times ranging over an interval r, and points 
ranging over a space 8. The actual velocities are in each case denoted by 

«=»+«', v=vW, I0=v>+w', 

where v’, v>' may be called tlie components of the turbulent motion This implies 

S'=0, ?=0, w'=0, ... - ( 4 ) 

where the har placed over a symbol denotes the mean value, taken according to the 
particular convention adopted 

For simplicity we will adopt the definition of mean value which is embodied m the 
foimulae (1) 

* Cf Sil W Thomson, *; 

alimnilu, mtofS. <t U» .mgdio.hu “ W 

be made to Love, P>oc Loud. Math Soe , t xxui p 199(1896) 

+ “ Rectilinear Motion of Viscous Fluid between SvV" 272 

p 188 (1887), “ Broad Kivei flowing down an Inclined Plane Bed, Phil Mag (5), t mv p 27? 

portion of the investigation has been criticised by Loid Bayleigh l c ante p 593 
i -Onlhe Dynamical Theory of Incompressible Viscous Fluids and the Determination of the 
Cntenon,” Phil. Tram. A , t elxxxvi p. 123 (1894) [Sc Paj>en,t u p ] 
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Reynolds starts from the dynamical equations m the forms 

du -tr ,3 , , d . v 3 

p dt~ puu ^ty P uv )+fe(Psx-- puw), . , , • . - ( 5 ) 

which are seen to be equivalent to Art 316 ( 1 ) m virtue of the equation of continuity 

du t du dw A 

& + 3y + 3i = 0 ' * • (®) 

These forms are not essential to the argument, hut are interesting as an application of the 
method employed hy Maxwell* in the kinetic theory of gases They express the rate 
of variation of the momentum contained m a fixed rectangular space bxbybz, as a 
consequence partly of the forces acting on the substance which at the moment occupies 
this space, aud partly of the flux of matter across the boundary, carrying its momentum 
with it Thus the fluxes of a'-momentum across unit areas perpendicular to 0.r, Og, Oz, 
are pu, n, pv . u, and pv> v, respectively ; and taking the difference of the fluxes across 
opposite faces of the elementary space Mybz, we obtain a gam of ^-momentum equal to 

Q 0 O 

-jg(P*%S 2 u)bx-^(pv8zbx n) by - ^ (pw8xSy u )8z 

per unit time 

_ We now take the mean value of each member of the equations ( 5 ), using the 4 sub- 
stitutions (3) It is assumed that we may, without sensible error, take the mean values of 
U) uu', uv f , uw\ . . to be % 0, 0, 0, . , respectively This is not exact, but is permissible 
provided the fluctuations of % v, w about their mean values are sufficiently numcious 
within the time-interval r. It follows that 

uu—mc 4 - &V, uv^uv+uV, uiv—w~o+vfw\ ... ( 7 ) 

In this way we obtain 


d% 3 — 0 3 

p dt~ pA + dm ^ xx ~ ?uu ~ P u ' u ') + (Pi« “ P w ~ + g 2 ( p„ - paw - p?sV), 

whilst the equation of continuity gives 

95 35 3*9 

dx + by 3z — 


( 8 ) 

(9) 


These are the equations of mean motion t. It is to he noticed that the dynamical 

equations have the same form as the exact equations ( 5 ), provided we introduce additional 
stress-components 


P*x— pu'u', P m ~ — fju'v', P 2X ~ — pit 
This recalls the explanation of gaseous viscosity hy Maxwell j. 
The equations ( 8 ) may he written, in virtue of ( 9 ), 


■ 3,-0 _ 3 


\dt +U dx Jr '* ) dy JrW Zz)p u Vvx~ , 


, * l c. ante p 536 

t Or rather ‘mean-mean-motion, 1 in the phraseology of Piof Reynolds He applies the 

mi: m “°bu ent *! T f * * *>• * - fmm “moTee^ 

tic * motlon (*'» v > ”') » called by him ■ lelahve-mean-motiou.’ 
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If we multiply those by «, f\ w m order, and add, we obtain 

(r V + " Hr + t, + fo) - f> ( '"' a + 53 + ^ 

i> (A ;«+ )’,'+/.»')+ a f pH’«r)+fy (&* - (F«-p#w)} 

+ <’ | f y. f T'xn P»'«') +g^ (Pun - pit) + g, (j3 w - /»'«>')} 

W> /»«^tt') + gy(P»«-p>^»') + ^(P»-P w '“0} ( 12 ) 

Lot uh first huppowe that there are no extraneous forces A’, T, r Z> , and let us apply (12) 
to the ease of a region bounded by lived walls at which ?«, i», a>, and therefore also u, r, w ) 
nil vanish. If we write 

03) 

04) 


7’,,- 1 ,,Jjj (u*+ P+ w») iLviii/tL, . .. 

we obtain, after Nome partial integrations, 

<l J" 1 1 l<J/„</.r</'t/tL+ J J I 


*» >’» Z * ‘Z 1 p,i *»T +/ ' W Cz + fc) +; ~' M (fc + aO + ^ (£• + aj) 

, H;::)"** Q'^GO'+G+V-* GW+M 


. a ») 

r ' \ yr/ ' W// \m/ V'// V r - ary \w; g<// j 

anti 

( , ,vu , ,tv t ,t'w • , t (cir . T)v\ , , , fdti . dw\ , , , (?)v , lf4 v 

♦ ^ + U + 'V + U + to) + W + ty/J ‘ 

The formula (Id) given the rate of variation of the energy of the moan motion (k, v, w). 
The first term on the right hand represents the dissipation duo to the moan motion 
alone, and is essentially negative. The second term represents the rate at which work is 
being done by the fictitious stresses (10). 

Now if T lie tlm true kinetic energy, wo may write, in virtue of assumptions already 

undo, ... 

T T«+T\ 0?) 


T kl’Jf f (m'*+ fl'H (IB) 


where 

he. V is the kinetic energy of the eddying motion. And, m in Art 327, it may bo shown 
that on the present supposition of fixed boundaries at which there is no slipping, the total 
dissipation is, on the avmage, equal to the sum of the dissipations duo to tho moan- 
motion and tho eddying motion respectively. Thus 

dT 
dt 1 

whom 


j J j th'dtfdn - j J j&dfdj/fL, 0*1)"* 

vimni 

* It tdiould 1(0 noticed that we are here virtually taking tho differential timo-oloment St to 
ho of the order of magnitude of tho interval r employed m the definitions (1). Tho procedure in 

tlio text avoida the use of Home very lengthy oquationfi wliich appear in the original. 
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Comparing with (14), we have 


dT 

dt 


= - j f \ & dxdyd*— f f'pdvdydz. 

J J J J J J 


.( 21 ) 


The sign of the expression on the right-hand determines whether the mean energy T 
of the eddying motion (u' 9 v', w') will increase or diminish. The first part, which alone 
involves the viscosity is essentially negative, the second part depends on the inertia of 
the fluid, and may he positive or negative according to circumstances 


When there are extraneous forces X, Y, Z to be taken into account, and when the 
velocities u , v, 'w do not necessarily vanish at the boundary of the region considered, the 
equation (14) requires to be amended by the addition of terms which represent partly the 
convection of kinetic energy of mean motion into the region, partly the work done by 
the forces X, Y, Z, and partly the work done at the boundary by the mean stresses 
Pxx, Pyx , Pzx, - 1 and by the fictitious stresses P xx , P yxi 

The equation (21), on the other hand, requires only the addition of a term, representing 
the convection of the energy of turbulent motion across the boundary 

The derivation of the remarkable formulae (19) and (21), and of the modifications just 
referred to, appears to be free from objection, on the conventions adopted But, m apply- 
ing these formulae to actual conditions, the restrictions and assumptions which have been 
introduced as to the character of the turbulent motions must be borne m mind 

One or two consequences of the formula (21) may be noted* In the first place, the 
relative magnitude of the two terms on the right-hand is unaffected if we reverse the signs 
of % , x , w , or if we multiply them by any constant factor. The stability of a given state 
of mean motion should not therefore depend on the scale of the disturbance. On the other 
hand, certain combinations of u\ v', w' appear to be more favourable to stability than 
otheis. Thus, m the case of disturbed laminar motion parallel to Ox , between two rigid 
planes y=±b, the formula (16) reduces to 


• * -( 22 ) 

so that the types of disturbance which, tend to increase are those m which (for y>0) 
combinations of V with the same sign preponderate This indicates a tendency to 
equalization of the velocity in the different strata Again, the relative importance of the 
second term m (21), which alone can contribute to the increase of I 7 ', is greater the greater 
the rates of strain dujdx , . , m the mean motion This suggests a reason why a gnen 

type of mean motion does not begin to break down unnl a certain critical velocity is 
reached. 


If we apply the (modified) formulae to the case of flow m a uniform cylindrical pipe, 
the supposition that the pressure gradient ( - dpjdz) is zero, we find 


dt 


and 


where 


= pZwrr a 2 ~2tt J a $ 0 ?'dr + 2tt J C °^dr, 
; = - J J&dxdy - 2t r dr, 


dr 

dt 




u\ 2 




—n'bu 

sr 


(23) 
. (24) 
.(25) 


Of Loreniz, “Over den weerstand dien een vloeistofstroom m eene cylmdrische buis 
oudervmdt, AmM Venl , t vi. p 28 (1897) This papei gives a very clear account of the 
whole method. Some terms are accidentally omitted from the rather complicated system of 
equations, but this does not affect the main conclusions 
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The region here considered is that contained between two cross-sections (of area 7 ra?) at 
amt distance apart, the axis of z coincides with that of the pipe, and q denotes the 
velocity at right angles to this axis It is assumed of course that q=0 and dwfiz — 0 , also 
that the mean state of things is m all respects the same at each section The conditions 
of steady motion are obtained by equating the right-hand members of (23) and (24) to zero 

Reynolds discusses 111 detail the two-dimensional form of the problem, where there is a 
flow parallel to a-* between two fixed plane walls y—±b Assuming that u varies as 5 2 -?/ 2 , 
as m Art 318, he seeks to determine a minimum value of the flux consistent with the 
condition dT'/dt=0, hut for this we must refer to the original paper The result 
obtained is that the critical ratio u^bjv^ where w 0 is the mean value of n between the limits 
y= ±5, must exceed 258* 

* A different result is obtained by Sharpe, “ On the Stability of the Motion of a Viscous 
Liquid,” Tmm Amer Math Soc , t vi p.496 (1905). 



CHAPTER XII. 


ROTATING MASSES OP LIQUID 


347 This subject had its origin m the investigations on the theory of 
the Earth’s Figure which began with Newton and Maclaurin, and were 
continued by the great French school of mathematicians which flourished 
near the end of the eighteenth and the beginning of the nineteenth century. 
It has m recent times undergone great development, at the hands, notably, 
of Thomson and Tait, Pomcaid, and Darwin 

The problem is to ascertain the possible forms of relative equilibrium of 
a homogeneous gravitating mass of liquid, when rotating about a fixed axis 
with constant angulai velocity, and to determine the stability 01 instability 
of such forms 

We begin with the case where the external boundary is ellipsoidal We 
write down, m the first place, some formulae relating to the attraction 
of ellipsoids 

If the density p be expressed in £ astronomical ’ measure, the gravitation- 
potential, at internal points, of a uniform mass enclosed by the surface 



x 2 y 2 z 2 

5+P+5- 1 

. . . . 

• a) 

is O = 7 rpabc j 

( *■ | t. j. * __i'i 

o \a 2 + X 6 2 + X c 2 + X ) 

d\ 

1 A"’ * 

.(2)* 

where A 

= {(u 2 + X) ( b 2 + X) (c 2 + X)}* 

. . 

. .. .(3) 

This may be written 




a 

= 7rp (a 0 x 2 + /9 0 1/ 2 4- 7o^ 2 - %o), 

. 

• .(4> 


where, as m Ait 114, 


a 0 = abc 


,Q0 d\ 

o (a 2 + X)~A 


, /So = abc J 


-f 

„ flr+xTS' 


dX 

o (c 2 + X) A ’ 


%o = abc 


(5) 

( 6 ) 


* Eorrefeiences see p 554. The sign of ft has been changed from the usual reckoning 
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The* potential energy of the mass is given hy 

V = i JJJ' tlpdj'di/dz, (7) 

.here the integrations extend over the volume Substituting from (4) wo 
nd 

V - H ir-p-a hr J/ ( {ajr + fij>- + y„<; s )- x«\ 

+ X 6' 4* X 


1 7 f'pwtf/k? f 1 1 { a *f * , ^ . 4 /*' y 

J ii { \tf *4 X h *t X* c 4" X/ 


l 


dX 

A 


•» 3ir>Wf!‘J o ^* — W 

'hin expression in negative because the zero of leekomng corresponds to 
state of infinite diffusion of the mass. If we adopt an zero of potential 
nergy that of the mass when collected into a sphere of radius li, — (abc)K 
m must add the term 

\Wf u ' 00 

If the ellipsoid he of revolution, the integrate reduce If it be of the 
dtutviitnj form we may put, in the notation of Ark 107, 


nd obtain * 




«. m . + 'f-r. 

y„«2(? a + l)(l-?eot '?). 

i -ddt'y ?<•■<>*- ‘d- 


.( 10 ) 


.(tl) 


r f 5^ j 


* 02 ) 


U'uvided the zero of V correspond to the spherical form. If e be him 
eeentrieity of the meridian, we have 

I 


,-r. 1 


? 3 T i ’ 


nd the formulae may he written 


0 v'{ 1 - < {> ) . . 1 -c 1 ) 

a « ' fo fJ ., Hl » ‘ “ (f > • 

2 ( , , sin ‘c] 

y„o- ()U |l - vO -O’) e 

! t sin " 1 <d 

K- \»rrylt" \l -(I ~e 8 )" f , }. 

For an ovary ellipsoid we put (Art. 103) 

, (V ~ 1 ) h 

a a l) n. V ® c, 


.03) 

•04) 

•0«) 

. 0(0 


Most simply by writing <•* 1 X - (a 8 <■“) m 4 . 
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and obtain 


« 0 =/3„=£ 2 -(£ 2 -i)rcoth i 

ry 0 = 2(£ 2 -l) (? coth -1 £ — 1), ) 

f = if uyii 5 ji - ^oth-^j 


. . (17) 
■ (18) 


The ease of an infinitely long elliptic cylinder may 
ia (5), *we find 


2b 


6’ & fH-/)’ 


2 a 


yo 


also he noticed Putting c=co 

=0 - • (19) 


The energy per unit length of the cylinder : 


v x =f,y P w iog ( -^- 


.( 20 ) 


Madcuunns Ellipsoids 

348 . If the ellipsoid rotate in relative equilibrium about the axis of s, 
with angular velocity ®, the component acceleiations of the pai tide (a, y, s) 
are - co'-x, - cchj, 0, so that the dynamical equations reduce to 

i dp dn o = --^- 0 f --(I) 

-°>‘ lx = -y&~d'x' ~ <0J ~ pty ty’ P dz dz 

Hence 1 = 4 ^ +f)-& + const (2) 

P 

The surfaces of equal pressure are therefore given by 

(•■ - ?Q i ’’ + ( A - **) j’+ w -“ Mt (3) 

In order that one of these may coincide with the external surface 

l, w 

a 8 r b 3 c~ 

we must have 

; (B) 

In the case of an ellipsoid of i evolution (« = b), these conditions reduce 
to one, viz. 

w 

Since a 2 /(a 2 + X) is greater or less than c 2 /(c 2 + X), according as a us greater or 
less than c, it follows from the forms of a 0 , yo given in Art. d4<7 (5) that the 
above condition can be fulfilled by a suitable value of <o for any assigned 
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planetary fllipsoiri, ImL not. for the ovary form. This important result is duo 
uo Marianna *, 

If we substitute from Art, 847 (II), the condition (6) takes the form 
f '-&P+1) (7) 

***' *r 

■>r, in the notation of Ark 1 07, 



( 8 ) 


ft will he noticed that, the value of to corresponding to any prescribed 
rlliptieiiy depends on the density p, and not on the actual size of the ellipsoid. 
It in easily seen that this is m accordance with the theory of * dimensions/ 


If M be the total mass, II its angular momentum about the axis of 

rotation, we have* 

M - j 7 rpa% II = jj Ma\i) } (9) 

wlmnee ^ !(«C + I) fcot 1 (10) 

Tin* formula (7) has boon discussed, under different forms, by Simpson, 
d'Alembert, and (more fully) by Laplace f. It is easily seen that the right- 
hand side of (7) vanishes for f 0 and £~co, but is otherwise finite and 
positive*; consequently that it has a greatest value for some intermediate 
value* of £ Then* is thus, for given density p , an upper limit to the angular 
velocities for which an ellipsoid of revolution is a possible form of relative 
equilibrium A more detailed investigation is required to shew that there 
is only one maximum, and consequently no minimum, value of the function 
on the right-hand of (7) or (8), 


Laplace also examined, from the* same point of view, the formula for the 
angular momentum. It appears that the right-hand side of (10) increases 
continually from 0 to <jc as £* decreases fiom oo to 0 Hence for a given 
volume of given fluid there is one, and only one, form of Maclaurm’s 
ellipsoid having a prescribed angular momentum 

These questions may also be investigated by actual computation of the* 1 
functions on tin* right-hand sides of (7) and ( 10). The* table on the next page, 
giving numerical details of a series of Maclauriu’s ellipsoids, is adapted from 
Thomson and Taitj. The* unit of angular momentum m the last column 
is M^IIK where ‘ astronomical > units art* of course implied. 


* Lc. ante p, ‘21KI. 

f Mfmniqw Crists, kivro i\ m % c. in, For other rofemiccn boo Todhunter, Hist, oj the 
Theories of Attraction, ,, ee. x., xvi 
3 Natural Philosophy i Art, 772, 
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The maximum value of co 2 /2irp is 2247, corresponding to e= 9299, 
a/c = 2 7198. For any smaller value of co*/27rp there are two possible 


aJR 


0 

1 

2 

3 

4 

5 

6 

7 

8 

8127 

9 

91 

92 

93 

94 

95 

96 

97 

98 

99 
100 


10000 
10016 
10068 
10159 
10295 
10491 
10772 
11188 
1 1856 
1 1973 
13189 
1341 
1367 
1396 
1431 
1474 
1529 
1602 
1713 
1921 


c/R 


1 0000 
*9967 
*9865 
*9691 
9435 
9086 
8618 
7990 
*7114 
*6976 
5749 
*5560 
*5355 
*5131 
*4883 
4603 
*4280 
*3895 
3409 
2710 
0 


or/ 27 rp 


0 

0027 

0107 

0243 

0436 

0690 

*1007 

1387 

*1816 

*1868 

*2203 

2225 

*2241 

2247 

2239 

2213 

*2160 

*2063 

*1890 

1551 

0 


Angular 

momentum 


0 

0255 

0514 

0787 

1085 

1417 

1804 

2283 

2934 

3035 

4000 

4156 

4330 

4525 

4748 

5008 

5319 

5692 

6249 

7121 


•ellipsoids of revolution, the eccentricity being in one case less and 
•other greater than 9299 


in the 


In the case of a homogeneous liquid mass of density equal to the 
-earth, we have 


mean density of the 


$ 7rp22=980, £=6*37 x 10 s , 


if the units of length and time be the 
that the fastest rotation consistent with 
2h 25 m 


centimetre and the second, whence it is found 
an ellipsoidal form of revolution has a period of 


When C is great, the right-hand side of (7) reduces to ^ s £~2 
the case of a planetary ellipsoid differing infinitely little from 
<ellipticity , 


approximately. Hence m 
a sphere we have, for the 




2 Tf> 


If g denote the value of gravity at the surface of a sphere of radius 
we have g=§irpa, whence 


a > of the same density, 


co 2 a 

T~ 


Putting we find that a homogeneous liquid globe of the same size and mass as 

the earth, rotating m the same period, would have an ellipticity of . 
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./ at'obi'n Kllipsotds. 


349. T» ascertain whether an ellipsoid with three unequal axes is a 
possible form of relative* equilibrium, we return to the conditions (5) of 
Art.. #48. These* are equivalent to 


and 


l«*» - [%) a V 4* 7, t C“ (a 2 - ft-) ~ 0, 
(0 2 _ <x u u' — fijfi 

w7r p a ' — b~ 


... ( 2 ) 


If we substitute from Art. #47, tin* condition (1) may he written 



| «“/> ' 

((<h + A) (ft* 4- \) 


0“ 4- A 



(3) 


The first factor, equated to zero, gives Maclanrin’s ellipsoids, discussed m the 
preceding Art. The second factor gives 

r» \//X 

I (4) 

which may In* regarded as an equation determining e in terms of a, ft. 
When c* 0, every element of the* integral is positive, and when o'* = a‘ J & ,J /(a“ 4- ft 2 ) 
every element is negative. Hence there is some value of <?, less than the 
smaller of the two semiaxes a, ft, for which the integral vanishes. 


The corresponding value of <w is given by (2), which takes tin* form 

(i) if Ad A / p v 

2 7rp Jo ( a* 1 4“ A) ( ft 2 4 A) A ’ 

so that m is real It will In* observed that as before the ratio (^jirrp depends 
only on the shape of the ellipsoid, and not cm its absolute* size 1. 

The equations (4) and (a) were carefully discussed by (1 ()• Mayor t, who 
shewed that when a % h are given there is only one value of a satisfying (4), 
and that, further, a maximum value* (viz. *187 i>J of aP/Si r/> occurs for 
a mb . 1*7101 a The Jacobian ellipsoid then coincides with one of Mae- 
laurin’s forms. This limiting form, which is shewn on the* next page, may 
he determined by putting 

a * - ft, c M 4- A * * ( a ' - t? ) u'\ (r » ( a u — c y ) f J , 


The possibility of mi ellipsoidal form with throe unequal axes was first assorted by Jacobi, 
<* Uobet* die Kigur dim (Heiobgowichls,” Vogt/. Ann,, t. xxxiu, p, 229 (1HJM) [ Oat. )Verke, t. ii. 
p, 17 j; see also Dionvillo, “ Bur la figure d’tme matwo fluide homogfao, en frjuilibre, cl dourio 
cPtm mouvemenfc do rotation,” Journ . tie V Wrote Polytechn , t. xiv. p. 290 (1834). 

4 ** Do aequilibrii form la allipHOulicsifi,” V retie t t. xxiv. (1842). 

{. According to Thomson and Tint this should bo *1808. Boo tho table on the opposite page 
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in the second factor of (3). We find 

r* ff i + £ 2 l du 

J c (U + u*J u 2 j 1-h u* 


whence 


cot " 1 f = 


13£- -b3£ 3 
3-f 14£ 2 -f3f 4 ’ 


(6) 




There is only one finite root, viz *7171 , this gives, for the eccentricity 
of the meridian, e = *8127. 



Since, m the general case, the two ratios ccbc are subject to the con- 
dition (4), there is virtually only one variable parameter, and the Jacobian 
ellipsoids form what may be called a f linear J series. The sequence of figures 
m the series is illustrated by the following table, computed by Darwinf* As 


Axes 



2irp 

Angular 

momentum 

a/R 

bjR 

c/JR 

1197 

1197 

*698 

*1871 

304 

1216 

1179 

698 

*187 

304 

1279 

1123 

696 

*186 

306 

1383 

1045 

*692 

*181 

313 

1601 

924 

•677 

*166 

341 

1899 

811 

*649 

*141 

392 

2 346 

702 

607 

107 

481 

3136 

586 

545 

067 

644 

5 04 

45 

44 

026 

1016 

cc 

0 

0 

0 

O0 


co 2 /2irp diminishes from its upper limit 1871, the ratio of one equatorial axis 
of the ellipsoid to the polar axis increases, whilst that of the other diminishes, 
the asymptotic form being that of an infinitely long circular cylinder rotating 
about an axis perpendicular to its length (a = oo, 6 = c) The following 
figuies shew two intermediate forms, the unit of length being the radius (B) 
of the sphere of equal volume. 


* Thomson and Tait, Art. 778'. The / of these writers is equal to our I” 1 , 
f “ On Jacobi’s Figure of Equilibrium for a Rotating Mass of Fluid,” JPioc Boy . Soc , t. xli 
p 319 (1886) 
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It may be noticed that an infinitely long elliptic cylinder may rotate m 
relative equilibrium about its longitudinal axis It is easily proved, with 
the help of the formulae (19) of Art 347 that the angular velocity is 
given by 

<» 2 = /g\* 

27 rp (a 4- 6) a 


Other Special Forms 


350 The problem of relative equilibrium, of which Maclaurin’s and 
Jacobis ellipsoids are only particular cases, has been the subject of many 
remarkable investigations, to which only slight reference can here be made 

The case of the annulus was first treated by Laplace f, with special 
reference to the theory of Saturn’s rings 

The annulus is supposed to be a figure of revolution about the axis of z , 
and to possess an equatorial plane of symmetry passing through the origin 
Further, the cross-section is taken to be an ellipse whose semiaxes parallel 
to Ox and Oz are a and c respectively. If 0 be the centre of this section, 
we write 00 = D , and it is assumed that the ratios a/D, c/D are both 
small 


Under these conditions, the component attractions at any point m the 
substance of the ring are, to a first approximation, the same as if the radius 
B were infinite, so that we may write, m accordance with Ait. 347 (19), 


where 


O = 7rp (a 0 x 2 + 7o £ 2 ) + const , 


«0 = 


2c 

a 4* c ’ 


7o = 


2a 

a + c ’ 


(1) 

( 2 ) 


provided the origin of x be now transferred to 0 The pressure-equation is, 
accordingly, for points of the cross-section, 

j? . 1 «■ (i> + «y - n + + #} + const , . .. (3) 

where S denotes the mass of the central attracting body at 0 This may be 
expanded in the form 

^ = ^a) 3 (-D 2 + 2-Da; + ai 2 )- 7J 'P( a o^ + 7o2 3 ) + ^fl + + ~ - ) 

... (4) 


* Matthiessen, “Neue Unteisuchungen uber frei rotirende Flussigkeiten,” S elm f ten (let 
Umv zu Kiel , t vi (1859). This paper contains a veiy complete list of previous writings on the 
subject 

f “Mdmoire sur la theone del’anneau de Saturne,” Mem de VAcad des Science *, 1789 [1787] 
[. Mecanique Celeste , Livre 3 me , c vi ] 
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If^j is to be approximately constant over the circumference of the section 


X 2 Z 1 

a 2 + c 2 


1 , 


( 5 ) 


the terms m x must cancel, and the coefficients of a? 2 and z 2 must be m the 
ratio of c 2 to a 2 Hence 

co*D* = S, ... . (C) 



The former of these equations shews that the period of revolution of the ring 
must be thatpioper to a satellite at the same distance, and the latter may 
be written 

so 2 _ 2 ac (a - c) 

2t rp (:3a 2 + c 2 ) (a + c ) 9 ' w 

whence it appears that the equatorial diameter of the section must be the 
greater 


The expression on the right-hand has a maximum value 108G, cor- 
responding to ajc = 2 594. Hence for a fluid ring at a given distance from 
the central body there is an inferior limit to the density 

Laplace points out that a ring such as we have imagined would be 
unstable even if rigid, and must d fortiori be unstable when fluid It is now 
generally held that the constitution of the Saturnian rings is meteonc. 


When the central body is absent, or its mass relatively small, the 
attiaction of the ring at points of its substance must be calculated to 
a higher degree of approximation It easily appears that the cross-section 
must be nearly circular, and that the angular velocity must be much less 
than m the previous case It is found that, when $ = 0, 


or 
2 irp 

nearly, provided a/D be small 
to that of Art 162 



This may be vcnfied by a method similar 


It has been shewn by Dyson that a ring of this kind would be unstable 
for types of disturbance m which the sectional area varies with the longi- 
tude, and for such types only Its tendency would therefore be to break up 
into detached masses. 


Darwin has investigated -f m great detail the case of two detached masses 


^ A slightly ditfeient lesult was given by Matthiessen, l c The foimula (9) was obtained by 

Mme Sophie Kowalewsky, Asti Ncu hr , t cxi p 37 (1885), Pomcart?, I c infra , Dyson, l c ante 

p 149 See also Basset, Arne? Joum Math , t xi (18S8) 

t “ On Figures of Equilibnum of Rotating Masses of Fluid, ” Phil T) mis , A, t clxxvm 

p 879 (1887) 


39 — 2 
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of liquid rotating m relative equilibiium about their common centre of 
gravity like the components of a double star When the distance between 
the masses is large compared with the dimensions of eithei, the series of 
spherical harmonics m which the solution is expressed are rapidly convergent , 
but m other cases the approximations become very laborious * 


i 

General Problem of Relative Equilibrium 


351 The question as to the possible configurations of relative equilibrium 
of a rotating homogeneous liquid was taken up from a more general point of 
view by Pomcard, m a celebrated paper ■f 


Consider m the first place an ordinary dynamical system of n degrees of 
freedom, whose constitution depends on a variable parameter X, the potential 
energy V being accordingly a function of the n generalized coordinates 
q 1} q 2 , . . . q n and of X The possible configurations of equilibrium corresponding 
to a prescribed value of X are determined by n equations of the type 


07 

dq r 


= 0 ; 


• * -(I) 


and by varying X we get one or more ‘linear senes 5 of equilibrium con- 
figurations Such a series may be represented by a curve m an ^-dimensional 
space, of which q lt q%, . . q n are the Cartesian coordinates 


Again considering small deviations from any equilibrium configuration, 
we have 

7 = c 22 Sg 2 2 + •••4- %c l2 $qi$q2 4- .. , • . . (2) 

where c 11} c 22 , c 12 , . are ‘ coefficients of stability 5 (Art 167) defined by 


_0 2 7 _ a 2 7 

° rr ~ dq r 2 ’ Cr ‘~dq r dq s { ) 

By a linear transformation of the variations Sq lf Sq 2 , . the ex- 

pression (2) can be reduced, in an infinite number of ways, to a sum of 
squares; but whatever mode of reduction be adopted, the number of positive 
as well as of negative coefficients is, by a theorem due to Sylvester, 
invariable The coefficients in the transformed expression may be called 
principal coefficients of stability. In order that the configuration in question 
may be stable, it is necessary and sufficient that these should all be positive. 

As we vary A, the severaL linear series will remain distinct so long as the 
discriminant A of the quadratic form (2) does not vanish, i e so long as no 
principal coefficient of stability vanishes But if, as we follow a linear series, 


* For a fuller investigation of the problems of Arts 347-850 lefeience may be made to 
Tisserand, Traite de Mecamque Celeste, Pans, 1889-1896, t. n. 

+ “ Sur l’equilibre d’une masse fluide anim6e d’un mouvement de rotation,” Acta Math., 
t. vu. p 259 (1885). See also his treatise Ft gutes d'equilibu d'une masse fluide, Pans, 1902 
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A vanishes and changes sign for a particular value of X, it appears that the 
configuration m question is a * form of bifurcation/ 1 e it is (as it were) the 
meeting point with another linear series The case may also arise where, as 
X passes through a particular value, two linear series coalesce and then 
become imaginary If the configuration m question does not belong to any 
other linear series, we have what is called a ‘limiting form’ of equilibrium, 
and it may be shewn that A has different signs m the two series, m the 
neighbourhood of the junction A specially important case is wheie two 
series coalesce and afterwards become imaginary, whilst a third series passes 
continuously through the common point 


The foregoing statements may be illustrated by the case of a system of one degree 
of freedom* The positions of equilibrium aie given by 



( 4 ) 


winch determines one or more values of q in terms of X 
to X, we obtain 


d*Vdq c 2 V 
dq 2 dX dq dX 


If we differentiate with respect 


( 5 ) 


Tins gives, for each linear senes, a unique value of dq/dX , and so determines the succession 
of equilibrium configurations, unless d 2 Vldq 2 =0 The se\eral series therefore remain 
distinct so long as the coefficient of stability does not vanish, but if 3 2 V/dq 2 = 0, dq/dX is 
infinite or indeterminate according as d' 2 V/dqdX is or is not different from zero In the 
former case, two series m general coalesce 


Let us wnto ^ = </>(X, q ), .. ..... * (6) 

and consider the surface - = $(#,2/): * *• •* P) 

where a, y, z are ordinary Cartesian coordinates The curve cj) (&\ y)=0 which separates 


y 



the parts of the plane vxj for which % is positive from those for winch z is negative, repre- 
sents the various linear series of equilibrium forms. Also tho parts of the curve for which 

* As a simple example, take the case of a paiticle free to move m a smooth rigid tube m a 
vertical plane, the tube being capable of being set in different positions by rotation about ail axis 
peipendicular to tins plane 
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the gradient dz/dy is positive correspond to stable, and those for which dzjdy is negative 
to unstable configurations 

The critical points (d 2 V/dq 2 —0) correspond to dzjdy— 0, the tangent-lme to the curve 
is then parallel to y ) or else the point m question is a singular point on the curve In 
the former case, if no other branch of the curve goes through the point of contact, we have 
a ‘limiting form 5 , and it is evident that there is a change fiom stability to instability at 
this point. This case is represented m the preceding figure, where the two senes PA 
and QA coalesce in the limiting form A 

If however we have also 3 2 F/3$'0X=O, or dz/dx =0, we have a singular point The case 
where two series ( PA and QA) coalesce and become imaginary, whilst a third series (HAK) 
passes through the common point and remains real, is shewn m the following diagram In 



the latter series we have a transition from stability to instability, or vice versd , whilst 
the other series are both stable or both unstable m the neighbourhood of A * 


When there are n degrees of freedom, the equations of equilibrium are 



37 

% 2 


=0, 



• ( 8 ) 


We may utilize the n - 1 equations following the first to determine q 2 , q n in terms 
of qi and X Let us denote the result of substituting these values m the general expression 
for 7 by \js (q u X) We have then, 

= d Jd£ JZ d JiL- d -I /QN 

3?i dqidqtdqi 9 + dq n dq x dq x ’ ‘ * 

by (8), so that the remaining condition of equilibrium may be written 


From this we derive 


3\^ 

s ?i 


= 0 


dqi , gV n 

dqx 2 dX^dqxdX J 


( 10 ) 

( 11 ) 


which shews that the sequence of equilibrium configurations is unique unless 3 2 f/3^ 1 2 = 0. 
The rest of the argument is then as before, with ^ substituted for 7. It is easily proved 
that the condition 3 2 \/q% 1 2 =0 is analytically equivalent to A=0t 


* The case of a simple crossing between two series, both of which are real on either side of 
the intersection, may be illustrated m a similar manner 

f The argument is taken, with little alteration, from Poincare’s treatise 
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352. 1 he bearing of these considerations on the theory of relative 

equilibrium of a rotating system will be apparent 

In the case of equilibrium relative to a rigid frame which is constrained 
to rotate with constant angular velocity co about a fixed axis, the conditions 
are most conveniently considered under the type 


a 

dq r 


(F— y 0 )= o, 


..(i) 


where V is the potential energy, and T 0 is the kinetic energy of the system 
when rotating as rigid in any assigned configuration ( q , I , q^ ... q n ) ; cf Ait 202 
By varying m we get this various linear senes of equilibrium confirmations 
xMoreover, if the system he subject to dissipative forces affecting all relative 
motions, the condition of secular stability is that V - T 0 should be a 
minimum. 


When, on the other hand, the system is free, the case comes under the 
general theory of gyrostatie systems, and the more appropriate form of the 
conditions is 

4 : (r+,f) -°- < 2) 

where f\ is the, kinetic energy of the system when rotating, as rigid, m the 
configuration (</,, q a , ... q n ) with the component momenta corresponding to 
the ignored coordinates unaltered (Ait. 250), and the condition of secular 
stability is that l r + A* should be a minimum From the present point of 
view the only ignored coordinate which we need consider is an angular 
coordinate specifying the* position in space of a plane of reference m the 
system, passing through the axis of rotation and therefore also through the 
centre of inertia. The corresponding component of momentum is the angular 
momentum about the axis; wo shall denote this by k. By varying tc we get 
the various linear series of equilibrium configurations 

In the ease of a rotating liquid, the generalized coordinates q u q», .. are 
infinite in number, but the theory is otherwise unaltered Let us suppose, 
for a moment, that we have a liquid covering a rigid rotating nucleus If 
the nucleus be eonstiained to rotate* with constant angular velocity, or (what 
comes to the same thing) if if Ik*, of preponderant inertia, we have the first 
form of the problem ; whereas if the nucleus be free, the second form applies. 
The*, distinction between the two forms disappears when we confine ourselves 
to disturbances which do not affect the moment of inertia of the system with 
respect to the axis of rotation. 

The* second form of the problem is from the present point of view the 
more important. We pass to the case of a homogeneous rotating liquid by 
imagining the nucleus to become infinitely small. In this case the solution 
of the problem of relative equilibrium is partially known We have, first, the 
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linear series of Maclaurin’s ellipsoids in which, as k ranges from 0 to jo , a/ It 
ranges from 1 to oo (Art. 348). Again, we have the two* series of Jacobian 
ellipsoids in which, as k ranges from 304 to oo , a/b ranges m one ease 
from 1 to oo , and m the other from 1 to 0, whole a , b denote the two 
equatorial semi-axes (Art. 349) When a: =*304 M$li\ we have a form of 
bifurcation, and accoidmgly n change m the character of the stability. 


353. As a simple application of the preceding theory wo may examine 
the secular stability of Maclaurm’s ellipsoid for those types of ellipsoidal 
disturbance in which the axis of rotation remains a principal axisf. 


Let a) be the angular velocity m the state of equilibrium, and k the angular momentum. 
If J denote the moment of inertia of the disturbed system, the angular velocity, if tins were 
to rotate, as rigid, would be k/J Hence 


r+A=F+|/Q ! H'+S* ! , (I) 

and the condition of secular stability is that this expression should be a minimum. We 
will suppose for definiteness that the aero of reckoning of V corresponds to tie* state of 
minute diffusion Then m any other configuration V will he negative, 

In our previous notation we have 



being the axis of rotation. Since ubc~ wo may write 

F+s j/(X-^r /(a ’ h) ^ 

wheie/ (a, b ) is a symmetric function of the two independent variables u, Ik If we con 
sider the surface whose ordinate is f(a, 6), where a, b are regarded as rectangular reerdi 
nates of a point m a horizontal plane, the configurations of relative equilibrium will 
correspond to points whoso altitude is stationary, whilst for secular stability the altitude 
must further be a minimum 


lor a = co, or b = co , we have /(a, 6)«0 For o»(), we have V 0, an d/(a, h) / l h*\ 
and similarly for b-=Q. For «=Q, 6 = 0, simultaneously, we havo/O, b) go It w known 
that, whatever the value of there is always one and only one possible form of MaelaurinV* 
ellipsoid. Hence as we follow the section of the above-mentioned surface by the plane of 
symmetry (a=*b) 9 the ordinate vanes from oo to 0, having one and only one statu mar) 
value in the interval It is evident that this value is negative, and a minimum J. Hence 
the altitude at this point of the surface cannot be a maximum. Moreover, since there is n 
limit to the negative value of r, viz when the ellipsoid becomes a sphere, there is alwavs 
at least one finite point of minimum (and negative) altitude on the surface. 


* TUe two Beries mclude the Bame succession of geometrical forms, but arc from the present 
pomt of view to he regarded as analytically distinct 

t Pomcarii, l c For a more analytical investigation see Basset, “ On the Stability of 
Maclaurm’s Liquid Spheioid,” JPioc Camb. Phil Hoc, t vm. p 28 (1892) 

4 It follows that Maclaurm’s ellipsoid is always stable for a deformation such that the 
surface remains an ellipsoid of evolution Thomson and Tait, Natural l>lulm, V h,, (2ml <■<! ) 
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Now it appears, on reference to the tables on pp. 006, 608, that when k < 304ili-7i] there 
is one and only one ellipsoidal foim of equilibrium, viz one of revolution The preceding 
considerations skew that this corresponds to a qiomt of minimum altitude, and is therefore 
secularly stable (for symmetrical ellipsoidal disturbances). 

When k > 304i/ J 2f-, there are three points of atationaiy altitude, viz one m the plane 
of symmetry, corresponding to a Maclaunn’s ellipsoid, and two others symmetrically 
situated on opposite sides of this plane, corresponding to Jacobian forms It is evident 
from topographical consideiations that the altitude must be a minimum at the two 
last-named points, and neither maximum noi minimum at the former. Any other 
arrangement would involve the existence of additional points of stationary altitude 

The lesult of the investigation is that Maclaumi’s ellipsoid is secularly 
stable or unstable, for ellipsoidal disturbances, according as the eccentricity e is 
less or greater than 8127, the eccentricity of the ellipsoid of revolution which 
is the starting point of Jacobi's series , whilst the Jacobian ellipsoids are all 
stable for such disturbances*" 

The further discussion of the stability of Maclaurm's ellipsoid would cany 
us too far It was shewn by Poincare that the equilibrium is secularly stable 
for deformations of all types so long as e falls below the above-mentioned 
limit. This is established by shewing that there is no form of bifurcation for 
any ellipsoid of revolution of smaller eccentricity. It follows, fiom the con- 
sideration of 'exchange of stabilities/ that Jacobis series begin by being 
thoroughly stable 


354 Pomcard has fmther examined the coefficients of stability of the 
series of Maclaurm’s and Jacobi's ellipsoids, by the method of Lamd’s 
functions, with the view of ascertaining what members are forms of 
bifurcation lie finds that there are an infinite numbei of such forms, and 
consequently an infinite number of other lineat senes of equilibrium 
configurations In each case it is possible to assign the foim of the members 
of the new series m the neighborhood of the bifurcation. The question has 
been further discussed by Dai winf, and by Pomcard himself m a subsequent 
paper | 

The case which has attracted most interest is the first bifurcation winch 
occurs m the series of Jacobi's ellipsoids According to Darwin f, the cntical 
ellipsoid is that for which a/J& = 1 8858, b[lt = ’8150, c/R = 6507. After this 
point Jacobi’s ellipsoids aie unstable 

* This result was stated, without proof, by Thomson and Tart, l c 

t “ On the Pear-shaped Figure of Equilibrium of a Kotatmg Mass ol Liquid,” Phi Plans. A, 
t. cxcvni p 301 (1901). 

J “ Sur la Stability des Figures Pynformes affectCs par une Masse Tluidc en notation,” Phi. 
Tiam.A, t. cxcviu p 333 (1901). 
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In the annexed figure*, in which the ratios ajc and bjc are taken as 
coordinates, the straight line HAK represents the series of Maclaunn’s 
ellipsoids corresponding to different values of k, whilst the branches AR, 
AS represent those of the Jacobian figures. The point 3 corresponds to* 



the case of the sphere, when k — 0 , and the Maclaunn series is stable from 
H to A, and afterwards unstable. The points P, Q indicate the stage at 
which the Jacobian ellipsoids become unstable At these points new senes 
branch off; which are probably in the first instance stable t* The first 




* The diagram is constructed from the tables on pp 606, 608 A sketch is given m Poincare’s- 
treatise 

t See PomcarS, Lc ; and Darwin, “The Stability of the Pear-shaped Figure of Equilibrium 
Phzl Trans A, t. cc p. 251 (1902). ’ 
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mt'mb(!is ot tluw new smieh havo the form nhewn in the lower diagrams, 
which arc taken from the paper by l)ai win just referred to 

The corresponding two-dimensional problem has been discussed by 
Josuik*, h\ a special method. 


tint (til Oscillations. 


355. r I he .small oscillations of a rotating ellipsoidal mass have been 
dismissed by \ acinus writers, 

I he simplest types of disturbance which we can consider are those in 
which tin* surface remains ellipsoidal, with the axis of revolution as a 
principal axis. In the ease of Maclaurm’s ellipsoid, there are two distinct 
types of this character; m one of these the surface remains an ellipsoid 
of revolution, whilst in the other the equatorial axes become unequal, one 
me* easing and the other decreasing, whilst the polar axis is unchanged. It 
was shewn by Riemannf that the latter type is unstable when the eccentricity 
(tf) the meridian section exceeds *9529. In this investigation frictional 
forces are, not contemplated, and the criterion is one of ‘ordinary’ stability. 
We have' seen (Art. 3*13) that practically the equilibrium is unstable when e 
exceeds *8127. The periods of Riemann’s two typos of oscillation (when 
e< 1)120) have been calculated by Love j, who has also discussod the two- 
dimensional oscillations (of elliptic type) of a rotating elliptic cylinder§ 

Tint problem of small oscillations was treated in a more general manner 
by Poincare]'. If appears from Art. 20(1 that the equations of small motion 
relative to rotating axes may he written 


du 

at 


iMV 


a\(r 
(hr ' 


dn 


4 * 2 (o u 


d/l' 


dw __ ^ d\jr 

d t 3 


wile re 


n|r 


r 

p 




( 2 ) 


' “ On the Kqmhlnium of Rotating Liquid Uylinderh,” Phil. Tram A, i cc p. 07 (1902). 

1 Beitrag */,n den Uutemtehungen ubor do* Bewegung tunes lhlssigen gloiehartigcn Ellip- 
Moides,” GWL Abhu L ix. p. a (IHflO) [Math. Werke, p. 192], Moo also Basset, Hydrodynamics , 
Art* 307. Kiemium alio shewH that Jacobi’s ellipsoids an* stable (in the above restricted sense) 
for ellipsoidal diHtnrlmmvs, 

t 11 On the Usoillatums of a Rotating Liquid Bpbemid, and the Genesis of the Moon,” Phil. 

May. (5) f t. xxvii. \u 251 (1H»S»). 

$ ** On the Motion of a Liquid Elliptic Cylinder under its own Attraction,” Quart. Journ. 
Math., t, xxhu p. 155 (IKHHf, 

|| h<\ ante p. 012. 
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From these, and 


Rotating Masses of Liquid 


if O denote the gravitation potential of the liquid mass, 
from the equation of continuity 



du dv dw . 
dx + dy + dz~ ’ 

. 

(3) 

we deduce 




(4) 

If we assume that u, v, w vary as e lorf , we find 



2(7 ”^4 2co 
ox 

3 t „ 3 . dyfr 

3 y n ox oy 

8 

II 

q 1 

.(5) 

cr 2 — 4co 2 

3 " cr 2 — 4 co 2 s 

and therefore from (3), 

or immediately from (4), 







(6) 

If we write 

1 7 = T 2 , Z — TZ , 

cr 2 




this takes the form 

8 *± , &± , _ A 

3& 2 9t/ 2 3/ 2 


.(8) 

If the equation of the 

undisturbed ellipsoid be 




a 2+ 6 2 + C a > 



. .(9) 


the appropriate solutions of (8) are those which involve the ellipsoidal 
harmonics corresponding to the surface 


a 2 + b 2 



which is obtained from (9) by homogeneous strain*. 


( 10 ) 


At the surface (9) we must have p = const , and therefore 

f = £l-%co*(x 2 + y*) ( 11 ) 

The potential O of the disturbed form depends on the normal displacement 
(£) at the suiface , this is connected with ^ by a relation of the form 


lu 4* mv 4- nw = 



( 12 ) 


where the surface-values of u, v, w are to he taken from (5). 

The procedure is then as follows Assuming that £ is an ellipsoidal 
surface-harmonic relative to (9), the suiface- value of O is calculated, and 
substituted m (11) The resulting surface-value of ^ is then expressed m 


* It appears that for some types of free oscillation r is imaginary, and the surface (9) con- 
sequently a hyperboloid. 
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terms of harmonics relative to the auxiliary surface (10); the corresponding 
expression of ^ in the interior can then he written down in ellipsoidal solid 
harmonics The condition (12) then gives an equation to determine cr, it 
appears that this equation is always algebraic 

In the case of Maclaurm’s ellipsoid the process is somewhat simplified, 
the harmonics involved being of the types studied m Arts. 104s 107 This 
problem has been fully worked out by Bryan* * * § , who has in particular com- 
pleted Riemann’s investigation by shewing that the equilibrium is 'ordinarily’ 
stable for all types of disturbance so long as the eccentricity of the meridian 
is less than 9529 


Di nchlets Ellipsoids 

356 The motion of a liquid mass under its own gravitation, with 
a 'varying ellipsoidal surface, was fiist studied by Dirichletf Adopting 
the Lagrangian method of Art 13, he proposes as the subject of investigation 
the whole class of motions in which the displacements are linear functions of 
the coordinates This was carried further, on the same lines, by Dedekmd]: 
and Riemann§ More recently, it has been shewn by Greenhill|| and others 
that the problem can be treated with some advantage by the Eulenan 
method 


We will take first the case where the ellipsoid does not change the 
directions of its axes, and the internal motion is irrotational. This is 
interesting as an example of finite oscillation of a liquid mass about the 
spherical form 

The expression for the velocity-potential has been given m Art. 110 ; viz. 
we have 

+ (1) 

with the condition of constant volume 


2+M-O 

a b c 


( 2 ) 


* “The Waves on a Rotating Liquid Spheroid of Finite Ellipticity,” JPJul Tt am. A, t. clxxx. 
p 187 (1888) 

h “ TJntersuchungen nber em Problem der Hydiodynamik, * Gott Abh t vm p. 3 (1860); 
Crelle, t. lvm p 181 [Werke, t. n p 263]. The paper was posthumous, and was edited and 
amplified by Dedelund 

t Crelle , t Ivin p 217 (1861). 

§ l c ante p 619 

l| “ On the Rotation of a liquid Ellipsoid about its Mean Axis,” Proc. Comb. Phil. Soc t m. 
p 233 (1879), “On the general Motion of a liquid Ellipsoid under the Gravitation of its own 
parts,” Proc Gamb Phil Soc., t iv p 4 (1880) 
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The pressure is then given by 

+ .. . ...(3) 

by Art. 20 (4), and substituting the value of H from Art 347 we find 


P 


= *“ ^ (a + 5 2/2 + c **) “ 77/0 + + 7o^ 2 ) + ^ 00- * * W 


The conditions that the pressure may be uniform over the external 
surface 


ct y 1 z~ , 

L J — 1 

„2 + + C 2 L > 


are therefore 


- + 27r/3Of 0 j a 3 = (j + 27rp/3 0 j 6* = + ^pyoj c 2 . 


...( 5 ) 


( 6 ) 


These equations, with (2), determine the variations of a, b , c If we multiply 
the three terms of (2) by the three equal magnitudes m (6), we obtain 

aa 4- bb 4- cc 4- 27 rp {oc^aa, + /3 0 bb + y 0 cc ) =0 .... (7) 

If we substitute the values of ct 0 , /3 0j 7 0 from Art 347, this has the integral 

.. ( 8 ) 

.(9) 

( 10 ) 

.. . .( 11 ) 


f 00 dX 

a? + b 1 + o- — 47 rpctbc -r- = const. . . 

J o A 

It has already been proved that the potential energy is 

F = const — t ^ 7 r 2 p 2 a 2 6 2 c 2 I -r- , 

J o A 

and it easily follows from (1) that the kinetic energy is 

T = t 2 ^7 rpabc (a, 2 4- & 2 4- c 2 ). . . . 

Hence (8) is recognized as the equation of energy 

T 4* V = const 

When the ellipsoid is of revolution (co = &), the equation (8), with a 2 c = jR $ , 
is sufficient to determine the motion We find 


c 2 + F = const . .. .(12) 

The character of the motion depends on the total energy If this be less 
than the potential energy in the state of infinite diffusion, the ellipsoid will 
oscillate regularly between the prolate and oblate forms, with a period 
depending on the amplitude , whilst if the energy exceed this limit it will . 
not oscillate, but will tend to one or other of two extreme forms, viz an 
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infinite line of matter coinciding with the axis of z, 01 an infinite film 
coincident with the plane xy* 


If, in the ease of an ellipsoid of revolution, we superpose on the irrotational motion 
given by (1) a uniform rotation £ about the axis of s, the component velocities (relative 
to fixed axes) are 


cl a c 

y =-y+£* - , w=-z 

ci cc c 


(13) 


The Eulcrian equations (Art 6 (2)) then reduce to 

a U S p dx dx’ 

a a * p cy d y 

< j , 1 dp 

c p dz dz 

Tlie fhst two equations give, by cross-difierentiation, 

C+2 -=0, 

i « 


(14) 


(If.) 

or {a?={<,a o 2 , (16) 

which is simply the expression of von Helmholtz’ theorem that the ‘ strength’ of a vortex 
is constant (Art. 146) In virtuo of (15), the equations (14) have the integral 


P z 

P~ 


~ i ( * - C 1 ) G^+y 2 ) - i - a 4- const 


.(17) 


Introducing the value of Q from Art 347 (4), wo find that the pressure will be constant 
over the surface 


+ y z 


-I— — * sss 1 
‘ .A— A J 


provided 


( a + rp«o - a 2 = 0+2 7 rpy 0 ^ c 2 . 


Jn virtue of the relation (15), and of the condition of constancy of volume 


2- + -=0, 

a o 1 


tins may be put m the form 

2aa 4- cc 4- 2 (^aa 4- fjJVft 2 ) 4- 4.7rpaoCict 4- QrrpyuCC — 0, 


whence 


2a 2 4- 


•j 1 4- 2£ 2 « 2 - 47rpa 2 6* f ^ — = const 

J u (rt ,- 4 "X.) (c 2 4 "X)^ 


This, again, may be identified as the equation of energy 
In terms of c as dependent variable, (22) may bo written 

A^{(l+£)^ + 2 ^ 4 C }+F=: 


= const 


(18) 

(19) 

( 20 ) 

(21) 

( 22 ) 

(23) 


* Diriclilet, l c When the amplitude of oscillation is small, the period must coincide with 
that obtained by putting n = 2 m the formula (10) of Art 259 This has been vended by Hicks, 
Pioc Camb Phil Soc., t iv p 309 (1883) 
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If the initial circumstances be favourable, the surface will oscillate regularly between 
two extreme forms Since, for a prolate ellipsoid, V increases with c, it is evident that, 
whatever the initial conditions, there is a limit to the elongation m the direction of 
the axis which the rotating ellipsoid can attain On the other hand, we may have 
an indefinite spreading out m the equatorial plane* 


357 For the further study of the motion of a fluid mass hounded by a 
varying ellipsoidal surface we must refer to the paper by Riemann already 
quoted, and to other memoirs cited below f We may, however, briefly 
notice the case wheie the ellipsoidal boundary is invariable m form, but 
rotates about a principal axis (Oz)^ 


If u , v, w denote the velocities relative to axes a?, y rotating m their own plane with 
constant angular velocity co, the equations of motion are, by Art 206, 


Du . „ 


1 §£ _ \ 
p dx 5 I 


© 2 y = 

Dw 

Di 


1 9^ _ 

p dy dy’ 

1 9p __ 3^2 

p dz dz ‘ 



- • (X)§ 


If the fluid have an angular velocity ( about lines parallel to 2 , the actual velocities 
parallel to the instantaneous positions of the axes will be 


a 2 -Z > 2 

a?-b 2 

w = 0 , 


• ( 2 ) 


since the conditions are evidently satisfied by the superposition of the irrotational motion 
which would be produced by the revolution of a rigid ellipsoidal envelope with angular 
velocity e- C on the uniform rotation £ (cf. Art 110) H ence 

2a 2 2 b 2 

W ~cc t t + ^=0 . . (3) 


* Dirichlet, l c 

J Briosehi, “ Developpements relatifs au § S rles Recherches de Dirichlet sui un probleme 
d Hydrodynamique, ” CreUe, t. hx p 63 (1861), Lipsehitz, “Reduction del Bewegung ewes 
flussigen homogenen Ellipsoids auf das Variations-problem ernes einfachen Integrals ” 
a elle, t lxxvnl p 245 (1874); Greenhill, u a,nte V 621, Basset, “Ou the Motion of a Liquid 
Ellipsoid under the Influence of its own Attraction,” Proc Land. Math. Soe , t xvn p 255 (18861 

[Eydrodynamcs, c. *v.] ; Tedone, II moto dr un ellusoide Jlmde secondo I’rpotesr dz PzrzMe, 
risa, 1894 9 

Soe fTp^aa (3.879* BOtatl011 ° £ a Liqmd ElllpS0ld about lts Mean A »s.” Proc. Caml Phil 

r \\Trr er f l s ^ st f°[f a ^ lcns relatlTe t0 mov “ g axes mB by Gieenhill, Pzoc 
Camb jPJixL Soc , t. rv p. 4 (1880) 
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Bulwtituiing in (P, and integrating, wo find 

e 2 +.'/ 3 ) + -W (•'■'•+.'/) -~ ( ’ l, f ^ l y l/ K((- u ,) -Q + coimt 


(> 2/5 


...(•)) 


I lemon the' conditions for a free surface are 


f *2<tVr 2b~ 

(fH+60» v * ^ + ^" J „a + /,'in®-0 *7’rt. 


•} "' 2 

}" a 


tt/W* 

This includes a number of interesting eases. 

1°. If wo put a) {, wo get. tho conditions of Ja,< obi’s ellipsoid (Art 3 19) 

2", If we put m 0, ho that tho external boundary in stationary m space, wo got 
iaW 


..W 


[rf/Wu a ' Jw | Kpfin ^ ^ ^a)2 C 2 1 h* *7>y<^ M 

Those conditions are equivalent to 

(«u f-yu< J (o 4 A a ) 0, . 

and " 2 «<> ft a M» 

ftrp hW * /;* 

It is evident, on comparison with Art. 3 19, that r must ho tho least axis of tho ellipsoid, 
and that tho value* pH) of o 4 / 27 r/> is positive. 

Tho paths of tho particles are determined by 


..( 7 ) 

....( 8 ) 




2b* 




r i£y/ cow (<rf 4* «), // Msin(frH-Oi **»<), 

2a/; 

rr^ .. ... 


( 10 ) 

.(11) 


whence 
if 

and /*, e are arbitrary constants, 

These results nio due to 1 )cdekiiid *, It m remarked hy Prof, hove that as regards 
the external form the series of DcdckittdVt and of Jacobi's ellipsoids are identical. 


3°, bet (u o, ho that the motion is irmtational The conditions ff>) reduce to 
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.(IS) 


Th(‘Hi> may hi> rc>i>l«'od hy 

"')! "•><"' -y„hf'4 (WVi- 4 /»')<•*.•, .0, (13) 

and "* ("“!//■*)“ _ «u»* «/»* (N) 
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there is some real value of c, between a ami b y for which the condition ih sat isficnl ; mu 
the value of <a giveu by (14) is then real, for the name reason hh m Art, 3 Id. 


4° In the case of an elliptic cylinder rotating about its axis (Art, 3 ISM, the cumli 
tion (5) takes the form 
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If we put a)=(", ve get the case of Art 349 (8). 

If £o=0, so that the external boundary is stationary, we have 
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If f=0, l e the motion is irrotational, we have 
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314, Hough’s theory, 329 
effect of f notion on, 524 
Toisional oscillations of a sphere m viscous 
fluid, 582 

Trochoidal waves, 393, 397 
Tube, flow of viscous fluid m a, 543, 545 , 
critical velocity, 592 

Turbulent motion, 591 , cutical velocity m a 
pipe, 592, theory of Reynolds, 597 

Vectors, polar and axial, 32 
Velocity-potential, defined, 15, kmematical 
property of, 17, persistence of, m 
fnctionless fluids, 15, 33 , mean value 
of, over a spherical surface, 37, 474; m 
simply and multiply connected spaces, 
35, 49 

of an isolated vortex, 202 
Vena contx acta, 22, 89, 91 
Viscosity, 532 , stresses due to, 533 , coefficient 
of, 535 

of gases, 586 , effect on sound-waves, 587 
Viscous fluid, equations of motion of, 538 
steady motion of, 551 , penodic motion of, 
558, 571, 584 

flow between parallel plates, 542, through 
a narrow tube, 543, 545 
steady motions of a sphere and of an el- 
lipsoid in, 551, 554 
pendulum oscillating m, 583 
Vortex-lines and filaments, 193, vortex-sheet, 204 
Vortex-pair, 213 
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Vortex-rings, 221 ; mutual influence of, 228 
Vortices, motion duo to isolated, 201, 202 
peisistencu of, m friotionless liquid, 105 
rectilinear, 211; cylindrical, 218, 219, 231, 
circular, 221 ; spherical, 231 

Water-waves, effect of viscosity on, 503,501; 
effect of oil on, 570 

we also Capillary waves, Surface* waves, 
Tidal waves 


Wave-patterns, due to a progressive dinttuh- 
anco, 412, 415 

Wave-propagation m one, two, and three di 
mensions, 241, 270, 279, 317, 400, 40il, 
455, 471, 500 
Wave-resistance, 3)91, 418 
Waves, see Air- waves and Water-waves 
Weber’s transformation, 13 
Wind, action of, m generating water-waves, 
508 
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